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Abstract

The paper deals with quadratic splines interpolating function va-
lues, first derivative values and with splines smoothing first derivati-
ve values. For their representation we use the fundamental quadratic
splines which form the basis of the space of the quadratic splines.
We employ the fundamental quadratic splines for a discussion of the
error propagation and for computation of values of the quadratic
spline interpolating the first dertivative values.

Key words: spline function, quadratic spline, smoothing spline,
fundamental spline, interpolation, error propagation.

MS Classification: 34A34

1 Introduction. Cubic spline
Let us have a set of knots

(Az) ={z; :i=0(1)n+ 1}, a=z9<2<...<Zp<ZTpy =0

Definition 1 A function Si4(z) is called a spline of order k£ with the defect d
on the set of knots (Az) if it has the following properties:

a) Skq(z) is a polynomial of degree k on every interval [z;, z;41], i = 0(1)n;

b) Ska(z) € C*~9[a,b].
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Let us denote Sg4(Az) linear space of the splines of order k£ with defect d on
(Az) with dim 8x4(Az) =k +dn+ 1.

These splines are studied for example in [1], [4]. In case k = 3, d = 1 we
have the classical cubic spline S31(z) € 831(Az) which can be written on every
interval [z;, z;+1] by thehelp of the local parameters s; = S3;(2;), M; = SY(z;)
as

(1) Ssi(z) = (1— q)si + gsiy1 — hiqg(1 — (2 — Q) Mi + (1 + ¢)M;4.1]/6,

where h; = zi41 — zi, ¢ = (z — z;)/hi, 1 = 0(1)n.

The continuity conditions yield the following relations between the parame-
ters M;, s;
(2) ecM;_1+2M; + a;M,-+1 = d;, 1= 1(1)71

with
t di = 3[(si41 — s:)/hi + (si + si—1)/hi-1]/(hi + hi-1),

a; = hi/(hic1+hi), ci=1—-a;, i=1(1)n.
If we prescribe function values of the spline
Sa1(z;) = gi, i=01)n+1, (interpolating spline)
and two boundary conditions, for example
Mo = gg, Mgy =gny1,

with given values g7, g;,,, then the conditions (2) form a system of linear
equations with the symmetric tridiagonal matrix with a dominating diagonal.
The case of My =0, Mp4+1 =0 is known as natural cubic spline.

There are the fundamental natural cubic splines studied in [4] too. These
splines f; are defined for j = 0(1)n + 1 in this way:

fi(z) € 831(Az), fi(xi)=6;i, i=01)n+1, f]{'(a) = f]"(b) =0.

The local parameters of the splines fj(z) can be computed from (2). The natural
interpolating cubic spline S(z) can be written in form

n+l

Sa1(z) = Z 9ifi(z).

i=0

We shall define fundamental quadratic splines of various types in analogous
way in this paper.
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2 Quadratic spline. Continuity conditions

If we choose k = 2, d = 1 in the Definition 1 we obtain the quadratic spline. So
the quadratic spline S(z) = S21(z) € 821(Axz) is the function with properties:

a) S(z) = al + aiz + ahz?, = €[z, 2], i=0(1)n,
b) S(z) € C'[a, b].

Denote h; = ;41 — 25, si = S(z;), m; = S'(z;). The spline S(z) can be written
on [z;,ziy1] as

(3) S(z) = si + miz — ;) + (migy1 — mi)(z — 2:)%/(2hs),

and the continuity conditions in knots z;, ¢ = 1(1)n + 1 yield the following
relations between the parameters m;, s; (see [3]

(4) (mi_,l+m,~)/2:(si—si_1)/h,-_1, i:l(l)n—i—l.

3 Quadratic spline interpolating given function
values

3.1 Formulation and solution of the problem.

Let us have real numbers mg, s;, i = 0(1)n + 1;

we search for a spline S(z) € 831(Az) with the properties
S(z;i) = si, t=1()n+1,
S’(.’L’o) =my.

(®)

The local parameters m; = S'(z;), ¢ = 1(1)n + 1 can be computed using
the recurence relation (4) and function values of this spline we can find using
the formula (3). From (3),(4) it follows also that the s iution of the problem (5)
exists and is unique.

3.2 Fundamental splines.

For the extended set of knots (Az) = {z; : i = —=1(1)n + 1} (for example
T_1 = 2o — ho) we will construct a basis of the linear space 8(Ax).

Definition 2 Splines H(z), Hi(z) € 821(Az), k = 0(1)n 4+ 1 are called the
f-fundamental splines if they have the following properties

Hi(xi) = 6ki, i=—1(1)n+1, Hi(zr—) =0,
H(z;) =0, i=—1()n+1, H'(xg)=1.
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Because the extended set of knots is used we can describe all f-fundamental
splines Hi(z) by means of simple formulas. The graphs of H(z), H(z) are
plotted in Figure 1 (h; = h,n =5).

1 H,(x)
1
B(x)
I“o X % \//\\j"s l"o \//\\//\\/'6—

Fig. 1

Lemma 1 The splines H(z), Hi(z), k= 0(1)n+ 1 can be written as

H(z) = (-1)(z — z:)(zig1 — )/hi, z; <z < Tiy1, i=0(1)n.
4
0) z S Tk—1,
[(z — zk—1)/he-1)?, zg-1 < T < Tk,
(k41 = 2)(z + 241 — 22k) B} + 2(z = zi)(2k41 — )/ (hichi-1),
zp S ¢ < Thy1,

(1Y ~*(hi + hi=1)(zj 41 — 2)(2 = z;)/(hjhehi-1),
| . zi<e<zip, j=k+1()n

Hi(z) =

Proof It follows from (4) and Definition 2 that

Hy(zi) =0, i=-1(1)k -1,
Hi(zk) = 2/hg-1,
H,'c(a:,) = 2(—1)i_k(hk + hk—l)/(hkhk—l), i=k+ l(l)n + 1.

By means of (3) we obtain the formulas for Hi(z). The proof is analogical for

H(z). O

Lemma 2 The f-fundamental splines H(z), Ho(z), Hi(z),..., Hog1(z) form
the basis of the linear space 831(Ax).
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Proof Because dim 831(Az) = n + 3 (see Def.1) we need to prove a linear
independence of these splines only. Let us have

n+1
(6) E arHi(z) + anyoH(z) =0
k=0

and a; # 0 for some k € {0,1,...,n+ 2}. If ant2 # O then derivative of (6)
for z = z¢ gives contradiction apys = 0. If a; #0, 7 € {0,1,...,n+ 1}, then
substituting ; into (6) we obtain contradiction a; = 0 again. Therefore the
splines H(z), Hy(z), k = 0(1)n + 1 are linear independent. ]

A solution of the problem (5) can be expressed as

. ~ n+1
(7) S(z) = [mo — 2s0/h-1]H(z) + Y _ s Hi(z).
1=0

3.3 Error propagation.

Let mg, s; be the precise data for spline (7) but we have only disturbed data
mo, 5 (1 = 0(1)n + 1) at our disposal. We will study the difference between
coresponding splines. Denote

g(.’t) = [T_no — 250/h_1]ﬁ(a}) + giHi(Z'),
e(z) = S(z) — S(z), e = 6(1_6:'), i=0(Dn+1, ep=e'(z0)=mo— my.

Theorem 1 If |e;| < E, i = 0(1)n + 1 then we have for z € [rj, 2j41]
(8) le(@)] < legl hi/4+ E-[1+r(3+2( - 1)r)/4],
where r = max{ hx/hm; k,m = 0(1)n+ 1} and j € {0,...,n}.

Proof The function e(z) is the spline from the space 831(Axz):

n+1
e(x) = [ep — 2e0/h_1]H(z) + ) eiHi(a).
1=0
Therefore
(9) le(z)| < (2lea/h-1| + leg) K1 + E Ko,
where
_ n+1
Ky =max{|H@t)|, t € [¢;,zj41]},  Ko=max{D_ [Hi(t)], t € [zj,2;11]}
=0
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From the Lemma 1 and the necessary conditions of a maximum it follows for
j # 0 that

K, (=1Y H((zj41 + 2;)/2) = hj/4
Ky = Hjn((zj4 +123)/2) + Hi((zj1 +25)/2) +

Il

+Y (1Y T Hi(mj 41+ 25)/2) =

1=0
1 ik
=1+ Z[th/hj—l + Zhj(hi + hi—1)/(hihi-1)).
=0

Let us substitute these results into (9). For 1 < j < n we obtain
le(z)| < 3Eh;/(4h_1) + hjlegl/4 + EC

where
i-1
C = [1+(2hj/hj—1+ hi/ho+ Y hj(hi + hi1)/(hihi-1))/4].
i=1
Because the spline e(z) is determined uniquely by the set of knots (Az) and by
the values ef, e;, t = 0(1)n+1, so it is independent of h_; on [zo, n+1]. Hence,

X lim |e(z)| = |e(z)] holds for z € [zo,Tn+1].
—-1—00

Considering h_; — oo in the last inequality and using hy/h, < r we obtain
(8) (for j = 0 analogically). a

We see that the spline (7) has unsatisfactory error propagation features. The
best case occurs if h; = h (so r = 1; usually ey = 0 too). Under this conditions
we obtain from (8)

le(z)| < E - (5+2j5)/4 = Ej

This simple formula can be used for computation of the estimation of error on
interval [z, zj+1] (see example 1).

4 Quadratic spline interpolating given values
of the derivative

4.1 Formulation and solution of the problem.

Let us have real numbers so,m;, i = 0(1)n + 1;
we search for a spline S(z) € 82,(Axz) with the properties

S'(z;) = m;, i=11)n+1,

(10) S(le()) = $o0.
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The local parameters s; = S(x;), ¢ = 1(1)n+ 1 can be computed using the
recurence relation (4) and function values of this spline we can find using the
formula (3). From (3),(4) it follows also that the solution of the problem (5)
exists and is unique.

4.2 Fundamental splines.

We will construct another basis of the linear space 831(Az) suitable for inter-
polation of the first derivative values.

Definition 3 Splines F(z), F(z) € 821(Az), k = 0(1)n + 1 are called the
D f-fundamental splines if they have the following properties

Fi(zi) = bxi, 1=0(1)n+1,

Fk(-’to) =0,

F(z) =1, z € [zo, Tnt1]-

The Lemma 3 gives the exact description of the splines Fi(z), k = 0(1)n+1
(see Fig. 2; h; = h).

: Fb(*) N) Fp :

1 (X)
X X !h*l

F.(x
. : *n+1

i

)
—p- ;1 T
Fig. 2

Lemma 3 The splines Fy(z), k = 0(1)n+ 1 can be « ritten as

(z — 20) — (z — z0)?/(2ho), z € [zo,z1],
Fo(z) = { ho/2, z € [21, Tny1].
0, z € [zo, Tk-1],
B (z —zx-1)%/(2hi_1), z € [Tk-1,2k],
Filz) = he-1/2+ (z - z1) — (z — )2 /(2he), z € [ok, Tk41],

(he + hi_1)/2, z € [Th41,Tnpa].

' 0, z € [z, Tn],

Frii(z) = { (2 — 2a)2/(2h,), 2 € [T, Ty,



Proof It follows from (4) and Definition 3 that

0, i=0(1)k -1,
(11) Fk(z‘,‘)Z hk_1/2, i=k,
(hk_1+hk)/2, 1,:IC+1(1)72+1,
where £ = 0(1)n + 1, h_; = 0. Substituting this results together with the

postulates from Definition 3 into formula (3) (on every interval [z;, zi+1]) we
obtain the formulas for D f-fundamental splines.

Lemma 4 The Df-fundamental splines F(z), Fo(z), Fi(z),..., Foy1(z) form
the basis of the linear space 821(Az).

This Lemma can be proved in an analogous way as Lemma 2. The solution
of the problem (10) can be expressed in this way

n+41

(12) , S(z) = s0+ Y _ miFi(z).

=0

4.3 Error propagation.

Let so, m; be the exact data for the spline (12) but we have only disturbed
data 5o, m; (i = 0(1)n + 1). We will study the difference between coresponding

splines. Denote
n+1

S(z) =350+ Y miFi(z),

=0

e(z) = S(z) — S(z), € =€'(z;), i=0(1)n+ 1, eo = e(z0) = so — . |

Theorem 2 Iflel| < E, i =0(1)n+1 then for z € [xo, Tn41] we have
le(2)] < leol + E - (& = z0).
Proof Because e(z) € 831(Az) and Fi(z) > 0 (see Lemma 3) we obtain

n+1 - n+l

le(2)] = leo + Z e Fi(z)| < leol + Z EF(z).

The expression on the right hand side is the quadratic spline interpolating the
values m; = E, i = 0(1)n + 1 of derivative, so = |eg| — but it is the straight
line p(z) = |eo| + E - (z — zo). v a
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4.4 An algorithm using the Df-fundamental splines.

Let us have a set of knots (Az) with h; = z;3; — 2; and real numbers sg, m;,
i = 0(1)n + 1. The spline interpolating the values of the first derivative can
be written in the form (12). If we want to compute a value of this spline for
z' € [zk, Tk+1] (0 < k < n) we can use the formula (12), the Lemma 3 and (11).
Then

k+1
S(,r’) = $9 + ZT’L,‘F,’(.’L‘I) =
1=0
1 k-1
=50+ §m0h0 + Z"liFi(l'l) + mp Fi(2') + mp g1 Frgr (2') =
i=1
k-1
1 . ; /
= 80 + 5[moho + > mi(hicy + )] + mi Fi(2') + mpgr Fipa (2).
i=1
Thus
(13) S(z"y = r4 mp(a' — ar) + (mryr — me)(x' = 21)?/(2hy),
where
S0, k= 0,
(14) r= 1 i
so + 5[77),0/1,0 + myhy + Z m,-(hi_l + hi)], (1 < k < Tl)

i=1

In that way the calculation of S(z’) can be described by the following

Algorithm DF:

1° Find index k such that 2’ € [a, zk41];
2° Compute 7 using (14);
3° Compute S(z’) using (13).

This algorithm can be used instead of the algorithm based on the continuity
conditions (4) and the formula (3). We use it if we want to economize a working
storage capacity because we needn’t know all local parameters s;. This ignorance
must be compensated by step 2°. So we do 2(k + 1) algebraic operatios in the
course of step 2° and for computation of local parameters s; we need 6(n + 1)
algebraic operations (0 < k < n). Therefore we use the algorithm DF if we want
to know a few values of the spline only. A reduction of a working storage is more
expressive for biquadratic splines of the tensor product type.
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5 Quadratic splines smoothing given values of
derivative

5.1 Smoothing cubic spline.

It is well-known (see [1],[4]) that the natural interpolating cubic spline minimizes
the functional

b
IO = [[F"@Pdz on 7= {f1f € Wila 8, f(z) =i, i = 0(Dn + 1}

This property was used in the construction of the smoothing cubic spline, which
minimizes the functional

n+1

I =a [ P @lde+ Y wilfe) o on Wi,

i=0

where o > 0, w; > 0. The smoothing cubic spline can be represented by means
of the fundamental smoothing cubic splines ¢(z) as »‘

n+l1

Sa1(2) = Y ged(2),
k=0

where ¢i(z) € 831(Az), k =0(1)n+ 1 are defined by (see [4])
de(@i) + s (@it) — ¢ (i) = b, i=0()n+1.

We will show analogical construction of the smoothing quadratic splines.

5.2 Smoothing quadratic splines.

The quadratic splines interpolating the first derivative values have extremal
properties analogous to extermal properties of the cubic natural interpolating
splines.

Theorem 3 (see [3]) Let us have a set of knots (Az) and real numbers m;,
i =0(1)n+ 1. Denote

b
J1(f) =/ [f"(@)Pde, V= {fIf € Wila,b], f'(z:)=mi, i=0(1)n+1}.

Functional J1(f) is minimized on V by every spline S(z) € 83,(Az), which
interpolates the values of the first derivatives m;, 1 = 0(1)n + 1. O
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We will use this Theorem to the construction of the smoothing quadratic
splines.

Theorem 4 (see [3]) Lel us have a set of knots (Az), real numbers m;,
w; >0, 1 =0(1)n+ 1 and a regulation parametr a > 0. Denote

n+1

b B
Jo(f) = a/ [f"(2))?dz + Z wi[f(z;) — mi)?.

Functional Jo(f) is minimized on Wi[a, b] by some spline S(z) € 821(Az). First

derivatives s; = s'(z;) of this spline fulfil the system of linear equations

(wo + a/ho)sy — (a/ho)s} = womo,

—(a/hg=1)s)_, + (wk + a/hg_1 + a/hy)s), — (o(/hk)sjc_,_l = wypmy,
k=1(1)n,

—(a/hn)sy + (Wny1 + a/hn)s, ) = Wng1mngr m]

(15)

The matrix of the system of linear equations (15) is tridiagonal, symmetric
and diagonally dominating. So we have unique solution of the system (15) and
one free parameter for determining of the corresponding spline (we can choose
for example S(z¢) = sg). The quadratic spline minimizing Jo(f) is called the
smoothing spline.

5.3 Another type of necessary and sufficient conditions.

In the following lemmas we will use the notation

fat) = lim @), J@) = lm fa)
Lemma 5 A spline S(z) € 821(Az) minimizes the functional Jo(f) if and
only if
(16) S'(zx) + oDy /wy = myg, k=01)n+1,

where Dy = S"(zx—) — S"(zx+), S"(zo~) = S"(zns1+) = 0.

Proof a) First we prove that the conditions (16) are necessary. Let us consider
a quadratic spline S(z) € 821(Ax) which minimizes the functional J,(f). Denote
Si(z) = S(z)+tFk(x), where t is an arbitrary real number and Fj(z) the spline
from the Definition 3 (0 < k < n +1). Then

n+1
Jo(S1) = a1 (S1) + t2wi + 2twe[S (zx) — mi] + Z w;[S(z;) — mi)?,

=0
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J2(S1) = J2(S) = axt? + 2b4t,
where

b
ap = wi + Ot/ [F:(x)]zd:l: >0,
a

b
by = a[l F{(z)S"(z)dz + wi[S' (zk) — mu].

If by # 0 then we will get contradiction because we can choose t € R such that
[t] < 2|bk|/ak, sgn(t) = sgn(bx) and obtain J2(S1) < J2(S). Therefore we have

(17) 0=1b; = "‘E /a“Fél(r)S"(m)dz + wi[S' (z) — mu].
—~ )z

We rearrange the integrals in (17) using integration by parts and the identity
S@)(z) = 0 on [z;, zi41]. Then we obtain

N ~S"(zq+) = Dy, k=0,
> [ TR@S @ = { $"(e-) - S"@r) = De, k=100
i=0 Y Ti 5"(2ng41=) = Dny1, =n+ 1.

Substituting this results into (17) we obtain (16).

b) We prove that the conditions (16) are sufficient.
Let us have f(z) € WZ[a,b] and let the spline S(z) € 831(Ax) comply with
(16). Denote

B b n+1
I -9 =a [ 1"(a)= S"@)Pds + Y wilf (a0) = Szl
a i=0
Thus

(18) J2(f = 8) 2 0.

This functional can be rewritten also as

Jo(f = 8) = Jo(f) = J2(S)-
(19) n+41 7] ! !
—2[QI+ Zl’:o wl(f (.’L';) - S (:B'))(S (zi) - mi)]’
where b
[ = / [f”(l‘) _ S”(:L‘)]S”(I)dl'.

Let us rearrange the functional I' using integration by parts, the identity

SO () =0 on [z, zi41]
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and the conditions (16):
1= Z / (7(0) = 575" (51

_ Z[(f (&) - S@NS" @I - [ (/@) - 85 @)d) =

i

n+1

= Z[f (z)][S" (zi—) = S"(zi+)] =

n+1

=Y wilf'(z:) = §'(@:)][mi - S'(21)]/ .

=0

~.

Hence, it follows from (19) that Juo(f — S) = Ja(f) — J2(S) and from (18) we
obtain J3(S) < Jo(f). O

Remark 1 The conditions (16) can be used for the formation of the system
of the linear equations (15) too (substituting S"(zr—) = (s}, — s_;)/hi—1,
S"(zet) = (Skyr — 51)/ ).

5.4 Fundamental splines for smoothing.

Now we shall use the conditions (16) for construction of another basis of the
space 821(Az) suitable for representation of the smoothing splines.

Definition 4 Let us have a set of knots (Az) and real numbers o > 0,
w; > 0,7=0(1)n+ 1. Splines ®(z), Pi(z) € 821(Az), k = 0(1)n+ 1 are called
the S,-fundamental splines if they have the following properties

(@) + o[ (zi—) — B (zi+)]/wi = 8ki, 1=0()n+1, @x(zo) =0,
O(z)=1, z€la,b].

According to the Theorem 4 and Lemma 5 we know that S,-fundamental
splines exist because these are the smoothing splines for data m; = 6, ¢ =
= 0(1)n + 1. The examples of splines ®3(z) for various « are given in Figure 3
(hi = h,n =15).
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Fig. 3

We should have to write ®(z;«) instead of ®x(z). Because it would lead
to complicated formulas we shall not use this notation. In the following text we
will suppose that « is a fixed positive parameter.

Lemma 6 Every spline S(z) € 831(Az) which minimizes Jo(f) for data my,
weg >0, k =01)n+1, a > 0 can be ezpressed by means of So-fundamental

splines as
. n+l1

S(z) = S(zo) + Z mp P (z).

k=0 ~

Proof
Define ®}(z) = S"(z) = 0 for z ¢ [a, b]. Let us have the spline S(z) € 821(Az)
which minimizes J2(f). Denote

n+1
Si(z) = S(zo) + Y mi®i(z).

k=0

This spline satisfies the conditions (16) because of

Si(xi) + ST (zi—) — S (zi+))/w;i =

n+1 n+1
=Y mi{®(zi) + a[®f (zi-) — B(zi+))/wi} = D M = my.
k=0 k=0

So the spline Si(z) also minimizes the functional J,(f), from the Theorem 4
it follows that Si(z;) = S'(2;), ¢ = 0(1)n + 1. Because of Si(zo) = S(zo) we
obtain from 4.1 that S;(z) = S(z) on [a, b]. a

Lemma 7 The Su-fundamental splines ®(z), ®o(z), ®1(z),. .., Pns1(z) form
the basis of the linear space 821(Ax).
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Proof We prove that every spline S(x) € 821(Az) can be described with

some a; € R as
n+1

(20) S(z) = ans2 + »_ ai®i(z).

1=0
Denote

ai = §'(2:) + 0[S (i) - §"(zit)]/wi, i=0(Dn+1, anpz = S(ao),

where S(z) € 821(Az) is an arbitrary spline.

If we substitute m; = a;, i = 0(1)n+1 into J2(f) then the spline S(z) minimizes
the functional J2(f) and we can describe it according to Lemma 6 in the form
(20). Because dim 831(Az) = n + 3, the Sp-fundamental splines constitute the
basis of the linear space 85;(Axz). (m]

The smoothing spline from the Theorem 4 can be expressed as

n+1

S(z) = so+ ka(bk(a:).

i=0

Remark 2 The fundamental cubic splines were used in [4] in the construction
of the bicubic splines of the tensor product type. We have the same opportunity
in case of the qudratic splines.

6 Examples

6.1 We will demonstrate error propagation in the quadratic spline interpolating
the function values. Let the data z;, s; = S(z;) and disturbed data §; are given
in the following table (mo = mg = 1).

7 0 1 2 3 4 5 6 7 8
z; 0 1 2 3 4 5 6 7 8
si | -05103]05|02] -02]| -06| —-021]01}| 0.6
5; || -04102|055)0.18| —-0.27| -0.55| —-0.12 | 0.2 | 0.58

Thus the estimation of the error in the knots z; is
E =maz{|s; — 5|, i=0)n+1} =0.1.
On the Fig.4 we can see the spline S(z), disturbed spline S(z) and functions

Ei(z) = S(z) — |le(z)|, Eu(z) = S(z) + |e(z)|; the bound of the error e(z) is
computed by means of the Theorem 1.
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6.2 As in Example 6.1 we will demonstrate error propagation in the quadra-
tic spline interpolating the values of the first derivative. Let us have the data

Fig. 4

z;, m; = S'(z;) and disturbed data ; given by the table (so = 5o = 0).

: 0 1 2 3 6 7 8 9 | 10
z; || -4 -3 | =2 | -1 2 3 4 5 | 6
m; | 1 |-05]-01}-08] 0 -01]-01)-01} 2

m; |15 -1 | -056| -1 [05(66] O 03 | 04 25|14

Thus the estimation of the error of the derivative values in the knots z; is

On the Fig.5 we can see (as in Example 6.1) the spline S(z), disturbed splinve

E = maz{|m; —m;|, i=0(1)n+1} =05 .

S(z) and splines Ei(z) = S(z) — |e(z)|, Eu(z) = S(z) + |e(z)|; in this case the
bound of the error |e(z)| is computed by means of the Theorem 2 and Ej(z),
Eu(:c) € Sgl(AI)




Eu(x)

S(x)
S{x)

E](x)

' %% ) T

Fig. 5

6.3 Now we show some example of the quadratic spline smoothing the values of
the first derivative. The data z;, w;, m; are given in the following table (so = 0).

1 0 1 2 31415 6 7 8 1 9 |10
T || —47]-21-02| 1 |23(41] b 6 731841 10
w; 0.1 0.1 {0.18 1 ]0.1]05(15] 0.1 |0.1]05/{0.1
m; | -1 1 -02]-05]0 ] 2 121](01}-01}03] 0 | 2

For the values a = 0;0.3;2;1000 we obtain the splines S(z; ) shown on the
Fig 6. For @ — 0 this spline tends to the spline interpolating the derivatives,
for o — o0 to the straight line S(z;00) = k(2 — o) + so, where

n+1

E w;m;

¢ A 1=0
(21) L

E w;

i=0
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a=2
a=0,3

Fig. 6

The parameters w; were choosen by means of formula (21) such that
S(zo;00) = S(20;0),  S(2nt1;00) = S(Tny1;0)

holds.
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