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A NOTE
TO A CERTAIN NONLINEAR DIFFERENTIAL
EQUATION OF THE THIRD-ORDER

VLADIMIR VLEEK

(Received February 15, 1987)

Consider a nonlinear third order differential equation

Xx777(t) + ax 7(t) + bx’(t) + h[x(t)] = p(t), (1)
where a,b€R, a>0, b>0 are given constants and the functions
h[x(t)] , p(t) with continuous first derivatives are oscillato-
ry on the interval I = (-~ oo, + 00) possessing simple zeros
tk‘ k = 0,‘11,’:2,... [with respect to the function p(t)] and
Xp(t), m = 0,%1,%2,... [with respect to the function h[x(t)]].
All roots x (t) of the function h[x(t)] are isolated here.

The boundedness of solutions x(t) related to equation
(1) has been investigated in [1] on condition of the inequa-
lity a2>4b being valid. It is the purpose of this paper to
show that on the same assumptions to both functions h[x(t)]
and p(t) as introduced in [1:\, the assumption of positive
real constants a and b may be extended to both remaining cases,
where a2 = 4b or a2<4b.

263



Suppose, there exist such constants H>O and P>0 that

the inequalities

[n[x()]|
lp(t)]

A

H (2)

[L7aN

P (3)

hold for all functions x(t), x€ (- ©, + o) and for all
teI, = {0, + o0) [pompletely analogous we would proceed in
racae nf + 71 ~ Y

Now we will prove that from the boundedness of functions
h[}(tﬂ and p(t) on the interval I, there follows the exist-
ence of such a constant Dl>'0 that in both above mentioned

cases the inequality

lim sup lx'(t)l H D,
t

-» 00
P + H
holds. Hereby D; = 5 .
I. Let a® = 4b’ hold in equation (1). Substituting x“(t) =

= y(t), we obtain from (1) the differential equation

y“7(t) + ay’(t) + by(t) = p(t) - h[x(t)] , (4)
where X(t) = Sy(t)dt.

Applying the well-known Lagrange’s method of variation
of constants CjE R (j = 1,2) in a general solution y(t) =
= Cyyq(t) + Coys(t) of the differential equation

YTT(t) + @y (t) + by(t) = O, (5)
...a.t -gt
where y,(t) = e 2, y,(t) = te 2, w[yl(t),yz(t)] = e ot
yields :
, a,
C, (1) = - Stez [pct) - hx(t)]] dt + ¢, ,
2 ¢
CZ(t) = Sez [p(t) - h[x(t)]] dt + C2 )
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so that the solution y(t) of (4) on the interval I, = o, + o )
is of the form y(t) = y(t) + Yp(t), where

_a .,
F(t) = (Cy + Cyt) e 2 |
-2 ¢ 2 ¢
yp(t) = e 2 [tSe 2 [p(t) - h[x(t):” dt -

t
- Stez [p(t) - h[x(t)]]dt} =
é.t"‘

(-5t
= 5 e ° (t -7)[p(2) - h[x(T)]] d% .
0]

Since

- t-

i

lyp()] ‘)(t -7)[p(x) - h[x(%)] dT] 4

t - a ~
$ (P + H) ”e 2t b)(t-’z)ld’r -
0
_a. _2
=3LF-’-;+—"-')-]te2 + 2 (e 2 -1),,

then it holds for t — + oo that

-2

t
(C, *+ Gty e ©  — 0 for all CiER(I = 1,2)

and
a a
2(P+H)|te_§t+g(e—§t_1) AP +H) _P+H
a a a2 b
Consequently
lim sup lx'(t)l ¢ F ; H

t -
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II. Let a2<4b hold in (1) and denote

Vab - a2

w= 5. P (6)

Proceeding analogous to I., where the basis of all solutions
Y(t) of (5) is now constituted by a pair of functions y.(t) =

«
= *% cos At y2(t) = "t sinat with the Wronskian

W[Yl(t)ryz(t)] = /5e2mt, gives

C,(t)

- —ﬂj‘-—Se_“tsin/&t[p(t) - h[x(t)]] dt + C, ,

C,y(t)

—Z——Xe"“tcos(bt[p(t) - h[x(t)]]dt *Cy -

Consequently, the solution y(t) of (4) on I, = {0,+ ®)
is of the form y(t) = y(t) + yp(t), where

Y(t) = e“t(Clcos/!;t + Czsin{&t) =e™t VC? + Cg cos({&t-yl/),

4 )
putting here ————— = cos'yl« ) ————— = sin’)ﬂ for

2 2 2 2
\’ Cl\ + C2 - Cy + 02
arbitrary constants CjéR (j=1,2), Cf + CS)O

and

yp(t) —%— e“t{sin/&tSe_“tcosﬂt[p(t) - h[x(t)]] dt -

- cosfht Se“o‘ 1:sin(lyt[p(t) - h[x(t)]]dt} =

t
%é‘ &(t-T) sin/b(t -'r)[p(t) - h[x('c)]] d?




Since

t
)yp(t)l = % é S sing (¢ -’T,’)[p(’r_') - h[x('r)]]dL s
t

§P/‘;H ‘S\Ie‘*(t_r) sinf3(t —-'?:)’ dv =

= L%—L'é— [e“(t‘t) E,(sin{b (t-T) - fcosp (t-?f)]] ’ ‘ =
Al +37) 0
P H t .

S aEEy | (ks pr - peospry 4 p]

‘P+H \, sin(t-8)+l
ACep) l A p

where we set = cosg = sin S

[ \f— |

then for t — + o it holds

ol \/Cf + €5 cos(pt - ) —> 0 for all CER (§ = 1,2)
P H_ + H ] ‘/ sin( t -8) +
/5(0« +(5 ) (5 /5

because o¢ < 0 with respect to (6).
Thus again

and

P+H _P

2. {‘«'2

lim sup ]x'(t); ¢ BExH
t = 00 b

Both in I. and II. we have proved not only the boundedness of
the first derivative x“(t) of each solution x(t) of the dif-
ferential equation (1) but besides there was shown that
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%i?qfup |x“(t)] may be bounded by the same constant D, = E%ﬂ
This fact enables us to further proceeding in I. and II. as
did the author in [1]. Therefore we only briefly summarize
the results achieved.

First, it may be shown that with respect to assumptions
(2) and (3) about the functions h[x(tﬂ and p(t) there is

also bounded the second derivative x”“(t) of the solution
x(t) of the differential equation (1). Substituting z(t) =
= y7(t) [= x'{(tﬂ in (4) yields the differential equation

z°(t) + az(t) = p(t) - h[x(t)] - by(t) , (7)

where y(t) = x“(t), x(t) = Iy(t) dt. Since a general solution
of the differential equation

zZ°(t) + az(t) = O

is Z(t) = ce™@t

general solution z(t) of (7) on I; = {0, + 00) may be written

, ‘where C€R is an arbitrary constant, the

as z(t) = Z(t) + zp(t), where

z,(t) = e (&2 [p(t) = hlx(t] - by(r)]de =
t
- g e-a(t-T)[p('r) - h[x(?: ] - bx*(T)]dT
TX

whereby T €I, Ty ¢ t, is a suitable number [ generally de-

pendent on the function-x(t)].

In applying the result for lx'(t)l on the interval
<Tx' + ©) in I. and II. we find that
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t

|z,(0)] = g et M p@) - h[x(®)] - bx" (7)) av| £
TX
t ~
$2(P +H+ M. 1) S et Ty £
X Tx
¢ % (P + H + IMTxl)l 1 - emalt-T))
where M —> 0 for t — + 0.

X

Hence in I. and II. also

lim sup ’x”(t), £2(P + H)
t = 00

a

Resulting statements.

A. If in addition to the assumption saying

1)

2)

there exist such constants H>O and P> 0 that for
all x = x(t) € (- @, + o) and all t€I, =<0, + )
the inequalities
<
Inlx(ed] £ 1. Jece)]

moreover the assumption saying

n~

there exists such a constant H1> 0 that for all
x(t), x€(- @, + ™)

®
lh'(x)l ¢ Hy wherebyl 5 p(t) dtl<+ ©®
0
holds, then for every bounded solution x(t) of the
differential equation (1) either

lim x(t) = x, lim x“(t) = lim x"“(t) = O,
t00 t=00 t-»00

where h(X) = 0 or there exists such a root X of the
function h[x(t)] , that x(t) - X becomes oscillated.

B. If there holds besides the above cited assumptions 1)
and 2) sub A. that
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3) there exists such a constant P1>O that for all
t€I, = <0, + o) the inequality
lp'(t)l s P, whereby lim sup lp(t)l)O
- t->m N

is valid, then there exists for every bounded so-
lution x(t) of the differential equation (1) such
a root x of the function h[x(t)] , that x(t) - X

becomes oscillated.

C. If there exist such constants H>»O, P >0, H1> 0, P;>0,
P, >0 and R>0 that for all |x(t)] > R on the interval
I, = <O, + 00) the inequalities
1) [npecen] £ o x| & 1y
2) [p(o] Se . ern] Sy,

A~

n~

t
!S p(T) dtl P, » lim sup | p(t)] >0
0 t-»00

P
3) min [?(;m';m+1)' g" (;(—m—l';m)]> g (%‘ * %) + B"O“

are valid, where ;m—l' ;Zm, §m+1 (m = O,t2,14,...) are the

three consecutive roots of the function h(x),
h*(x,) >0, whereby @ (?m, Xpe1) OF @ (Xp_q0 Xp)

. means the distance among the roots X x or

Xpo1s X
then all solutions x(t) of the differential equation (1) are
bounded and to each of them there exists such a root x of the

m+1

m?

function h[x(t)] that x(t) - x becomes oscillated.

Finally, we would like to remark that the author’s
considerations in [1] may be carried out even in higher order

differential equations of analogous type (see [2]).
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POZNAMKA K JISTE NELINEARNT DIFERENCIALNE ROVNICI
TRETIHO RADU

Souhrn

Autor se ve svém prispévku zabyva pripadem, kdy v neli-

nearni diferencidlni rovnici 3.fadu tvaru

x“77(t) + ax”7(t) + bx"(t) + h[x(t)] = p(t)
s oscilatorickymi funkcemi h[x(tﬂ a p(t), majicimi spojitou
l.derivaci na int, (- @, + o) a s readalnymi konstantami

a»0, b>»0, plati - krom piipadu a24>4b vySetrovaného J.Andre-
sem - Ze a® = 4b resp. az< 4b.

Za obou téchto predpokladl se ukazuje, Zze 1. i 2. deri-
vace vSech reseni x(t) studované diferencidlni rovnice jsou
ohraniéené a to tymiZ konstantami jako v pfipadé jiZz uvaZo-
vaném. Prace tak umoZhuje Fedit otdzku ohranienosti a osci-
latorié&nosti rfedeni dané dif. rovnice ve v$ech pripadech vzta-
hG mezi kladnymi konstantami a a b.
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[PYMEUAHUE K HEJUHE/HOMY IV®PEPEHLMAJBEHCMY
YPABHEHJD 3-I'0 MOPALKA ONPELEJEHHOI'O THMIIA

Peabume

ABTOp BEHMMEBETCH CJAyuaeM, Korjla B HeJauHeliHoM IudpdepeH-
UMaIbHOM ypaBHeHuM 3-ro nopsAka Tuna

x777(t) + ax”7(t) + bx7(t) + h[x(t)] = p(t)
c koseGapmumucs ¢yHKINAMU h[x(t)] u p(t), y xoTopHx 1. npo-
M3BOJHAS HempepHBHA Ha MHTepBaJe (-00,+00) M C BelleCTBEHHHMY
nocrTosHHEMM & » O, b » O - Bosae cayuas a2> 4b nayyaemo-
ro yxe fl. AHIpecoM - NMpUCOEIMHADTCS OCTATOYHHE OTHOWEHUS a®=4b
nan a2<4b.

B cuay oTMX nocrelHMX NPEANOJOXEHMI NMOKasHBaeTcH, UTO
1. m 2. npouaBoJHHe Bcex pemeHuit x(t) auddepeHumanrrHoro ypas-
HeHMS OrpaHMUEHH TeMy Xe CaMHMM IIOCTOSHHHMM K&K B Ccayuae yEe
coBepmweHHoM. TakuMm o6pasoM paboTa NpeloCTaBASET BOBMOXHOCTH
pemuTs Bonpoc 06 OTPEHMUYEHHOCTH M KoJeOaHuM pemeHuit sTOoro
nudppepeHuMaNIPHOTO ypaBHEHMS BO BCeX BOBMOXHHX. CIyYasX OTHome-
Huil MeXJy NOJOXMTEJbHHMM NOCTOSHHHMM @ M b.
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