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Abstract

A canonical phase function is introduced by O. Boruvka in [1],
[2]. It is connected closely with a character of a linear second-order
differential equation in the Jacobian form

v =q(t)y. (9)

In this paper the algebraic structure of the set of phase functions
or the set of first phases of oscillatory equations (q) in the interval
(=00, 00) is investigated.

We shall deal with the situation when the differential equation
(q) is of finite type (m) special in the interval (—oo, c0).

Key words: Phase function, canonical phase function, first phase
of a linear second-order differential equation in the Jacobian form of
finite type special.

MS Classification: 34A30

1  Canonical phase function of a class D, and
phase function of a class D,,.

We shall be concerned with phase functions of a class D,,.
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Definition 1 The phase function of a class Dy, is a real function o with the
following properties:

a = at), t € (—00,00),
a € C3(—00,00),

a'(t)#0

and for the numbers

c= tlim at), d= tlim a(t) it holds |c—d| = mm,

m positive integer.
The number |¢ — d| is called an oscillation of the phase function « and its
notation is O(«a). So

0(e) = |c—d.

Definition 2 The canonical phase function of a class D,, is a function
X = X(t), t € (—o0,0) if, throughout the interval (—oo, co) hold:

X € Cs, X'(t)>0
and for the numbers
C= . lim X(t), D= tlim X(t) itholds C=0, D=mmn,

m positive integer.

It is known (see [1], p.206) that the carrier of every differential equation (q)
can be defined by means of the canonical phase function X of a class D,, in the
interval j = (—oo, 00) as follows

q(t) = —{X,t} = X"(1), (1)
when {X,t} is the Schwarzian derivative of a function X, that is

1 Xlll(t) 3 XIIZ(t)

X0 =5%0 ~axm0)

If the differential equation (q) with the carrier ¢ defined by (1) is of finite
type (m) special in the interval j = (—o00, 00) then the function X has properties
of a canonical phase function of the class D,,.

We shall note the set of all phase functions « of a class D,, by G.

The following assertions are evident:

1. X €G,
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2. @« € G = (a+1) € G for every real number [,
3. OtEGﬁCY(())EG,

where the function a(g) is defined by
a(t) = aqo)(t) + &,
K is a suitable real number, and
t_l.ir_neo a)(t) =0, 11_1210 ay(t) = mm
in the case that « increases on j = (—00, 00), and
Jim ao)(t) = mm, zll.To a)(t) =0
in the case that o decreases on j = (—00, 00).
4. o,f,2 € G, a=apy+k, [ = Poy+ A= the composite function
a(o)X‘lﬁ(o) + &+ X € G, where X! is the inverse of the canonical phase
function X,

5. 2 €G,a=qq+k=>&€G, where @ = Xa(0)™' X — k and ooy~ is
the inverse of the function «(q).

Let us note:

We denote the set of all functions a+1, where [ is a real number, by a symbol
[a] and call a complete phase system generated by the phase function a.

To be short we shall write X instead of X(o0) even if according to the definition
there is X = X(o).

The fact that o = a(o)(t)+n will be written by means of an index: o = a(x)-
So that Q(x) = o) + K.

2 Group § of phase functions of a class D,
Let G be the set of all phase functions of a class D,,; X € G be a canonical
phase function. Let a = a(x), 8 = B(x) € G be any elements.
We introduce a binary operation o into G by the following equation
aofi=awX  Boy+ K+

where X! is the inverse function to X.

Theorem 1 The set G with the binary operation o form a group.
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Proof The binary operation o is associative as for any
a=ar), B=Bn)y 1T=v1w€EG
it holds
ao(Boy) = a@X (BoyX o) + e+ A +p) =
= (a@X " Bo)X o)+ (k+A) +p=(aof)or.

The canonical phase function X is the unit element as for any element
a = o(x) € G we have

aoX:a(O)X"X+m:a(o)+n:a(n):a,
Xoa:XX"la(0)+/c:a(0)+;c:a(,c):a,

To every element o € G there is the inverse element & € G, where

d:Xa(_OlX -k

)

aod:a(o)X‘lXa(_Ol)X+fc—n =X,

aoa = Xa(‘ol)XX“la(o)-m+fc =X.

Thus G is a group, the group operation is the binary operation o, the cano-
nical phase function X is the unit element of the group and the elemnt &(_) is
the inverse to the element o(,) € G.

Definition 3 The group from the above theorem will be denoted § and called
the group of phase functions of a class D,,.

It is evident that:

The product o 3, o, 8 € G, is an increasing (decreasing) phase function if
both phase functions increase or decrease (one of them increases and the other
decreases).

The inverse element & corresponding to any element o € G represents an in-
creasing (decreasing) phase function according as « is an increasing (decreasing)
phase function.

Theorem 2 Be N a set of all increasing phase functions of a class D,,. Then
N s a normal divisor of the group G.

Proof It holds aoNoa =N, €.

Theorem 3 The factor group G/N consists of two elements, namely N and the
class A of all decreasing phase functions of a class D, .
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3 Differential equations (q) of finite type (m)
special and their first phase.

We shall consider now a linear second-order differential equation of Jacobian
form
y' = q(t)y, (9)
where ¢ € Co(—00, 00).
The coefficient ¢ of this differential equation is called a carrier of the diffe-
rential equation (q).

Definition 4 The differential equation (q) is called of finite type (m) special in
the interval j = (—o00,00) if it possesses solutions with m zeros but none with
(m+ 1) zeros and if there is a linearly independent solution with (m — 1) zeros.

Let u, v be independent solutions of a linear differential equation (q) in the
interval j = (—00,00), which form a basis (u,v) of a set of all solutions of the
differential equation (q).

Definition 5 The function a (« € C3, ’(t) # 0) defined in the interval
u(t)

tg a(t) = W, : (2)

with the exception of singularities on both sides is called the first phase of the
base (u,v) of the differential equation (q).

Theorem 4 Any phase function of a class D,, is the first phase of the diffe-
rential equation (q) of finile type m special in j = (—00,00) and the other way
round.

Proof To every phase function
a€G (a€Cs o (t)#0, O(a) = mr)
we associate the carrier q of the differential equation (q) by the follownig way
o(t) = —{a, 1} - a”(1), 3)
where the symbol { } notes Schwarzian derivative of the function «, that is

B _l_am(t) 3&,//2(]5)

T2a(t) 4a2(t)’

{a,t}

and the base (u, v) of the set of all solutions of the differential equaion (q), 8iven
by the formulas
1

1
u = ———=sinaf(t), V= ———=cos a(l).

o (2)] o/ (2)]
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Thus the general solution of the differential equation (q) with the carrier ¢ given
by (3) is of the form

y = (c1sina(t) + ez cosa(t))/V/|a'(t)] = ksin(a(t) + 1)/ /|a'(t)],
where ¢y, ca are real numbers and numbers k, [ are given by equations
c1 = kcosl, co = ksinl.

As O(a) = mm, it is also O(a(t) + [) = mm and every particular solution
(contained in y) has m zeros in the interval j = (—o0, o0) with the exception of
the case that lim¢_, _oo(a(t) + () is an integer multiple of the number 7 when
solutions y (linearly dependent) have (m — 1) zeros.

So the differential equation (q) is of finite type (m) special in the interval
j = (=00, 00). We form a quotient ¢ and we have

{0 = tg a(t)

and we can see that « is the first phase of the base (u,v).

On the contrary, let the differential equation (q) be of finite type (m) special
in the interval j = (—o00, ), (u,v) be any base of (q) and « be the first phase
of the base (u, v) of the set of all solutions of (q). Then the phase « satisfies (1).

From the equality (1) follows that

u = p(t)sin a(t), v = p(l) cos a(t).

The functions u, v form a base of solutions of the differential equation (q) if and
only if

1
o

Then the general solution of the differential equation (q) is of the form

y = ksin(a(t) + /@D,
It has to be
O(a(t) +1) = O(a(t)) = mm
for particular solutions obtained in y to have m zeros resp. for one indenpendent
solution to have (m — 1) zeros.
Deriving the equality (2), we get

o (t)/ cos® a(t) = —w/vi(t),

where w = uv’ — u'v is the Wronskian of solutions u, v.

We have o/(t) > 0 resp. a’(t) < 0 if and only if w < 0 resp. w > 0, thus
a'(t) # 0 in the interval j = (—o0,0). As u,v are solutions of (q), u,v € Cs
and a € Cs.

Every first phase of the differential equation (q) is a phase function of a class
Dy,.
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4 Equivalence in the group §

We introduce an equivalence relation into the group § now which we denote by
a symbol ~.

Definition 6 Two phase functions a,y ¢ § are equivalent in § and we write
a ~ v if the following equality holds in j = (—o0, 00)

i tg aft) +ci2
co1 tg Ot(t) + (,'22]

tg (1) = 4)

where ¢;; are real numbers, det |c¢;j| # 0, i = 1,2 with the exception of singulari-
ties of functions tg a(t), tg y(t). It is easy to see that the relation determined
by (4) in the set G of all phase functions of a class Dy, is reflexive (a ~ a),
symmetric (¢ ~ v = 7 ~ a), and transitive (o ~ §,6 ~ vy = a ~ 7), and
consequently is an equivalent relation. There is a decomposition G of the set G
onto classes of equivalent elements with respect to the relation ~.

Theorem 5 FEvery two equivalent phase functions of a class D,, determine the
same carrier of the differential equation (q) and on the conirary every two first
phase functions of the differential equations (q) are equivalent.

Proof Let o,y be two phase functions of a class D, let @ ~ v. That means
@, v lie in the same element @ € G and (4) holds. Let us denote g resp. p the
carier given by (3) with the help of the phase function « resp. 7. Then we get

p(1)

I

C11 tg C!(i) + c12 t} _
cop tg (X(i) + CQQ’

-t =) = {tg (1)t} = —{

{ tg a(t)>t} = —{a)t} - a/2(t) = q(t)'

Thus ,
p(t) = q(t) for te€j=(—o00,00).

On the contrary, we know [1] that for two first phases «, v of the differential
equation (q), ¢ € j, it holds (4). It yields an equivalence of first phases a,v and
the fact that they belong to the same element of the partition a@ € G.

We can see that every element of the partition @ € G consists of the first
phases of just one carrrier ¢(t). We get one-to-one mapping A of the partition G
onto the set of differential equations (q) of finite type (m) special in the interval
Jj = (=00, 00).

5 The fundamental subgroup ¢

We shall deal with an algebraic structure of the partition G now.
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Let us consider such an element € € G in which the unit element X of the
group § lies. This element & of the partition G consist only of phase functions
¢ equivalent to X that is of the phase functions which satisfy

c11 tg X(t) +cio

_— 5
co tg X(t)+622 ( )

tg ((t) =
det|cij| # 0, 7,7 = 1,2 on the interval j = (—o0, 00).
Theorem 6 The element & € G in which the canonical phase function X lies
is a subgroup of the group G.

Proof We now show that when the phase functions £, € € then also {on € €
and when £ € € then also the inverse phase function £ € €.

Let ¢ € €. Then in view of (5) we have for suitable c;j, det|ci;| # 0,4,j = 1,2
g(: C11 th+(,'12.
co1 tg X +ca

Since for every real number [

tg ((+1) =
_ sin(C+1) sin{cosl+cosCsinl _ cosl tg(+sinl
" cos(C+1) " cosCcosl—sin(sinl ~ sinl tg {+ cosl

we can see that ( ~( 4+ [ and as ¢ ~ X it yields ¢ + [ ~ X and thus
Cwy+nec.
Let &,n € G and £ = {(x), n = n(a). Then also (o), N(0) € G and we have
oy ~ X, Ny ~ X.

We have

ay tg X +apo b1 tg X +byo

) t = e—— 6
asy tg X + ag9 & 7)(0) b21 tg X + bgz ( )

tg €y =

where det |aij| # 0, det |b;;| # 0, t € j = (—o00, 00).
If we replace ¢ in formula (6) by the function X ~'7), we get

air tg XX o) +aiz
az tg XX~ 10y + azz

tg (€(0) © (0)) =) t& E)X 'm0y =

by tg X4bio
@115, g Xabee T Y12 (ar1bin + arzbar) tg X + (a11b1 + a12b2a)

an by tg X+bi12 + as - ((121b11 + 022b21) tg X+ ((1211712 =+ 022522) '
by tg X+b2o
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Thus
Eoyomoy ~ X
and also
Eoonwy+K+A=¢Eryonay~X
or
fonek.

If we replace t by a composite function f("o;X in the first equality of (6) we
get
an tg Xf(_o;X +aiz

as; tg Xg(-();X +agy

tg X =) tg Eo0)é) X =

From here we have

c “1y _ —atg X +ap
tg oy =) tg X lx = =252 T 712
@ ) (©) az tg X —an
and thus
é(o) ~ X and also é(o) - K= f(_,;) ~ X or é € €.

We have shown above that € is a subgroup of the group G.

Theorem 7 The partition G coincides with the right class partition G/.& of
the group G with respect to €.

Proof Let @ € i be an arbitrary element and o € @ a phase lying in it. We
have to show that a = € o a. Ior every element ¢ € € there holds a formula
such as (5) and for {(¢) a formula such as the first equality in (6). If, in that, we
replace ¢ by the composite function X ~!a(gy than we have

tg (o)X oy = a8 ot a4z e
az tg a(o) + az2

thus
(oyoawy~ ap) andalso (oca~a or (own€a
and we have
Eoa C a.
Morcover, for every clement 4 € a there holds a formula such as (4)

. _ futg o)t
& 7(0) = Cor 18 o) + .
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If we replace t by the composite function a(_ol)X , we get

. 1y — tg X +ciz
t =) tg Yo X "' Xalx = L 82 T2
g (10 © &) =) 8 70) *© co1 tg X + caz
or

(o) © &) ~ X.

Hence 7(g) © (o) € € that is
7(0)X_1Xa(_01)X et
and from here
Vo) € EX o) = €0 o).

For equivalent phase functions o ~ a(q), ¥ ~ 7(0) thus we have also
y€€oa, and acC oa.

We have shown that
a=Eoa.

We remark that the mappinng A maps the fundamental subgroup € onto
the carrier

q= _{ tg th}'

Example An example of a canonical phase function of a class D,, is a
function mr
X(t) = m arctg t + 50 )
t € (—o0,0), m > 1 possitive integer.
That is to say

. mw . mmw
t—kgto(m arctg t + T) =0, ¢11.To(m arctg t + T) =mnr

and thus O(X) = m7 and moreover

m

/ —
X(t)"1+tz>

0.

It is easy to calculate with the help of (3) that the carrier ¢ of the differential
equation (7) is given by the formula
m?2 +1

q(t) = —m~
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Thus the differential equation
"o m? + 1 v
(142
is of finite type (m) special on the interval j = (—00,00). The basis (u,v) can
be formed by functions

mm

u = /m(1 + t%)% sin(m arctg t + 5 ),

v =+/m(l +12)% cos(m arctg t + T-néz)
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