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Abstract

Applying a method based on a surjectivity result in R™, we investigate
the existence and uniqueness of solutions of the differential equation

" = f(t,z,z',A)
depending on the parameter A satisfying for a suitable value of A the

three-point boundary conditions z'(0) = A, z(1) = B, z(2) = C.
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1 Introduction
Consider the differential equation
'’ = f(t,z, 2, )), (1)

where f € C°({0,2) x R®) depending on the parameter A. A method based
on a surjectivity result in R™ (see [2], [8]) is developed by means of which it
is considered the problem to determine sufficient conditions under which there
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exists a unique value Ag of the parameter A to any numbers A, B,C (€ R) so
that equation (1) for A = Ay admits a (and then unique) solution « satisfying
the boundary conditions

d0)=4, z1)=B, =2(2)=C. (2)

This paper was motivated by an interesting paper of Seda [8] that is con-
cerned with the correctness of the boundary value problem

' = f(t,z,z"), z'(a) = A, =z(b) — z(to) = B,

where a < tg < b, A, B are real numbers.

We observe that some boundary value problems for differential equations and
functional differential equations depending on a parameter have been studied for
example in [5]-[7] using the Schauder linearization technique and the Schauder
fixed point theorem. In [1] and [3], a suitable implementation of parameters into
homogeneous linear differential equations quarantees the existence of a solution
z satisfying z(t1) = z(t2) = z(t3) = 0 (—o0 < t; < 13 < t3 < 00).

2 Definitions, lemmas and results

Lemma 1 Assume h : R® — R” is a continuous mapping. If h is injective,
then h s a homeomorphism of R™ onto itself if and only if it satlisfies the
condition

| llim |h(z)| = oo. 3)
Proof For the proof see [2; p. 23] and [8].
Let X = {(z(t),2'(t)); = € C1((0,2))} be the Banach space with the norm

! — t /
I(e,2) = max { max [2(0)], max, I='(0)])
and let F' : X — R3 be a continuous operator. Consider the boundary condition
F(z(t),2'(t)) = (4, B, C), (4)

where (4, B,C) € R3. Condition (2) is a special case of (4).
Say that z € C2%((0,2)) is a solution of boundary value problem (1), (4)
if there exists a A € R such that z is a solution of (1) for A = XA¢ and z
satisfies (4). '
The existence of a solution to boundary value problem (1), (4) is given in
the following theorem.
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Theorem 1 Let equation (1) have the following properties:

(H1) The Cauchy problem z(0) = o, z'(0) = 1 for equation (1) has a unique
solution z(t,zo,z1,)) on (0,2) for each (zg,z1,)) € R3,

(H3) Problem (1), (4) has at most one solution for each (A, B,C) € R3,

(Hs) (Compactness condition) If {x(t, xk, Yk, Ax)} is an arbitrary sequence of
solutions of (1) such that

{F("‘c(t:"‘:k’yk)’\k): IL‘/(i,.’L‘k,yk,/\k)}
is bounded, then the sequences {xx}, {yr} and {A} are bounded.

Then there ezxists a unique solution of boundary value problem (1), (4) for each
(4,B,C) € R3.

Proof The mapping H : R® — X defined by H(zo, o, Ao) = (z(t, zo, ¥o, o),
z'(t, o, Yo, Ao)) is continuous (see [4]). In view of continuity of H, the composite
mapping h = F o H is continuous from R? into R3. Problem (1), (4) has a
solution for each (4, B,C) € R3 (and then unique by (H>)) if h is surjective.
To show the surjectivity, we shall use Lemma 1.

Condition (3) in Lemma 1 means that the h-preimage of each bounded set
in R? is bounded in R3, which is equivalent to condition (H3).

Corollary 1 Under assumptions (H1)~(Hs) problem (1), (4) has a unique so-
lution for each (A, B,C) € R3 and this solution as well as its derivative are
continuous functions of the variables (¢, A, B,C) in (0,2) x R3.

Proof Let h, H be defined as in the proof of Theorem 1. Under assumptions
(H1)-(Hs), h is not only surjective, but even homeomorphic (see Lemma 1).
Because H is also homeomorphic, F|ggs) as well as its inverse mapping

(F|H(R3)) “lis homeomorphic, too. This implies thai the solution z of problem
(1), (4) and its derivative continuously depend on (¢, 4, B,C) in (0,2) x R3.

Lemma 2 Assume assumptions (H;) and
(Ha) f(t,.,y,A) is increasing on R for each fized (t,y,A) € (0,2) x R?,

(Hs) f(t,z,y,.) is increasing on R for each fized (t,z,y) € (0,2) x R?,

are fulfilled.
Then problem (1), (4) admits at most one solution for each (A, B,C) € R3.

Proof Suppose there exist two solutions z; of (1) for A = A; (i = 1, 2) satisfying
boundary conditions (2) with & = z;, and suppose Az > A;. Setting w = Ta—xy,
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then w/(0) = w(1) = w(2) = 0. If w has a positive local maximum at a ¢ € (0,2),
then w(§) > 0, w'(€) = 0, w”(§) < 0 which contradicts

w"(€) = f(&, x2(8), #5(8), A2) — f(€, 21(€), 25(€), A1) > 0.

Since w(0) > 0 implies w"(0) > 0, we see w(t) < 0 on (0,2). Then with regard
to w(1) = 0 we have w'(1) = 0, w”(1) < 0. On the other hand

w”(l) = f(l, mQ(l))xé(l)”\Z) - f(lx IQ(I)r z’z(l): )‘1) >0,

therefore w'/(1) = 0 and then necessarily A\; = Xy. Now, if w(0) = 0, then
(cf. (H1)) w=0. If w(0) # 0, then we can assume without loss of generality
w(0) > 0, hence

”(O) (0 1"2(0)¢I2(0) ’\2) (0,:1:1(0),1:/2(0),/\2) >0,

consequently there exists a 7 € (0, 1) such that w has a positive local maximum
at 7 which leads to a contradiction.

Lemma 3 Suppose that f satisfies the condition

(Hg) For each numbers S > 0, M > 0 and L > 0 there exists a number K > 0
such that

ft,z,y,\)>S forall t€(0,2), z>-M, [y|<L, A>K, (5)
fit,z,y,A) < =S forall t€(0,2), 2< M, [y <L, A<—-K. (6)

Let 2(t) be a solution of (1) for X = Ao on (0,2) such that
O <Q e()<Q [@)]<Q (7)

for a posilive constant Q).
Then |Ao| < K, where K corresponds in condition (Hg) to S = L = 4Q and
M=Q.

Proof Let z be a solution of (1) for A = A on (0,2) satisfying (7) with a
@ > 0. Assume K corresponds in condition (Hg) to S = L =4Q, M = Q and
suppose Ag > K.
If z(0) > @, then 2(t) > 4Q for all t € (0, E) (C (0,2)) where —Q <
'(0) < 2'(t) < 4Q. Therefore z'(t) > —Q + 4Qt, z(t) > Q — Qt + 2Qt? for
€ (0,¢), consequently z(t) > 0 on (0,£) and if { < 2 and 2'(§) = 4Q, then
necessarily z'(t) > 4Q for ¢ € (&,2). Hence z(1) > 2Q which is a contradiction
to2(1)| < Q.
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If z(0) < —Q, then there exists an 7 € (0, 1) such that z(n) = ‘Q{ zl(r,l) 20
and if 7 > 0 we have z’(n) > 0. Therefore z(t) > —Q and z'(t) > min{z (n) +
4Q(t — n),4Q} on (n,2), hence

z(2) - z(1) = /1 '(s)ds >2Q

which is a contradiction to |z(2) — z(1)| < 2Q-

Let [2(0)] < Q. If [(t)| < @ on (0,2), then &'() > min{z'(0)+4Qt, 4@} for
t € (0,2) and therefore there exists a € € (0, §) such that z/(¢) = 4Q, /(1) <4Q
on (0,&). Then z/(t) > 4Q on (£,2) consequently,

13 31
2(2) > 2(0)+ /0 2(s)ds +4Q(2 ) > —Q + (—QE+2Q€Y) +4Q(2—€) 2 §Q

and we come to contradiction with |z(2)] < Q. Let 0 < ¢ < 2 and |lz(t)| < @
for t € (0,¢€), |z(¢)| = Q. Then in case of z(¢) = @ we have z/(¢) > 0, z'(t) >0
for ¢ € (g,2), consequently z(2) > @ which is a contradiction to |z(2)] £ Q. In
case of z(e) = —@Q we have z/(¢) < 0 and therefore it is necessarily € € (0,1).
In the opposite case (that is € > 1) since z/(t) > min{z’(0)+4Qt,4Q} on (0,¢),

we have .

z(e) > z(0) + /OE z'(s)ds > z(0) + /0 z'(s)ds > 0

which is a contradiction to z(e) = —Q. Then, of course, there exists a 7 € (e,1)
such that z(7) = —Q, sign 2’(7) = sign(r — €) and as above we get a contradic-
tion.

The case \g < —K can be treated similarly.

Lemma 4 Assume that f satisfies the condition

(H7) For each numbers L > 0 and K > 0 there ezists a number M (> L)
such that <

ft,z,y,\) >0 forall te€(0,1), z>M, |y/<L, |N\>K, (8)
ft,z,y,A) <0 forall t€(0,1), 2<—-M, |y|<L, |N<K. (9

Let (1) be a solution of (1) for A = Ao on (0,2) such that inequalities (7) are
satisfied for a positive constant Q). Then

z(0)] < M + @,
where M corresponds in condition (Hz) to L = Q and K > [Xo.

Proof Let z be a solution of (1) for A = A on (0, 2) satisfying (7) for a Q > 0.
Suppose that M corresponds in condition (H7) to L = @ and K > |)o|.
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Assume z(0) > M + Q. Then using (8) we obtain z(0) > 0, hence z’(t)
(> 2'(0) > —Q) is increasing on each interval (0,€) (C (0, 1)) where 2'(t) < Q.
If

l2’() <@ on (0,1), (10)

then by the mean value theorem there exists a ¢y € (0,1) such that (Q <)
M < x(0)—z(1) = —z'(lo), which contradicts (10). Suppose (10) is not fulfilled.
If '(0) = @, then z(0) > 0 and since |z(1)| < @, z has a local maximum at
aty € (0,1) and therefore z(t1) > z(0), «'(t1) = 0, ”(t1) < 0. On the other
hand 2(t1) = f(t1,2(¢1),0,A0) > 0 (by (H7)), and we obtain a contradiction.
Let 2'(0) < @ and let (0,&1) (0 < & < 1) be the maximal interval such that
2(t) < Q on (0,€1) and /(€1) = Q. Then

31

0

s(€) =20+ [ #6)ds> M+Q-Qe > M

consequently, z”(£;) > 0 and 2'(t) > @ on (£1,1). Therefore z(1) > Q which is
impossible.

Assume z(0) < —M — Q. Then using (9) we get z”(0) < 0 and 2’'(t) (<
2'(0) < Q) is decreasing on each interval (0,€) (C< 0,1 >) where z'(t) > —Q.
Let (10) be fulfilled. Then by the mean value theorem there exists a to € (0, 1)
such that (-Q >) — M > z(0) — z(1) = —2'(to) which is a contradiction to
(10). Suppose (10) is not fulfilled. If z’(0) = —@Q, then z'(0) < 0 and since
|z(1)| < Q, = has a local minimum at a ¢; € (0,1) and therefore z(¢1) < z(0),
#'(t1) = 0, ”(t1) > 0. On the other hand z"(t1) = f(t1,2(t1),0,A0) < 0 by
(H7), a contradiction. Let z/(0) > —@Q and let (0,¢) (C< 0,1)) be the maximal
interval such that z/(¢) > —Q on (0,¢) and z'(¢) = —Q. Then

x(e):m(0)+/0€a:’(s)ds<—M—Q+Qe<—M

consequently, ”(¢) < 0 and 2'(t) < —Q for e <t < 1. Hence z(1) < —@Q which
is impossible. This completes the proof.

Lemma 5 Suppose that f satisfies conditions (Hg) and (H7). Let zk(t),
k=1,2,..., be a sequence of solutions of (1) for A = Ay on (0,2) such that

Iz (0 < Q, [z <Q, |=(2)<Q, - k=12,...,

where @ is a positive constant. Then the sequences

{2e(0)} and {A:}

are bounded.
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Proof By Lemma 3 there exists a positive constant /& corresponding in con-
dition (Hg) to S = L = 4Q such that |A\x| < Ky, £ =1,2,.... Using Lemma 4
we get

lzx(0)| < M + @, k=1,2,...,

where M (> @) corresponds in condition (H7) to L = @ and K = K.

Theorem 2 Assume that assumptions (Hy), (H4)~(H7) are satisfied. Then
problem (1), (2) has a unique solution for each (A, B,C) € R® and this solution
as well as its derivative are continuous functions of the variables (t, A, B,C) on
(0,2) x R3.

Proof Let assumptions (H1), (Ha)-(H7) be satisfied. With respect to Theorem
1 and Corollary 1 where F(x(t),z'(t)) = (2'(0), (1), z(2)), it is sufficient to
show that assumptions (H1)-(H3) are satisfied. Assumptions (H4) and (Hs)
((Hs) and (H7)) imply that assumption (Hj) ((H3)) is fulfilled (see Lemma 2
and Lemma 5, respectively). Hence theorem is proved.

Example 1 Consider the differential equation
" = (1+t*)(z +cos(z?)) + (1 + |&'DA. (11)
This equation fulfils all assumptions of Theorem 2 and therefore there exists a

unique Ao € R to any (4, B, C) € R3 such that equation (11) for A = g has a
(and then unique) solution z satisfying (2).

131



References

[1] Arscott, F. M.: Two-parameter eigenvalue problems in differential equa-
tions. Proc. London Math. Soc. (3), 14, 1964, 459-470.

[2] Deimling, K.: Nonlinear Funclional Analysis. Springer-Verlag Berlin, Hei-
delberg, 1985.

[3] Gregus, M., Neuman, F., Arscott, F. M.: Three-point boundary value prob-
lems in differential equations. J. London Math. Soc. (2), 3, 1971, 429-436.

[4] Hartman, P.:Ordinary Differential Equations. J. Wiley, New York, 1964.

[5] Stanék, S.: Three point boundary value problem for nonlinear second-
order differential equations with parameter. Czech. Math. J., 42 (117),
1992, 241-256.

[6] Stanék, S.: On a class of five-point boundary value problems in second-
order functional differential equations with parameter. Acta Math. Hun-
gar. 62 (3-4), 1993, 253-262.

[7] Stanék, S.: Multi-point boundary value problem for a class of functional

differential equations with parameter. Math. Slovaca No. 1, 42 (1992),
85-96.

[8] Seda, V.: A correct problem at a resonance. Differential and Integral Eqgs.
2,4 (1989), 389-396.

Author’s address: Department of Mathematical Analysis
Faculty of Science
Palacky University
Tomkova 38, Hejéin
779 00 Olomouc
Czech Republic

132



		webmaster@dml.cz
	2012-05-03T22:12:26+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




