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BIQUADRATIC SPLINE SMOOTHING MEAN
VALUES

Jiki KOBZA, Jan MLCAK

(Received November 25, 1993)

Abstract

The notion of natural biquadratic spline is remembered and then it is
used for the construction of the biquadratic spline smoothing given mean
values (local integrals) on the rectangular grid. The algorithm for com-
puting mean values of the smoothing spline (and then remaining needed
local parameters of the spline) is described.
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1 Statement of the problem

Let, us have the rectangle D = (a,b) x (¢, d) = UD;; in the (z,y)-plane with the
rectangular mesh

(A) = (Az) x (Ay) = {(zi,y;); i=01)n+1, j=01)m+1},
(Az)=a=zo<z1 < - <zZp<Tpy1=0,
Ay)=c=yo<y1 < < Yn <Ymy1 =4d .

Definition 1 We call a biquadratic spline on (A) a function s(z,y) with the
Properties:

1o s(z,y) € V(D) (continuous first derivatives)
20 s(z,y) is a biquadratic polynomial on each subrectangle

Dij = (zi, ziy1) x (yj, Yj41)-
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Let us denote S (A) the linear space of such splines; there is
dimS (A)=(n+3) - (m+3)
(see [1], [2]).

Given further the values {g;j; i = 0(1)n + 1, j = 0(1)m + 1}, we call
s(z,y) €S (A) the spline interpolating given mean values g;;, if

1
gij = m// S(fl?,y)dl'dy,
D,']

h,: = Ti41 — Ty, kj =Yi+1 —Yj, 1= 0(1)”, ] - 0(1)m . (l)

To determine such a spline uniquely, we have to prescribe e.g. boundary
conditions. The algorithm for computing suitable local parameters

(SG) Sij, Sitlj, Sij+l, Si+1j+1 9ijs 9ijs 9410 Iir i1 (2)
with
. Tit1 ! Yi41
s =s(en) g =5 [ sewds, =1 [ sy
? J
Ty Ys

for s € S (A) under proper boundary conditions is given in [2].
There are also mentioned another possible local representations (Taylor coeffi-
cients, (SD)-representation using values of the spline and some of its derivatives
at the vertices of Dj;).

The natural biquadratic spline was stated there to be s(z,y) € S (A) with
boundary conditions

0,1(

s%(20,y) = 5% (2nt1,y) = ¥ (2, 90) = ¥ (2, Y1) = 0 (3)

and thatwise s!(z,y) = 0 on the whole boundary dD; it is uniquely determined
by the values {g;;} and it minimizes the functional

B == [ e ) dedy (@

D;;

(which represents some measure of “flatness” of the surface described by the
function f(z,y)) on the class

V = {f € Wy''(D); hikjgij :// f(z,y)dzdy; i =0(1)n, j = 0(1)m} .

D;;
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Let us introduce two another functionals

Io(f) = ») wij | hik;pi; — f(z,y)dxd ’ 5
g; [ P é[ (z,y) y] (5)
J(f,a) = Ji(f) +a Jao(f) (6)

with given data {p;;,wi;; > 0; i =0(1)n, j = 0(1)m; o > 0}.

The functional J5(f) evaluates “mean square deviation” of the mean values
pij and the functional J(f, «) represents some compromise between “flatness”
of the surface f(z,y) and interpolation of mean values p;;, controlled by means
of the parameter «.

We seek for the function f € W,''(D) which gives the minimum to the
functional J(f, «).

Theorem 1 Let D,(A),{pi;}, {wij}, « > 0 be given. The functional J(f, )
attains its minimum on W,"' (D) in some natural biguadratic spline s € S (A).

Proof Let the minimum of J(f, a) is attained in some function g € W,'! with
mean values .
9ii = 5 // 9(z,y) dedy .
iR
Dij

Let us denote by s(z,y) the natural biquadratic spline interpolating the same
mean values g;;. We have then Jy(s) = Ja(g). But according to the extremal
property of natural spline (see (3), [2]) there is J1(s) < Ji(g) and therefore
J(s,a) < J(g, ).

Definition 2 The natural spline minimizing J(f, o) we shall call “biquadratic
spline smoothing mean values p;;”.

2 Parameters of the smoothing spline

We shall search now for the local parameters of the smoothing spline. Let us
remember that its mean values g;; are in general different from given values p;;;
the corresponding boundary conditions were recalled in (3). Our aim will be to
express J(s, @) in some adequate local parameters and to compute their values
from the condition of minima.

2.1 Let us start with the functional J;(s). Using Simpson’s rule and bilinearity
of si'! in D;; we have

Ja(s) ://[sl'l(x,y)]zd;cdy: Zn:izrff , .
D

=0 j=0
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where

Fi = // [s"1(z,v)]” dady =

D;;
Y hi ooy 2 1,1 2 1,1 2
= E{[s Mo, YI° + A" (@i 1, 9))° + [V (2, 9))° } dy =
yj
hi [V 1,1 2 1,1 1,1 2
=3 {[s" (i, 0))* + "M (20, 9) sV (migr, v) + [s" (ig1, 9))* } dy =
Y5
1 1,1
= ghikj {( )2 + (s; ,;+1)2 + (51+1 ])2 + (Sz-{—l ]+1)2 + 5 11]1+1 + (7)
1 1
L1101 1,1 1,1 shight bl (Ll
+s z] z+1] +Sz+1] z+1]+1 +Sz ]+lsz+1 J+1 +5 9 7.] z+1 J+1 +5 92 z;+1 z+1]}

In the following we shall use the local parameters (SG) used in [2] for
s(z,y). The continuity conditions and boundary conditions for natural bi-
quadratic spline can be expressed in matrix form as (see [2])

B(G")" =3CGT, AGY=3DG, BsT=3C(GY)’ (8
with matrices
G = [gij]in,},;o: = [ z]]n m+1, GY = [gw]?jlom’ S= [Sij]?jzlbmﬁ

and tridiagonal regular (n + 2,n + 2), (m + 2, m + 2)-matrices

20 g
(674} 2(&0 -+ al) (65}
A= | ,
Qn—1 2(an—l + an) Qn
an 2an,
(9)
260 Bo

Bo 2(Bo+P1) B

ﬂm—l 2(,3m-—1 + ﬂm) ﬂm
Brm 2Bm
where «; = 1/h;, B; = 1/k;j;
finally we denote by D, C the (n +2,n+ 1), (m+ 2, m + 1)-matrices

ag Bo
Qo o1 ﬂO ﬁl
D=1| .............. , C=1| ... . . (10)
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We can write now directly the relations between matrices of parameters G7,
GY, S, and matrix G of data:

G* = 3GCcTB !,
G!Y = 3A7'DG, (11)
S = 3GY'CTB ! =9A'DGCTB!.

To express the values of J(s, ) in parameters (2), we use relations (see [2]),

4
1,1
55 = hiks [ggif =397 541~ 3g?+1,j T Sit1j+1 Ggf]- +
ik
+25i41,5 — Ggiyj + 285541 + 45,7] ,
1,1 _ 4 T Yy T
Sit1i = T [—9g:j + 39741 +69i41 ; — 28i41,541 + 6955 —
()
—4si41; + 3g§-"j — Si,j4+1 — 281‘]‘],
4 , @ Y 2 397
Sij+1 = ﬂ_-[_ggw 607541+ 390415 — 28041541+ 3055 —
ikj
—sip1,j +69% —4si 41— 2s55],  (12)
bl _ 4 [9gi; — 697,41 — 60%, 1 ; + 4504141 — 397 +
i+1,j4+1 hik; 9ij Jij+1 Jit1,j i+1,5+1 9ij

+ 28415 — 3gf']- +25i 41 + Sij]-

Substituing it into (7) we obtain

Flij = 4 : vIiMv

. T .
y y .
with v = [gij,gﬁj+1,gi+1’j, s,-+1,j+1,gfj,si+1,j,gij, S;”j+1,3i,]] and symmetric

matrix M

3 —18 -18 9 —-18 9 -8 9 9
-18 12 9 -6 6 -3 9 -6 -3
-8 9 12 -6 9 -6 6 -3 -3
9 6 -6 4 -3 2 -3 2 1
M=|-18 6 9 -3 12 -6 9 -3 —6
9 -3 6 2 -6 4 -3 1 2
-18 9 6 -3 9 -3 12 -6 —6
9 -6 -3 2 -3 1 -6 4 2
9 -3 -3 1 -6 2 -6 2 4|

Using continuity conditions (8) and zero boundary conditions (3) for the natural
spline s(z,y), we obtain after some tedious manipulations
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n

m
Ji(s) = Z ik gij [49i5 — 295 FES 29¢14 G St —
=0 5=0

=295 + Sig1,5 — 2917‘ +siger+si] o (13)

When we denote by A*, AY the matrices with elements
=(CTB™ )i +(C"B M)ijp1, 4,5=0()m

af; = (A7'D)i; + (A7 D)i1;, 4,5 =0(1)n

(14)

and substitute (11) into (13) , we obtain then the explicit expression for J;(s)
in parameters g;;:

15 = 10822 ]C g”': Jij — 2Zgzkak]*2z zlgl]
1=0 j=0 .
+>

k=0 1=0

n

aflg;kai]»] =IN(G). (15)

2.2 For the second component J2(s) of J(s,«) we have
n m
Ta(s) =Y Y wijhikjlpig — 951, (16)
i=0 j=0

which is directly the function of parameters g;; : J2(s) = Fo(G). Altogether
we have

J(s,@) = Ji(s) + a Ja(s) = F1{G) + a F5(G) =: F(G,a) .
The necessary condition for G to be a point of minima is

OF(G) _ OR(G) ,  OF(G)
aguv O0guv O0guv

=0. (17)

Computing the partial derivatives, we obtain

8F1(G) 288 216 1 .
99w = h %y 77 Juv — 57— Zgu] ]v ]av] + (18)

2162911}[ uz 1 ]+324ZZQU [h ]C uz ]U+hk, zyu v] )

j=01=0

OF5(G)
Oguv

= Wyy o ky [guv - puv] . (19)
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After substitution into (17) and some algebraic manipulations we obtain the
system for computing mean-values of the smoothing spline, declared in the
following theorem:.

Theorem 2 Let the mean-values p;;, weight coefficients w;; > 0, ¢ = 0(1)n,
7 = 0(1)m and parametr a > 0 be given on the rectangular domain D = UD;;
with the mesh (A).

The biquadratic spline minimizing the functional J(f,«) given in (6) attains
the mean-values {g;j, i = 0(1)n, j = 0(1)m} which satisfy the system of linear
equations

4 m n
gauﬁv Juv — Qy Z Guj [,Bva;cu + B; aﬁj] =B Z Jiv [auazi + Qia:;/u]‘*‘

j=0 i=0
3 1 Y 4% . y T 1 h. k —
+§ Z 9ij [auﬂvauia]‘u + azﬂj aiuav]'] + %auwuv u v(guv - puu) =0
j=01:=0
v=0(1)n, v=001)m; (20)

where a; = 1/h;, Bj = 1/k; and matrices A®, AY are defined in (14).

3 Description of the algorithm BSSMV

Let the rectangle domain D with the knot set (A) = (Az) x (Ay) and data

{pij, wij; 1= 0(1)n, j =0(1)m}, a > 0 be given.

1° Compute stepsizes h;, k; and nonzero arrays of the matrices A, B, C, D
defined in (9)—(10).

2° Compute inverse matrices A~!, B~! (full matrices).

3° Compute the coeflicients of matrices A® , AV defined in (14).

4° Calculate the coefficients of the matrix and the right-hand side of the system
of equations (20).

5° Solve the system (20) for the mean-values g;; of the smoothing spline s(z, v).

6° Choose the local representation of the smoothing spline (according to the

output needs) and compute the needed local parameters—e.g. from the
continuity conditions (8) for the (SG)-representation

s(z,y) = (1—u)(1—-v)(1—-3u—3v+9uv)s;; +u(1—v)(—2+3u+6v—9uv)s; 41 ; +

+ (1 — w)v(=2 4 6u + 3v — Juv)s; j+1 + vv(4 — 6u — 6v + Juv)s;41 j+1+

+6(1 — u)(1 — v)[u(l = 3v)gf; + v(1 = 3u)gf;] + 6uv[(1 — u)(3v — 2)¢f ;11 +

+ (1= v)(3u — 2)g{, ;] + 36u(l — u)v(1 —v)gi; ,

where u = (z — z;)/hi, v = (y — yj)/k; in Dy;.
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We can compute needed local parameters for another possible local repre-
sentations (Taylor coefficients, function and partial derivatives values for (SD)-
representation) using relations given in [2]. They need usually more storage
capacity as the consequence of nonsymmetry of parameters placing.

Remark 1 On the contrary to the algorithms for bivariate interpolatory splines
on rectangles (see e.g. [1], [4]) this algorithm does not result in splitting to
repeated use of one-dimensional algorithms. Different approach resulting in
repeated use of one-dimensional algorithms will be described in the following
paper [3].

Remark 2 The continuous dependence of the resulting smoothing spline on

the regulating parameter « in the functional J(s,a) allows us to regulate the

degree of the compromise between two limiting cases:

a) for @ — 04 the smoothing spline converges to natural biquadratic spline with
sb1(z,y) = 0 on D—to some smoothing plane;

b) for @« — +o0o the minimizing property results in the convergence of the
smoothing spline to the natural spline interpolating the given mean-values

Pij -

4 Examples

Example 1 Let D =[0,2] x [0,2], (Az) = {0, 1,2}, (Ay) = {0, 1,2},
2 1 11
G:[IO]’ [“’“']:[10]'

We can see the spline interpolating the given mean-values under zero boundary
conditions (one-dimensional mean-values, function values at vertices) on Fig. 1.
Fig. 2 shows the smoothing spline for p;; = g;; and o = 100. Here

25 1.75 1
S = [Sij] = 1.75 1 0.25
1 025 —-05

Example 2 Let D =[-2,1] x [-2,1], (Az) = {-2,-0.5,0,0.5,1},
(Ay) = {-2,0,1},

3 2 2.98 2.04
0 1 0.05 0.9

G=1|1 9] P=]10 18 =50
10 0.91 0.18

Fig. 3 shows the interpolating spline under boundary conditions {gfj, gfj, 5ij
all equal to one }.

On Fig. 4 we can see the smoothing spline corresponding to o = 50 for
perturbed data P and w;; = 1.
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Fig. 2
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Fig. 3

Fig. 4
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