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Abstract

A relationship between closure spaces and incidence structures with
corresponding concept lattices is studied in this paper.
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Definition 1 Let G be a set and G be a family of its subsets. Then the pair
(G, Q) is called a closure space if G is intersection closed and G € G. If A C G,
then the intersection (A) of all sets of G containing A is called a closure of A.

Obviously, G forms a complete lattice under the set inclusion, which will
be denoted by L(G,G) in what follows. If A C G, then the infimum A A is
the intersection of all sets of A and the supremum \/ A is the intersection of all
sets of G containing the union of sets of A.

The closures of subsets A, B of G have the following properties:

AC(4),
ACB=(4) c(B),
(4) = ((4)),
(4 =V ({g})

geEA
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Definition 2 Let L = (G, <) be a complete lattice. If A C G, then the set
U(A) = {z € G| a < zVae€ A} is called the upper cone of A. If P C G, then
UP(A) := U(A) N P for an arbitrary set A C G. Particularly, if A = {z}, then
UP(z) := UP({z}).

Remark 1 In what follows, the lattice operations in L are denoted, as usual,
by symbols A, \/, the greatest or the least elements of L are denoted by 1, or
0y, respectively. We suppose that A% = 1, and \/ @ = 0y,.

Theorem 1 Let L = (G, <) be a complete lattice and P C G. IfUf = {UP(z) |
z € G}, then (P,UY) is a closure space, in which (A) = UP(A\A) for an
arbitrary subset A C P.

Proof Let A CG. Obviously, zc UP(A) & 2€ P,a<zforala€e A&z €
P,zeUa) forallac Ae z€UP(a)foralla€ A< z € N,c, UF(a).

Hence
Ur(4) = (| U"(a) (1)
a€A
Similarly, z € UP(A) @ z € P,a<zforalac Ao zec P,\VA<z &
z € UP(V A).
Hence
Ur(4)=v" (\/ 4) @)

Because of U(0L) = G, we obtain UP(0r) = GNP = P and P ¢ UF.
Consider U; C U”. Then Uy = {UP(z) | = € A} for a certain set 4 C G.
According to (1), (2), Nyea UF (2) = UP(A) =UP(V 4) e U”.

Let AC P. Then A CUP(z) iff x < aforalla€ Aiff r < A A. We obtain
that

ze(d)oze [ UP@eze (| UP@) ©2zeU” @)
ACUP(z) z<AA

foralz < ANAAezeP,z<zforalz < ANAw2e P, NALz& z €
UP(AA).
Therefore (A) = UP (A A).

Definition 3 Let L = (G, <) be a complete lattice. A set P C G is called
infimally dense in L if for each ¢ € G there exists a subset X C P such that
z=A\X.

Theorem 2 Let L = (G, <) be a complete lattice and let P C G. Then the map
¢ : G = UP in which UP(x) corresponds to every = € G is a bijective map of
the set G onto the set UX if and only if P is an infimally dense set in L. In this
case, @ is even an antiisomorphism of the lattices L and L(P, u? ).

Proof 1. Let us assume that P is an infimally dense set in L. Obviously, ¢ is
a surjective map onto UF. Let UP(z) C UP(y) for certain z,y € G. Since P is
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infimally dense in L, there exists a set X C P such that z = A X. Thusz < z
for all 2 € X and X C U(z), therefore X C UF(z).

We obtained X C UP(y) and y < 2 for all z € X, from which y < A X
and y < z immediately follows. Thus UF(z) = U¥(y) implies z = y and ¢ is
injective.

2. Let us assume that ¢ : z ~ UP(z) is a bijective map of the set G onto
UP, and that there exists an element z € L such that z # A\ X for every subset
X C P. There exists the infimum ¢ = A UP(z) in L, and since UP(x) C P, we
get ¢ # z. Because of z < z for all 2 € UP(x), it follows that = < A UP(z),
and therefore z < gq.

Hence UP(q) C UP(z). If z € UP(z), then ¢ < z and 2 € UF(g), and hence
UP(z) CUP(q).

We obtained U (z) = UF(q) and ¢(z) = ¢(g) for = # ¢, which is a contra-
diction to the injectivity of .

So, to each element z € L there exists a set X C P such that z = A X.

3. Let P be an infimally dense set in L. According to Theorem 1, (P,u)
is a closure space and L(P,U") is a complete lattice which we can join to that
space by Definition 1. We will denote the lattice operations in L and in L(P, u® )
by the symbols A,\/ and A’,V/’, respectively.

We will prove that the map ¢ :  — UF(z) is an antiisomorphism of the
complete lattices L and L(P,U”): Consider a set A C G. Then

V vP@ =Nv*e),
acA

where UF (a) C UF(z) for all a € A.
According to the first part of this proof, we obtain that U¥(a) C UP(z) for
all a € A if and only if z < a for all @ € A if and only if z < AA. Thus

V’Up(a)z ﬂ UP(2).

a€A Z2<AA

Now we obtain that 2 € UPF(AA) ® 2 e P NA<z &z €P,z<=z
forall z < NAe zeUP(2)forall z < NA ez e N UPR) &z €

Vieca UF (a). Hence
(p(/\A) =vP(\4) =\ U ()
a€A
=\ {UP@lae 4} =\ {p@]ae 4} =\ v

Similarly we can prove that ¢(\/ 4) = A’ p(A). Hence, ¢ is an antiisomorphism
of L and L(P,UF).

Remark 2 If P,, P, are infimally dense sets in a complete lattice L, then
the complete lattices L(Py, "), L(Pz,U") are isomorphic.
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Remark 3 We can define the lower cone L(A) for A C G in a complete lattice
L= (G,<)as L(A) = {z € G|z < a Va € A} and also the sets LF(4) =
L(A) NP, £F = {LP(z) | = € G} for an arbitrary set P C G. The pair (P,L%)
is a closure space and L(P, L%) is a complete lattice.

In a similar way we can define a supremally dense set @ in L. The complete
lattices L and L(P,£%) are isomorphic if and only if P is supremally dense
in L. If P and @ are infimally and supremally dense in L, respectively, then
the complete lattices L(P,U”), L(Q, £2) are antiisomorphic.

Definition 4 Let G and M be sets and I C G x M. Then the triple J =
(G, M, 1) is called an incidence structure. If A C G, B C M are non-empty sets,
then we denote AT = {m € M | gIm Vg € A}, B* = {g € G | gIm Vm € B}.

And moreover, we also denote @1 := M, §% := G, A™ = (A1), BV .= (BY)'
for ACG,BC M, g":={g}", mt:={m} forge G, me M.

Let J = (G, M, I) be an incidence structure. Then it is obvious that:

Ay C Ay = A} C A] for A1, 4, C G,

B1 C By = B} C B} for B;,B, C M,

ACAN, BCBY for ACG,BC M,

ANt = AT BN =Bl for ACG, BC M,

(UiGJ A,-),r = Nies A, (UieJ Bi)l =Nies Bii for i CG,B;C M,

AN = Nmeat mt, B = Nyepr 9T for ACG, BC M.

Theorem 3 Let J = (G, M, I) be an incidence structure. If we put
G ={ACG|A=4A"}, M,={BCM|B=B"}

then the pairs (G,G;), (M, M,) are closure spaces and the complete lattices
L(G,G,), L(M, M,) are antiisomorphic.

Proof First we will prove that (G,G,) is a closure space. Because of A C A™
for an arbitrary set A C G, we get G C G™ and G = G™, and thus G € G,.
Consider sets 4; € G,, i € J. Then

(gAi)N _ (Q]Aiﬂ')u _ ((g’AiT)¢>Tl _ (ieLJJAiT)i _ !;lAiﬂ' _ gAi

and hence [;c; Ai € G».
Similarly, we can prove that (M, M,) is also a closure space. If we denote
the lattice operations in the complete lattice L(G,G5) by A,V, then

/\Aiz ﬂA, and \/Alz (U Ai)Tiy
ieJ i€J ied ieJ

where A; € G, for all 4 € J.
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Similarly, for the lattice operations A’,V' in L(M, M,) we obtain

] ' it
A\ B:=()Bi \/Bi=(UBi) ,
ieJ ieJ ieJ i€J
where B; € M, for all i € J.
Consider the map p: A - AT, 4 €G,.
Because of (A")'" = AT, we get AT € M, and ¢ is a map into M,. Take
B e M,. Then B* € G, and o(BY) = B = B.
Thus ¢ is a surjective map onto M,. If 4,7 = Ayt for Ay, A; € G, then
AN = A,™ = 4; = A, and ¢ is injective. Take sets A; € G,, i € J.
Then

o(Aa)=e(4) = (N4) = (N 4")'

ieJ i€J
= (U A,-T) =V A=\ e4).
icJ i€J i€J

And similarly,

oV 4)=o((UA)") = (UA)"
= (U Ai)T =(A'= /\"P(Ai)

iceJ ieJ ieJ
Remark 4 If A C G, B C M, then (A) = A™ and (B) = B*' in (G, G,) and
(M, M,), respectively.

Theorem 4 Let J = (G, M, I) be an incidence structure and let
A ={g™|geG}, By={im*|me M}

Then the set B, is infimally dense and the set A, is supremally dense in
L(G,G,). And moreover, gIm if and only if g™ C mt. (See literature [1], [2].)

Theorem 5 Let (G,G), (M, M) be closure spaces and the sets 2¢,2M G M
be ordered by the set inclusion. The following conditions are equivalent:
(1) There ezist antitone (i.e. order converting) maps ¢y : 26 — M, @3 :
2M s G such that (A) = py1(A) and (B) = p103(B) for all A € 2¢,B € 2M.
(2) The complete lattices L(G,G), L(M, M) are antiisomorphic.

Proof (1) = (2) If A € 29, then ¢1(4) = ¢1((A)) : A C (A) implies ¢; ((4)) C
#1(A). If C C ¢1(A), then p201(4) = (4) C ¢2(C) and C C (C) = ¢192(C) C
¢1((4)), thus ¢1(4) C p1((4)).

Hence £ : (A) = ¢1(4), A € 2, is a map of G into M. ¢ is surjective: Take
B € M, thus B = (B). Then ¢,(B) € G and &(p2(B)) = p192(B) = (B) =
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¢ is injective: Let £((A)) = &((B)) for A, B € 2¢. Then ¢1(A4) = ¢1(B) and
0201 (A) = (A) = @2001(B) = (B). £ is antitone: If Aj, Ay € 29, then (4;) C
(Az) implies ¢1({42)) C ¢1((A1)), from which ¢;(A42) C ¢1(A41) immediately
follows. Hence £({42)) C £((41)).

The map ¢! is antitone too. Therefore, £ is an antiisomorphism of the
ordered sets (G, C), (M, C) and also the antiisomorphism of the complete lattices
L(G,G), L(M,M).

(2) =(1) Let € be an antiisomorphism of the complete lattices L(G, G),
L(M, M). ¢ is also the antiisomorphism of the ordered sets (G, C), (M, C).

If we put 3 (4) = £((A4)) for A € 2€, then ¢; is a map of 2¢ onto M.

If @o(B) = £ 1((B)) for B € 2M, then ¢, is a map of 2™ onto G.

For A;, Ay € 26 we obtain: A; C A, implies that (4;) C (42) and hence
£((As)) C £({(A1)). From this ¢1(A2) C ¢1)A;) and ¢ is antitone. Similarly
for Y2.

Obviously, wap1(A) = @2(€({A))). And since of £((A4)) € M, we obtain
(€((A))) = €((4)) and p2(E((4))) = €71(E(A) = (A) for A € 29 and
©102(B) = (B) for B € 2M.

Remark 5 If (G,G,), (M, M,) are closure spaces belonging to the incidence
structure J = (G, M, I), then the maps ¢; :=7, @2 :=] satisfy the condition (1)
from Theorem 5.

Theorem 6 Let (G,G), (M, M) be closure spaces, and let the complete lat-
tices L(G,G), L(M, M) be antiisomorphic i.e. let the maps p1,p2 mentioned in
Theorem 5 exist.

If we consider the incidence structure 3 = (G, M,I) in which gIm if and
only if m € p1({g}), then L(G,G) = L(G,Gs) and L(M, M) = L(M, M,).

Proof Obviously, m € ¢1({g}) iff ({m}) C v1({g}) iff p201({g}) C @2(({m}))
iff ({g}) C p2({m}) iff g € p2({m}).

By the assumption there exists an antiisomorphism ¢ of the complete lattice
L(G,G) onto L(M, M), which is described in the proof of Theorem 5. For
an arbitrary set A € 2 we obtain:

er(4) = e =¢(V D) = A\'eldad) = N exfoh
geA geA geEA
={meM|me o ({g} Vg€ A} = {me M| gImVg € A} = A".

Similarly, for B € 2™ we get .

or(B) =€ (B) =€ (\/ "(fm}) = ) #2({m])

meB meB
={9€G|gep({m})Vme B} ={ge G| gIm Vm € B} = B*.

If B € M, then B = (B) = ¢;2(B) = B*' and thus B € M,.

Similarly, if B € M,, then B = B = ,¢,(B) = (B) and thus B € M.
Therefore M = M, and, obviously, L(M, M) = L(M, M5).

In a similar way we can prove L(G,G) = L(G, G)-
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Remark 6 Let (G,G) be a closure space and P C G be an infimally dense
set in the complete lattice L(G,G). According to Theorems 1 and 2, (P,U") is
a closure space and the map ¢ : A — UP(A), where A € G, is an antiisomorphism
of the complete lattices L(G, G), L(P,U").

According to Theorem 5, let us define the maps ¢, : 26 = U 5 : 28 2 G
by setting ¢;1(A4) = £((A)) = UP((A)) for A € 2€, and

p2(B) =€ ((B) = ¢ (U”(/\ B)) =\8

for B € 2F, where (B) = UP (/\ B) by Theorem 1.

Consider the incidence structure Jp = (G, P,I), in which for g e G, B€ P
it holds gIB iff B € ¢1(g), which is equivalent to B € UP({{g})) and ({g}) C B
if and only if g € B.

According to Theorem 6 we get AT = ¢;(A) = UF(A) for A € 2 and
B' = p3(B) = \B for Be 2P,

Particularly, B¥ = B for B € P. It is also easy to prove that A™ = (4) for
A €29, and B = (B) = UP(\ B) for B € 2P.

Definition 5 Consider incidence structures J = (G, M, I), )y = (G1, M1, I1).
A map o : GUM — G; U M; is called a homomorphism of the incidence
structure J onto the incidence structure J; if o(G) = G1,9(M) = M; and gIm
implies that ¢(g)l1¢p(m). A homomorphism ¢ is called an I-homomorphism if
¢(g9)I1pp(m) implies gIm. An I-homomorphism ¢ is called an isomorphism if
restrictions ¢|G : G = G; and ¢|M : M — M, of the map  are injective.

Theorem 7 Let (G,G) be a closure space and J = (G, M, I) be an incidence
structure. Then the following conditions are equivalent:

(1) Let P = {P;, C G | i € K} be an infimally dense set in the complete
lattice L(G,G) and let J; be an indez set for each i € K.

Then M = {m;' | i € K, j € J;}, and for an arbitrary i € K gIm;* if and
only if g € P; for all j € J;.

(8) There ezist an infimally dense set P in the complete lattice L(G,G) and
an I-homomorphism ¢ of the incidence structure J onto the incidence structure
Jp = (G, P, I1) such that ¢(g) = g for all g € G (see Remark 6).

Proof (1) = (2) Let us consider the incidence structure Jp = (G, P, I;). Then,
by Remark 6, gI; P; if and only if g € P; for g € G, P; € P. For an arbitrary
subset A C G it holds A™ = (A), where (A) is a closed set in (G, G), and thus
L(G,G) = L(G,G,). We will write the operators 1 and | on the left hand side
of a set symbol in the incidence structure J. Then Gg ={AC G| A =+ A}. For
A C G we get

A" = {P, € P| gl P, Yg € A}
={P,€P|geP.Ygec A} ={P, ¢ P|ACP}



156 FrantiSek MACHALA, Vladimir SLEZAK

and

M ={m;" € M| gIm;" Vg € A}
={m;"eM|geP,Vge A} ={m;" e M| ACP,}.

Kence h € AN & RLP, for all P, € AT & h € P, for all P, such that
A C P, & hiIm;" for all P, such that A C P, and for all j € J, & hIm;" for
allm;" e A& he V4.

Therefore, A™ =*TA for all subsets A C G and thus G, = G,, and L(G,§) =
L(G7 gJ)

(2)= (3) I we put B, = {m* | m € M} = P, then, by Theorem 4, P is
an infimally dense set in the complete lattice L(G, G,) and, by the assumption,
also in L(G, G).

If we consider the incidence structure Jp = (G, P, I;), then, by Remark 6,
glym* if and only if g € m* for g € G,m € M.

Now, let us consider the mapping ¢ : GUM — G U P in which g — g for
g € G and m = m! for m € M. Then gIm iff g € m% which is equivalent to
glym* if and only if p(g)I;¢(m) and ¢ is an I-homomorphism of the incidence
structure J onto Jp.

(3) = (1) Let ¢ be an I-homomorphism of the incidence structure J onto
Jp = (G, P, 1), where P is an infimally dense set in L(G,G) and ¢(g) = g for
g € G. Then gIm iff gI;p(m) iff g € p(m).

Weput P={P, CG|i€ K}, m ={n € M| p(n) = P;} and, with the
index set J;, m* = {m;* | j € J;}. Hence gIm;' if and only if g € P;.

Remark 7 An incidence structure J = (G, M, I) is called M-simple if m* = nt
implies m = n for m,n € M.

Let us consider a closure space (G, G), an infimally dense set P in the com-
plete lattice L(G, G) and the incidence structure Jp = (G, P, I).

By Remark 6, B¥ = B for B € P, hence BY = CV implies B = C and
the incidence structure Jp is M-simple. Let ¢ be an I-homomorphism of the in-
cidence structure J = (G, M, I) onto Jp described in Theorem 7. Then g is
an isomorphism if and only if the incidence structure J is M-simple. In this case
we obtain |J;| = 1 for all ¢ € K in Theorem 7.
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