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Abstract

D. London gave an inequality involving a semi-convex function of m
commuting matrices. Here similar and related inequalities are obtained

for convex functions. Corresponding generalizations of other classical in-
equalities are also given.
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1 Introduction

D. London [1] considered for commuting matrices A;,...,An and z € C™,
z # 0, the following inequality

(Arz,z) (Amz, ) (f(A1,...,Am)z, )
(s ) < Mg 2

where f is a semi-convex function.

In this paper we shall consider similar inequalities for convex functions but
for more m-tuples of matrices, as well as many related inequalities. Some of our
results are further generalizations of results obtained in [2] (see also [3]).
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138 B. MOND, J. E. PECARIC

2 Preliminaries

Let A € C™*" be a normal matrix, i.e., A*A = AA*. Here A* means A?, the
transpose conjugate of A. There exists [4] a unitary matrix U such that

A=U*Dg, de, . AU @)

where [A1,..., An] is the diagonal matrix (A;d;;), and where A1, Ag,..., A, are
the eigenvalues of A, each appearing as often as its multiplicity. A is Hermitian
if and cnly if A\j,i € I, = {1,2,...,n} are real. If A is Hermitian and all );
are strictly positive, then A is said to be positive definite. Assume now that
f(Xi) € C, i € I, is well defined. Then f(A) may be defined by (see e.g. [4, p.
71] or [5, p. 90])

Ay =T [f(M), f(A2), -, F(AR)IU. ©)

As before, if f(\;), i € I, are all real, then f(A) is Hermitian. If, also, f(A:;) > 0
i € I,, then f(A) is positive definite.
We note that for the inner product

A)e,z) = Z lysl2F(N) (4)

where y € C", y=Uz and so Y ., |vi|* = Yoo |zil?
If A is positive definite, so that A > 0 t € I, and f(t) =" where t > 0
and r € R, we have f(A) =

3 Inequalities for Hermitian matrices

Theorem 1 Let f : J; X Jo X ... x Jm — R be a convez function and let
gij : I; = Ji(l;, iCR, j=1,...,k;i=1,...,m) be given functions. Further
let A;, j=1,...,k be Hermitian matrices with eigenvalues \j; in I;; z; € C",
j=1,...,k with Z;=1(xj,wj) = 1. Then

k k
f {Z(gu(Aj)zj,“fj);-~~:Z(9mj(Aj)xj,xj)}

ji=1 J=1

. )
<D (Fg15(A7), - 9mi (A7), 25)- (6)

i=1

Proof First we note that

k n

ZZ lyiil* = Z(%»"’J

j=11i=1



Some Matrix Inequalities of London Type 139

where y;; is defined in a manner corresponding to (4). We now have, by (3)

k Lk
f {Z(gu(r‘ij)rj,xj)’-~-»Z(gmj(Aj)zj»wj)}
Jj=1

i=1

k n k
Zf{ZZIszl 915 (X4) ’ZZWJ'I gmi(Aji) }

j=1l1i=1 j=1li=1

k n
<Y sl g1 (i) - gmi (i)

j=1i=1
k

=Y (F(915(A3), -, 9mj(A7))25, 25) (6)

ji=1

where we have used the well known Jensen inequality for convex functions of
several variables. O

Remark 1 For k = 1, we have, for z # 0, the inequality

f{ e R ”)} < (a1 (), gm(A)2,2)/(2,2). (1)

For m = 2, this is Theorem 7 from [2]. Moreover, (7) is equivalent to (5).
Indeed, using the classical Jensen inequality and this result, we have, assuming,
without loss of generality, that all z; # 0,

k
{Z (915 (A5)z;, z5), Z(ng(A zJ:‘BJ)}
j=1 j=1
k
(915(Aj)z;,25) gm;i(Aj)T;,2;)
Zj,Z r;,T Zj» Tj T,z
3 g ) 2afAlzgm) 5 (nj, ) Sosflidzpms
Yyttt k

D) 5 (53,2:)

]:

=f

(z5,75) (z5,75)

Zk:(l'],.l‘])f{(gl’(A )z;,r,) N (gm,(A,):r:,,a:J)}
j=1

< (by Jensen’s inequality)

Z(zj’xj)
i=1

k . . . T;. L5
<D eina! e P S R )
k

Zf(yu i) gmi(A))25, 5).

j=1
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The following results can be proved similarly.

Theorem 2 (Holder’s Inequality) Let Aj (j = 1,...,k) be normal matrices
with eigenvalues Aj; in I; and let gj, h; : [; — R+ (J = 1,...,k) be given
functions. Let p,q be two non-zero real numbers such that p~' +¢71 = 1;
z; €C”, j=1,...,k, notall z; =0. Then

(a) if p,q are positive,

p Vi 1/q
Z 9i-hi)(4j)z;, z5) |:Z(gj (4 )%:“])jl [Z hi 3(Aj)z;, 5) ] - (8)

j=1

(b) If either p or q is negative, then the reverse inequality in (8) holds.

Holder’s inequality can be given for several functions (see, e.g., [6]) as follows:

Theorem 3 Let r;, i=1,...,s be non-zero real numbers such that
v s
2=t
i=1
let Aj, j = 1,...,k be normal matrices with eigenvalues in J;(C C) and let

fij:J; > Ry (i=1,...,s,j =1,...,k) be given functions, with z; € C",
(i=1,...,k). Then

(a) Ifr; >0, i=1,...,s

k

i ((Hf”)(A 27’%) < ﬁ(z (4 )’71»”]))1/? 9)

j=1 i=1 “j=
(b) If r1 >0, r; <0, (i=2,...,5) then the reverse inequality holds in (9).

Remark 2 By the substitutions g = ¢", h = A", p — p/r, ¢ — q/r, we can
obtain an analogous result to Theorem 2 in the case p~! 4 ¢! = r~1.

Theorem 4 (Minkowski’s Inequality) Let A;, j =1,...,k be normal ma-
trices with eigenvalues from J;(C C) and let gj,h; : J; - Ry (7=1,...,k) be
two positive functions. If p > 1, then

1/p
{Z((g]-Fh Aj)zj, T )}
k 1/p k 1/p
{Z 7 (4;) rj,xa)} +{Z(h§(Aj)zj,mj)} . (10)

ji=1 Jj=1

Ifp <1, p# 0, then inequality (10) is reversed.
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Remark 3 As in Remark 1, we can prove Theorems 2-4 by using Theorems

9-11 from [2], respectively, i.e. we have that the corresponding theorems are
equivalent.

The following three theorems are consequences of results from [7]:
Theorem 5 Let the conditions of Theorem 2 be satisfied with
0 < m < g;(Aji)hj(X;s) "7 < M,

t=1,...,n; j=1,...,k. Then, forp>1,

k k
(M = m) 3267 (A 25) + (mM? = M) S (K (45)a3, )
k
< (M7 = m?) Y (95-h5) (A7)25, 25). (1)
i=1

If p <0, (11) also holds; while for 0 < p < 1, the reverse inequality holds.

Theorem 6 Let all the conditions of Theorem 5 be satisfied. If p > 1, then

k k 1/p 1/q
S ) Ades o) > K (YA (A
Jj=1 j=1 j=1
(12)
where K is given by
K = |p/7lg]'/2(M = m)' /P |m P — M? |02 — e (13)

If p< 0 or0<p<1, the reverse inequality in (12) holds.
Proof We have, noting (5);

k k n

Z((g]h )(A4 ):L‘],il?] ZZllel 95 (Aji)hi (Aji)

Jj=1 B j=1i=1

2/ k = 1/q
<K (ZZ lyjil? 9; (’\Jt)> (ZZ |yj;|2h§()\j5))

Jj=1li=1 j=1li=1
k Up /& 1/q
=K (Z(gf (4j)z;, 1'1)) (Z(hj’ §)%5, 5) )
j=1

where we have used a converse of Holder’s inequality. a
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Theorem 7 Let the conditions of Theorem /J be satisfied with
0<m§GJ-(AJ-,-)§M, 0<m< Hj(\j) <M
forg=1,... k,i=1,...,n where
Gj=gi(95+h)™?,  Hj=hj(g;+hy)~.
Then forp > 1

k 1/p
[Z((yj + hj)P(Aj)z;, l‘j)]

j=1

k i/p k i/p
>K { [Z(gg(AJ).’L'J, (L‘J)] + \:'Z(h‘g(AJ)IJ) a:J)] } s (14)

i=1 i=1
where K 1is defined by (13). If p< 1, p # 0, the reverse inequality holds.

Another converse of Holder’s inequality can be obtained as a consequence of
Theorem 2 of [8].

Theorem 8 Let the conditions of Theorem 2 be satisfied with p > 1 and
< g ) /RSP (i) < M
m < g} 0a) /37 (i) <

G=1,...,k;i=1,...,n). Set y=M/m. Then

k k ‘ 1p
{[Z (95 (4; )%:Ia)} / [_Z((gj ~hj)(Aj)$j,zj)”

k k 1a
[Z((-‘h h;)(A z,,x]):‘ / ['Z(hq(A )Q’J:xa)]}

< [OMP + (1 — 8)mP]HP — (@M~ + (1 — O)m™9]~ /4 (15)
where 6 is the unique solution in (0, 1) of
97" = D[z(* — @) + 119+ p(y I = [e(y = 1) + 1|7/ = 0.

Remark 4 For k = 1, Theorems 5-8 give Theorems 12-15 from [2], respect-
ively.
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Recently, another converse of Holder’s inequality was obtained in [9] (see
also [10]). Using a discrete case of this result, we obtain the following:

Theorem 9 Let the conditions of Theorem 2 be satisfied with p > 1 and
0<a<ygi(Ni) <4, 0<b<hi(Ni)<B
(G=1,...0k i=1,...,n). Then

k pr & 1/q k
Lz@;fmj)zj,m,-)] e | < he ) 10
i=1 =1 j=1
where T' is given by
af + B? AP 4 &
_ P g P q
T= max{ BT . (17)

Remark 5 Moreover, as in [10], we note that the following interpolation of (16)
holds:

k 1/pr & 1/q
[Z(y;’ (4j)z;, zj)} [Z(h?(Aj)z‘j, z,-)]

j=1 Jj=1

k
s%h}ﬁmn%%J b]hAy%%}<T2]w )(45)25,2).
Jj=1

(18)

Indeed we have

TZ((!]J Aj)zj, z5) = TZZL’!]:I 95 (Aji)hi (Asi)

j=1 Jj=11i=1
—EZMAMJ.(»
k n 1
2 Z Z lyjil® (- P(Aji) + = hq(/\],)) (by a Lemma from [9])
j=11i=1 p
k n
= lzzlyﬂlz (’\Jl) +- Zzwﬂlth(’\]z)
pJ =1i=1 ] 1i=1
—Z@MM% S G
J 1 q j=1

k i/p 1/q
> (Z(gf (4j)z;, a:j)) (Z(hg (4;)z;, :cj)> (by the Arithmetic-geometric

=1 =1 inequality).
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A discrete case of the the well known Griss inequality gives the following
([11, p. 70)):

Theorem 10 Let A; (j =1,...,k) be normal matrices with eigenvalues A;; €
Ji(CC),ij=1,...,k;i=1,...,n. Further, let g;,hj :J; > R (j=1,...,k)
be functions such that

¢ <gi(Xi) <@, v <hi(A) <T,

G=1,...,n; 5=1,... k).
Ifz; €C™, j=1,....k with Y 5_ (z;,z;) =1, then

k k k
Z Aj)zj, ;) — Z )T, T Z 3)%5, ;)
J=1 J=1 =1
< §(<I>— 8T = 7). (19)

Analogously, using the discrete version [12] of Karamata’s inequality, we get:

Theorem 11 Let the conditions of Theorem 10 be satisfied but with ¢ > 0,

v > 0. Set
. _ Véy+Ver
K \/_+\/__ (> 1),
then
Z(QJ(A )z, ;) Z(h (Aj)zj,25)
K~2<? - < K% (20)

Zl((yj -h;)(Aj)z;5, z5)

=

4 Inequalities for commuting matrices

The following result is valid [4, p. 77]:

If A;, j=1,...,m are pairwise commuting Hermitian matrices, then there
exists a Hermitian matrix H and m polynomials p;(t) (j = 1,...,m) with real
coefficients such that

Aj=pij(H) (G=1,...,m). : (21)

Using this and previous results we can obtain related results for commuting
Hermitian matrices.
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Theorem 12 Let f : Jy x Jy X ... X J;u = R be a conver function and let
Aj = (Ayj,...,Amj) be an m-tuple of m commuting Hermitian matrices for
every j = 1,...,k. Let the eigenvalues of Aj; be in J;; x; € C™, j=1,...,k
with Zle(:cj,:vj) =1. Then

k k
f{Z(Aljl'jy z:j), ey

Jj=1 J

k
(Amjxjyxj)} SZ(f(Alji"')AMj)zj:wj)' (22)

1 7=1

Proof By (21), we have a set of polynomials with real coefficients {gi;}, i =
1,...,m; j=1,...,k such that, forevery j = 1,...,k

A,’j :g,‘j(Aj) i:l,...,m

where A; is a Hermitian matrix. Thus, (22) becomes (5) which has already been
established. o

Remark 6 Similarly (7) gives for commuting matrices A1, ..., Ay, ¢ # 0, the
inequality (1), i.e.,

f ((Alz,z) (Amz,r)) < (f(Al,...,Am)x,x).

(z,z) 7777 (z,z) (z,z)

Note that this inequality was considered in [1] but for a wider class of semi-
convex functions. Thus, we can use a result from [1] to obtain (23) for convex
f, and then, as in Remark 1, we can use Jensen’s inequality and (23) in the
proof of Theorem 12.

(23)

Theorem 13 Let Aj, B; be two commutative positive semi-definite Hermitian
matrices for each j = 1,...,k. Let p,q be two non-zero real numbers such that
pl4g =1, z; €C", j=1,...k not allz; =0, then
(a) If p,q are positive
1/p 1/q

k k

k
> (Ajzj, Biz;) < | (Alz;j,zj) > (Blzj,z)| . (24)

Jj=1 Jj=1 Jj=1

(b) If either p or q is negative, then the reverse inequality in (24) holds.

This is a similar consequence of Theorem 2. In the same manner, Theorems
3-11 give, respectively

Theorem 14 Let r;, i = 1,...,s be defined as in Theorem 3 and let Zj =
(A1j,...,Asj) be an s-tuple of s commuting positive semidefinite Hermitian
matrices for every j=1,...,k. Letz; €C™ (j=1,...,k). Then
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(a) Ifr; >0, i=1,...,s

> ((T145)mm) <11 (fm )) R

(b) Ifr1 >0, r; <0 (i=2,...,s), then the reverse inequality holds in (25).

Theorem 15 Let A;, B; be two commutative positive semidefinite Hermitian
matrices for each j =1,...,k. If p> 1, then

& 1/p k 1/p k 1/p
{Z((Aj+3j)p1‘j,$j)} < {Z(A;’mj,mj)} +{Z(B§-’$j:$j)} - (26)
Jj=1 j=1 j=1
Ifp <0, p#0, then inequality (26) is reversed.
Theorem 16 Let the conditions of Theorem 13 be satisfied with

0<m< AP <M,

(t=1,...,n; j = 1,...,k) where X\j1,...,Ajn are eigenvalues of Aj and
U1, - - -, Min are eigenvalues of Bj. Then, forp > 1,

k k
(M —m) Z(Afzj, z;) + (mMP — MmP) Z(B;’:cj, z;)
Jj=1 j=1
k
< (MP —mP) Y ((4;Bj)z;, z5). (27)
i=1

If p< 0, (27) also holds; while for 0 < p < 1, the reverse inequality holds.
Theorem 17 Let all the conditions of Theorem 16 be satisfied. If p > 1, then

k k 1/ps & 1/q
Z Ajz;, Bjz;) > K (Z(Aij,:cj)) (Z(B}‘zj,zj)) (28)

Jj=1 j=1 Jj=1

where K is given by (13). If p < 0 or 0 < p < 1, the reverse inequality in (28)
holds. v

Theorem 18 Let the conditions of Theorem 15 be satisfied with
0<m <G, pji) <M; 0<m < Gpji, Aji) < M

forj=1,...,k; i=1,...,n where G(z,y) = z(z +y)~9? and where {\ji} and
{uji} are eigenvalues of A; and B; respectively. Then for p > 1

k i/p 1/p k i/p
LZ((AJ' + Bj)zj, ;) ] > K {[’Z(A T, Z;5) J + [Z(B;zj:xj)J }
j=1

j=1
(29)
where K is defined by (13). If p< 1, p#0, the reverse inequality holds.
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Theorem 19 Let the conditions of Theorem 13 be satisfied with p > 1 and

(G=1,...,k; i=1,...,n) and Aj;, uj; are defined as in the previous theorems.
Set vy = M/m. Then

{[g(“’?xj,wj)] / Lz:;(Ajmj,szj)]}llp

< [OMP + (1 - O)mP)HP [gM—q +(1—8)m=9)"9 (30)

k
> (Ajz;, Bjz;)
j=1

where 8 is defined as in Theorem 8.
Theorem 20 Let the conditions of Theorem 13 be satisfied with p > 1 and
a<Xi<A  b<pi<B,

(G =1,...,k; i = 1,...,n) and Xj;, pji are the eigenvalues of A; and Bj,
j=1,...,k. Then

k 1/p
[Z(A‘; zj, l‘j)}

Jj=1

k 1/q k
> (Bizj,z;) ] < T (4z;, Biz;) (31)
J=1 j=1

where T is given by (17).

Theorem 21 Let Aj, B; be Hermitian matrices with eigenvalues from [¢,®]
and [v,T] respectively. If z; € C™,j =1,...,k with Z;=1(f"'j’ z;) =1, then

k k k

> (Ajzj, Biz;) = Y (Ajzj,z5) Y (Bjzj,z5)

j=1 i=1 j=1

<3@-6)r-7). (32

Theorem 22 Let the conditions of Theorem 21 be satisfied but with ¢ > 0,
v > 0. Further let K be defined as in Theorem 11. Then

3 k
}%(ijj,:c] ZI(B 5T, 25)
K2<E =

< K2

(A zj, Bjz;)

?Mr
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