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A Note on Representation of Cyclotomic Fields

JURAJ KOSTRA

Abstract. In the paper it is found the representation of cyclotomic field under the
corespondence between circulant matrices and cyclotomic fields.

1991 Mathematics Subject Classification: 11R18

Let (" = circy(c1, ¢2,. .., ¢,) be a circulant matrix of degree n. It is known that
for the determinant of (' the following assertion holds:

Let ¢ = Py = (cr,e9,.. . cn) and let py(2) = ¢ + coz 4 ...+ ¢, 2" "L Then

det (/' = pr(Cj_l).

J=1

This formula gives us a correspondence between circulant matrices and elements
of m-th cyclotomie field Q(¢,). The matrix (! = circy,(c1, ¢a,. .., ¢,) corresponds
to the element o = ¢; + ¢2(n + ... + ¢u¢"7! from Q(Cy). In the next we shall
deal with a prime degree [. The above formula for the discriminant of a matrix
A =circi(ay, ay, ..., q;) may be expressed as

det A= (a; +ay+ ...+ ) Nygyqla).

Clearly the correspondence between circulant matrices of a degree [ and elements
of Q(¢) is not injective because the set {1,¢, ..., Cl'"l} is not a basis for the field
Q(¢) over Q. For example the element

o = ay + as(; +a3C,2+ oo+ a,(f" =(as—a1) + (113~(11)C,2+ (U al)g‘,’"l

corresponds to both different circulant matrices cire;(ay, aq, ..., a;) and

circ;(0,a9 — ay,az — ay, ..., q — ay).

Now, by (; we denote the set of all circulant matrices of the prime degree . The

set (] 1s a ring under the operations of matrix addition and matrix multiplication.

We define the map ¢ from () to the field Q(¢;) in the following way
dleirei(ar, ag, ..., )] = a1+ ax( + ...+ (uC,l'l.

Clearly ¢ is a surjective homomorphism from ) to the field Q(¢;). The kernel of
the homomorphism ¢ is the ideal I; of ('} such that

Iy = {cirei(a,a,...,a);a € Q}.
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So we have

Q) ~ /1.
Forany B € Q(¢),B =0 + b2C12 + ...+ b,_lcll"l we denote

Aﬁ = Cil‘Cl(O,bl,bQ, .. ,,bl__l).

By C} we denote the set of all Ag € C,CF = {Ap;8 € Q(G)}. Every class
of Cj/1; contains exactly one element of the form Ag = circ;(0,b1,bs,...,b-1).
Clearly ¢(C) = Q((i) and ¢(Ap + Ay) = ¢(Ag) + ¢(Ay) for Ag, A, € C. Define
multiplication * on C} in the following way :

Let
B=b1G+b:C 4. by =Gt e+ aadT!
and
ar = Z b,‘Cj.
i+j=k (mod 1)
Then
Apg * Ay = circy(0, b1, b2, ..., bi—1) x circ; (0, ¢1, ¢9, ..., c1-1) =
= [circ; (0, by, b2, ..., bi—1) - circ; (0, ¢1, ¢a, . . ., c1—1) — circi(ao, ao, - - ., ap)] =

= circl(O,al — Qg,a2 — ap,...,A;—1 — ao).

From
¢(Ag * Ay) = ¢[Ap - Ay —circi(ag, ag, ..., a0)] =
= ¢(Ag - Ay) — d[circi(ao, ag, . .., ag)] =
= ¢(Ag - Ay) = ¢(Ap) - d(Ay) =B

we have

Aﬁ * A'Y = Aﬁ’}’
By above the following holds:
(C7,+,%) = QQ).

Now we consider the representation (C},+, %) of Q((;). The representative of 1 in
(Cr, +, *) is the circulant matrix circ; (0, -1, =1, ..., —1) and so if we have nonzero
element o € Q({;) which is represented by circi (0, a1, as, ..., ai-1) € (C}, +, *) and
cire)(0, 21, T2, ..., ®i—1) € (C},+, *) is the representant of a~! then

cir¢; (0, ay,as, ..., 1) *circ;(0, 21, o, ..., y_1) =
= CirCl(o,tl _tO)tz - tO) .. 'ytl—l - to) = circ1(0,~l,—l,‘ . -y_l))

tr = Z a;z;.

i+j=k (mod 1)

where
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We have got a system of linear equations 7
tk he to =-1

forall k =1,2,...,1 — 1. By this system of equations it follows

—a)—_q a1 — A2 Ay — aj-3 e a2 — ay 3] -1
ay —aj_ —a;_3 a1 —aj-3 ... az-—aj T2 -1
A2 =aj—1 aj_3=a—2 Q-g4—Q-3 ... —a1 Ty -1
We denote
—Qaj—-1 aj—1 — Ao A9 — Q-3 ... az— ay
ay — aj—1 —aj-2 aj-1—aq-3 ... az—a
Ty =
-2 —aA-1 Q-3 —A-2 QA-g4—AQ-3 ... —ay
and
ay
a3
/\a = . )
ap—1
. . . -1
where a1, as, ..., a_; are coordinates of the element « in the basis (i, ¢?,...,{ ™"

We denote by
Cr = {Ta; € Q(CD)}.

Theorem 1. For the matriz T, it holds:
Cr ~Q(()
Ta - Ag = Aap

)
)
) Trgeay/la) = AT, - Ty - Aoy,
)

PRrROOF: The matrix Ty is just the matrix corresponding to multiplication by « in
the basis Z. 0

Now let Q@ C K C Q((),[Q(¢) : K] = I’Tl = r,and let o € K be represented
by circ;(0, a1, as,...,a;-1) € C} ,and circ;(0, 1, z32,...,21-1) € C} be the repre-
sentative of &~!. By definition of K, the element € = Trg(c,)/x () generates an
integral normal basis for K/Q. Let €1,¢3,...,&; be this integral normal basis

€1 = ZC{,EZZ Z C{,...,é’,: ZC;,

1€EM,; i€EM, 1EM,
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where M; € G(Q(()/Q)/G(Q(¢)/K) and so for circulant matrices

circ;(0,ay, ag, ..., aiy), circy(0, 21, x2, ..., 21~1) we have
a; = ag,r; = Tk

for ik € Mj,j€{1,2,...,1—1}.
Now if we take the first s different equations of system 7 (coresponding to the
system of representatives of sets M;,7 =1,2,...,s), we get a new system g . Any
equation of 7x contains s different elements z; which will be denoted y1, s, ..., y;s.
The matrix of this system we denote T, x.We get

Y1 -1
Y2 -1
Ta,K : . = .
Ys ‘"1
Denote
a
ay
/\a,K: -
s
where a;,ay,... a, are coordinates of the element « in the basis €1, €9, .., &s.
Denote

Crx ={Tuk;a € K}.
Theorem 2. For the matriz Ty g it holds:
(1) Orx ~ K
(2) T,k “Ap K = Aap K
() Tr/g(a) = Mk Tak - A1k
(4) Ngjg(a) =det Ty k.

PROGE: The proof is by the same way as the proof of Theorem 1. ]

Remy k. If we generate T, i, T, k..., Te, K, then for « = ay - €1 + az -5 +
e as - €s we have 77(1,}( =ap- Tal,K + a; - TEQ,K + ... tas- Tes,K-

Example. Let 1 =7,Q C K C Q(G),[K : Q] =3 then

e =G+G ea=CG+Ga=C+G
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We have
-1 1 0 0 0 -1
0 01 0 0 -1
-1 1 0 1 0 -1
T, = -1 01 0 1 -1
-1 0 01 0 O
-1 0 0 0 1 -1
0 -1 1 0 -1 1
0 -1 0 1 -1 0
7= 1 =1 0 0 0 0
€2 0 0 0 0 -1 1
0 -1 1 0 -1 0
1 -1 01 -1 0
00 -1 0 1 0
0 0 -1 =1 1 1
_ 0 0 -1 -1 0 1
Tes = 1 0 -1 -1 0 0
1 1 -1 -1 0 O
o1 0 -1 00
and so

-2 1 0

Tgl‘K = ‘—l 0 1

-2 1 1

1 -2 1

TEQK = O _2 1

' I -1 0

01 -1

Tfa,K = 1 1 =2

1 0 =2

In such a way we get for a = q, - €1 + a2 - €2 + ag - €3 that
02—2(11 a; — 2as + as as — as
Ta,K = az — q az — 2as a; + as — 2as
—2a1 +a, + @3 a; —ap a; — 2ag3
For example let a = 2¢; + 3e5 _ €3, then
-1 -5 4

Nk/qla) = —g —I Z = -13.

33
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Example. Let | = 13,Q C K C Q(¢13),[K : Q] = 3, then
e1=Cia+ T+ s+ Caer=Ca+ 4+ + (563 = (s + (s + (s + (T

For « = by €1 + by -2+ b3 €3

—ai2 a2 —a;; aij; —ayp ... az—a
a; — a3 —a11 a2 —ai 0 ... Az —a
Ty =
ay; — a2 @l —a;; ag—aipp ... —ay

where
ap =as =ag=aj3 = b

az = az = ayo = a1y = by
a4 = ag = a7 = ag = b3

and so we have

Ty =
—by by —by 0 by—bs bz—b; by—bg 0 by—by  by—bz  bz—by 0 by—by
0 by by—by by—bz  bp—b; o by—bs  bz—by 0 by—by  bz—by  by—b;
by—by  by—by  —by  bi—bs bp—b;  by—bg 0 0 o b3—by by—by  by—b;
bo—by o by—by  —b3 o by—bs  by—bsg  bz—by by—by bz—by bz—by 0
b3—b) o 0 by —b3 —by by —by  by—by  bp—by o by—by b3—by  bz—by
o b3 —by 0 by—b3 o —by by—bs  ba—by  bp—bz  bzy—by by—by  bz—by
ba—by  by—by bz—by ba—bz by—by by —by —bg 0 by —by o b3—by o
ba—by  bz—by  by—by 0 by—by  by—bz  byj—by by by —b3 0 o by—by
o b3—by bz—by by—bz bz—b; bp—by by—bs 0 —b3  by—by o b —b1
ba—by;  by—by  b3—by 0 0 0 by—bs  bp—by  by—bs —by by—by  bo—by
bo~by  bz—by  by—by 0 bz—by by —by 0 by—by  bo—bz by—by  —by 0
ba—by 0 by—by by—bz  bz—b] 0 by—bz  bz—b,  bo—by 0 by—by  —bp

For z € K

I
T2
T2
T3
T
3
T3
Ty
T3
Z
T2
T

If we take the first three different rows of the vector

To Az
we get
z —4by + by +b3 by —2by + b3 2b; + by — 3b3 z]
TQ)I( . T = —3by + 2bp + b3 2by — 4by + b3 by + by — 2b3 . T2

T3 —2by 4+ by + b3 by — 3by +2b3 by + 2by — 4by T3
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So we have

—4b1 + bz + b'3 bl - 2()3 + })3 2b1 + b2 - 3b3
NK/Q(Ot) = 1| —3by + 2by+ bz 2by —4by+ b3 by + by — 2b3
—2by + by + b3 by — 3[)2 + 2bs by + 2by — 4bs

Let 8 = ¢1e1 + coe2 + c3e3. Then coordinates of « - 3 in the basis €1, €5, €3 are

—4by + by + b3 by —2by+ by 2by + by — 3bs C1
TQJ{ */\5_]{ = —-31)1 +2b2+b3 2b1 —4b2+l)3 b] +02—2b3 . Cco -
—2by + by + b3 by — 3by + 2b3 by + 2by — 4bs c3

(—4b1 + by + bs)ey + (b1 — 2b2 + bs)ea + (2b1 + by — 3b3)cs
= (—31)1 + 2bs + bg)Cl + (2b1 — 4by ‘—I— b3)02 + (bl + by — 2()3)(:3 = /\aﬂ
(—2by + by + b3)C1 + (by — 3by + 21)3)62 + (b] + 2by — 4b3)(,'3
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