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Abstract. There are studied the questions of existence of
periodic solutions of the equation u" = f(t,u,u’) by means of

topological degree methods.

Key words. Periodic BVPs, the Brower degree, sawhin’s continua-
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1. In this paper there are found some new conditions for
the existence of solutions of the problem

u" = f(t,u,u’) (1.1)
ua) = u(b), u'(a) = u'(b) , (1.2)

where -eo<a<b <+ oo,

The problems of such type have been already solved in many
works, e.g. [l - 13]. Here, the proof of the main result is
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based on Mawhin's continuation theorem [3]. The existence of
periodic solutions is related to the sign of f on certain sub-
set of [a,b]x Rz. We shall prove an existence theorem without
getting a priori bounds for u .

Throughout we use the following notations:

Ci(a,b) is the set of all real functions having continuous i-th
derivatives on [a,b], i=0,1,2;

lIx Il = max {Ix(t)|: a%téb} , where xeC°(a,b) ;

lxlly = Cllx 2e e )2y2/2

G is the Banach space of all functions from Cl(a,b) satisfying
(1.2) and having the norm || . "1

, where stl(a,b)

If DcG, then D and 90D is the closure and the boundary of D
in G, respectively.

Definition. A function ueCz(a,b) which fulfils (1.1) for
every te€ [a,b] and satisfies (1.2) will be called a solution
of problem (1.1), (1.2).

Theorem: Let f& C°([a,b] x Rz),ﬁc{-l,li and let there
exist r),r,€ R such that r, £ r, and

£(t,r,,0) £ 0 and £(t,r,,0) tg (1.3)

for every te [a,b)

Further let there exist cl,czeR such that C1< Cys €€y #0
and

(u«clf('t,x,cl) 20 and ‘uczf(t,x,cz) z 9 (1.4)
for every te [a,b], xe [rl,rz].

The problem (1.1), (1.2) has a solution u satisfying

Lz}
o
3
c
~
o+
~
nA
ld
N
na

©1
for every t€ [a,b] .

4 <
u (t) = €y (1.5)

Note 1. If r; = r,, then the function u(t) = for aftfb

is a solution of (1.1), (1.2) satisfying (1.5).

B!
2. First we shall prove some lemmas.
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Lemma 1. Let there exist r,,r,&R, r;<r,, and gec( [a,b]xRZ)
such that

g(t,r;,00<0 and g(t,r,;,00>0 for any tefa,b]. (2.1)

Then each solution ue€ G of the equation

u" = g(t,u,u’) (2.2)
fulfils
max{u(t): aftfb] # r, and minfu(t): atttp} 4 1) . (2.3)

Proof. Let us suppose that u€G satisfies (2.2) and
max{u(t): aftfp} = r,. Then there exists t_ € [a,b] such that
u(to) =T, Let toe(a,b). Then u'(to) =0, u"(to) £ 0 and
according to (2.2), g(to,rz,O) H 0, which contradicts to (2.1).
Let ty = a. Then, by (1.2), u(a) = u(b) = r,. Therefore there
exist ale(a,b) and ble(al,b) such that u'(t) £ 0 on [a,al]
and u ' (t) 2 0 on [bl’b]' Since (1.2), we get u'(a) = u'(b) = 0
and u"(a) 2 0, u"(b) 2 0. Therefore, g(a,r,,0) $ 0, g(b,r,,0) z
2 0, a contradiction to (2.1).

We can obtain a similar contradiction for min{u(t)_: attt
gb} =T Lemma is proved.

Lemma 2. Let there exist rl,rz,cl,cze R, Tyj< Ty, €1< Cyp,
(ks{—l,l} and ge C°([a,b] x R®) such that

(A.clg(t,x,cl)>0 and /chg(t,x,cz)>0 (2.4)

for any tef[a,b] , xe[rl,rz] .

Then for each solution ue€G of problem (2.2), (1.2) sa-
tisfying .
£ u(e) ¢ for any t €[a,b) (2.5)

the inequalities
max{u'(t): a§t§b} # c, and min{u'(t)_: agtﬁbz #c,  (2.6)

are valid.
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Proof. Let us suppose that ue G satisfies (2.2) and (2.5)
and let max{u'(t); aétéb} = ©,. Then there exists t_ e [a,b]
such that u’(t)) = o,. If t e (a,b), then u"(t)) = 0 and
according to (2.2), g(to,u(to),cz) = 0, a contradiction to
(2.4). Let tO = a. Then u'(a) = u'(b) = c, and u"(a) 20,
u"(b) 2 0. Therefore g(a,u(a),cz) £ 0 and g(b,u(b), cy) 20,
which contradicts to (2.4). Similarly for mln{u (t): aé é bt -
Lemma is proved.

Lemma 3. Let r$,r2,c1,c2s R, ry<r,, c)< ¢y, /LS{‘lyl} -
) €[0 1], tec®([a,b]x R%) and €e]0,+00[ . Let the function
i [a,01x R2x [0,1] — R be detined by

Ft,x,y,a) = Af(t,x,y) + (1—2)[(x—r1—£)f VM} ) (2.7)

where

0 <&y - ry - E)¢min {loyl, oyl } (2.8)

If f fulfils (1.3), (1.4), then T satisfies (2.1),
(2.4) for any Arelo,if .

Proof. Let t €[a,b], Ac]0,1[ and let £ fulfil (1.3).
Then F(t, r9,0,4) = 2A£(t,r,,0) + (1- A)(r -r;-8)¢€ > 0 and
e, r;,0,4) = Af(t, r,0) + (1-2)(- ¢ )< 0

Further, let te[a,b], xe[rl,rzj _/ue{ 1,1}, aelo,1[
and f fulfil (1.4). Then thclf(t X,C, = e A f(t,x, 4 )+
+ duc (1-2) [(x- r, -6)E +pcy J>o0 for i=1,2. Lemma is proved.

Lemma 4. Let Tec®([a,b) xR%x [0,1]) and let there exist an

—_——

open bounded set DC G such that:

a) for any Ae]0,1[ each solution Uy € G of the differential

equation
u" = ATCtu,u, ) (2.9)
satisfies
UA # ’DD_;
b) each root X, € R of the equation
b
£(x) = f T(t,x,0,0)dt = 0 (2.10)

a
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satisfies

X0¥fl)[)_;

(we consider X, as a constant function of G;)

c) the Brower degree d of the mapping fo with respect to A
and 0 is different from zero, i.e.
d[fO,A,O] £ 0,
where 8 ¢ R is the set of such numbers x€ R that the
constant functions u(t) = x for a%tb belong to D.
Then for any A e [0,1] equation (2.9) has at least one
solution in D.
Proof. Lemma follows from the Mawhin s continuation
theorem [3, Theorem 1IV.1, p.27].
3. Proof of Theorem. We can suppose that r1< . (See
Note 1). Put D = {xe(i: r;< x(t)<ry, ©;< x ()< c, for
te [a,b]. Then xe @D iff
< - . .
{rl:u(t)é r, for te.[a,b]} and {max u'(t)=c, or min u (t)=c,

on [a,b}}

or
{cléu'(t)éczfor te[a,b]} and {max u(t)=r, or min u(t)=rl

on [a,b]} .

Let f be defined by (2.7) where &€ satisfies (2.8) and
A 5[0,1]. Now, we shall prove that the properties a), b), c)

of Lemma 4 are valid.

a) Let A«]0,1[ and u, €6 be a solution of (2.9). According
to Lemma 3, ¥ satisfies (2.1), (2.4). Therefore, by Lemma 1,
u, satisfies (2.3). Further, by Lemma 2, if u, has the
property (2.5), then u, satisfies (2.6). Thus we get
uy € 90.

b) By (2.10),
b b
fo(x) ;.{ F(t,x,0,0)dt :‘f(x—rl—E)Edt:E(x—rl-f)(b-a).
a a

The equation fo(x) = 0 has only one root Xy = T+ £ .
X, as a constant mapping from G does not belong to 20.
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c) We can see that A = (rl,rz) and d[fo, A,U] = 1. Thus,
using Lemma 4, we get that for any )€ [0,1] the equation
(2.9) has at least one solution in D.

Consequently, problem (1.1), (1.2) has a solution u satis-
fying (1.5). Theorem is proved.

Note 2. Existence theorems for periodic problems usually
contain some condition which guarantees an a priori bound for

.

u - e.g.
£ty £ wyDQ+lyl) on [a,b] x [r,r)x R (3.1)

with Nagumo function w .

Conditions of the type (3.1) require the growth of f with
respect to variable y not to be greater than that of y2. In
contrast to (3.1) the condition (1.4) does not give any re-
striction to this growth.

For example the following functions satisfy conditions
(1.3), (1.4):
£(t,x,y) = a(t)x> + b(t)y>, a,bec’(a,b),
a - nonnegative, b - positive
£(t,x,y) = a(t)xKy + b(t)x + c(t)y®, a,b,ceca,b),
b - nonnegative, c - negative.
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SOUHRN

PERIODICKY OKRAJOVY PROBLEM PRO DIFERENCIALNI ROVNICE 2.RADU

IRENA RACHBNKOVA

V €lédnku jsou studovdny otdzky existence periodického fe-
Seni oby&ejné nelinedrni diferencidlni rovnice 2.f&du pomoci
metody topologického stupné zobrazeni.
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PE3OME

NEPYO.MYECKAA KPAEBAA 3ALAUA [ LMESEPEHIMAJNEHOIC
VPABHEHKS BTOPOI'O MOPSILKA

V. PAXYVHKOEA

B cTeTre paccMaTpuBapRTCH BONPOCH 00 CymecTBOBEHUM me-
puoluvYecKorc pellekuss OCHKHOBEHHOIo HeJauHelHoro auddeper-
LUUMBAEHOTC yYpP&BEEHUS BTCPOro NOpSJKe NPU NOMOUWM METOL& TO-
MOJIOIMUECKOTr0 CTeneHu oTolpa¥eHus.
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