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1. Introduction

Academician O.Bortvka ([2]) has considered a transfor-
mation of solutions of the differential equation of the type

y'" = q(t)y (a)
with a continuous real coefficient q on R into the set of
solutions of the above equation, connected with the concept
of the (1st kind) dispersion of (q).

The present paper now indicates how one can investigate
this transformation for differential equations of the type

y"" = Q(t)y, Im Q(t) # O (@)
with a continuous complex coefficient Q on R, using thereby most
recent results ([1], [3] -[5] [10] -[12]) releted to the algebraic
structure of the intersection of dispersion groups two equations
of the type (g).
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2. Basic concepts and notation

The symbol C"(R) (E"(R)) will denote the set of real
functions (the set of complex functions), having continuous de-
rivatives up to and including the order n (n = 0,1,2,...) on R,

A functior\°C€<3°(R) is understood to be a (first) phase of

the equation

.

y"" = a(t)y, qec’(r), (a)
if there exist independent solutions u, v such that

tgd(t) = -\%—E—g— for te R - {t; v(t) = 0} .

Every phase £ of (g) possesses the following properties:

oLec3R), L' (t) #0 for t€ R .

The phases of the equation y " = -y, constitutes a so-called
fundamental group relative to the rule of composition of
functions, which will be writtem as E.

A function £ is a phase of (q) exactly if it is a solution
(on R ) of the differential equation

“felie - LB = acr)

"o H
where {o(,tf 1= £ (t) 3 ( Jé—iil )2 is Schwarzian derivative
24'(t) 4 4 (t)

of the function &£ at the point t.
LetQC be a phase of (q). Then Eo<:={go<;€€E } is
the set of phases of (q).

A function X, X( R )= R be called a (complete) dispersion
of (q) if it is a solution (on R ) of the differential equation

- [x,t]+ xZ.q(x) = q(t).

The dispersion X of (q) has the following characteristic

property:
for every solution y of (q), the function llﬁLEll_ is also

X" (ol
~a solution of (q) (on R ).
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The set of dispersions (the set of increasing dispersions)
of (q) constitutes a group relative to the rule of composition

of functions, which will be written as Lq ( L;).

Let o be a phase of (q). If X is a dispersion of (q)
then there exists an & € E such that X(t) =°(‘%€°o((t) for
t € R and vice versa, for every £e E, 5( j ) = 3, where
j i= L( R ), the function X(t)i=l Y€ ed(t), t € R, is a
dispersion of (q).

The above properties and definitions are given for in-
stance in [2].

Say, in accordance with [13] that the function £ is a
phase of the equation
y’" = Q(t)y, 0€c’( R ), Im Q(t) s O, (Q)
if it is a solution (on R ) of the differential equation
- (it ] - L3 = o(r).

If 0{ is a phase of (Q), then &’(t) # 0 for te€ R and
sin £ (t) cos&(tz
FHO TS
denotes a continuous unique branch of the square root of the
function 0('.

are its independent solutions. Here aC(t)

3. The algebraic structure of the group L; g] L;
1 2

(ii) exactly one function _belongs _to G passes_through_

point (xo,yo)é R X R .



Lemma 1 ([1]). Let n-be_a_nonnegative_integer and G be a

Then_every_function from G is_increasing on R and there

6 ={v'[v(t)+a] i a€ R} .

If n 21, then Y (t) > O for t € R .

Lemma 2 ([3] - [5], [10] - [12]). The group L; 0 L; ,
1 2
9y # 9. is_either a planar_group_or a infinite cyclic group
or_the_trivial group.
Lemma 3. The group L+1ﬂ L; + dg # 9. is_a_planar group

a;(t) = = {vee]+ kv P(e), te R, 1 =12, (1)

: . + + -1 .
In_this case qun qu = fY [Y(t)+a] ; a€ R }.

Proof. (== Let L;;W Laz, d; # 95 be a planar group,

Then, by Lemma 1 there exists a function Ye’Cs( R) Y(R) =
= R, Y (t) > 0 for te R such that

L’c’hn L;Z ={Y'1[Y(t)+a] ; a€ R f .

. -1
Consequently, the function Xa(t):=Y [Y(t)+a] , t€ R, is for

every a€ R a common solution of equations

- {x,ti + X'2.qi(X) = qg;(t), i=1,2, (2)
From the equality -
y[x,(6)] = v(t) + a

and from the formula

{foa)la2(t)+ fa,t ]

{f(a).t]
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hodling for every f,g € C°( R ), f'(t).g°(t) # O for t& R,
it follows that

- [Y,Xa(t)lxéz(t) - fx.t]= - {Y,t{, te R . (3)

setting pP(t):= - {Y,t{ - Y'z(t), t6é R , then from (2) (writing
Xs instead of X) and from (3) we obtain

(p[X,(0)] - o, [x(O]IX2(e) = p() - az(r), i=1,2,
and thus
x22(t).s, [x (1)) = s;(t), te R, i=1,2, (4)

where si(t):=p(t)—qi(t), te&€ R . The equalities (4) may be
written as

1°2

Y~ (t+é).si[Y"1(t+a)] = vl

2
(t).si[Y'i(t)], te R , i=1,2.
(5)

.2
Yoo s v o], te R, 41,2, then (5)

Putting m, (t):=Y"
may be written as

mi(t+a) = mi(t), t,a€ R , i=1,2.
Since m; is a continuous function, mi(t) is a constant function
(:=1;). Then, naturally, s,(t) = li.Y'Z(t) and q,(t) = p(t) -

- 1i.Y'2(t) = - {Y,t} - (1+11)Y'2(t) and we see that (1) holds,
where ki:=—1—li and because of q, # q,, we have k, # k.

(=) Let q; be defined by (1), where kj,k, € R,
ky # ky» YEC?(R ), Y(R )= R and Y'(t)> O for te R .
Let us put for ag R xa(t):=Y'1[Y(t)+a] , te R . It then
follows from the equalities

- {xa'ti * X;Z(t)'qi[xa(t)] = - (Xa't{ *

* X;Z(t)(-{ YaX ()] + ki.Y’z[xa(t)]) =

{Y(xa),tf +

n

LT T ) DAGEEIE R kY 72(E) = a (1)

+ +
that X;€ LT n Lq

q and because of a4 # d, and since the set
1 2
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of functions {Xa(t)i constitutes a planar group, we get

ae R

from Lemma 2 that LY n L7 is a planar group.
U 9%

Remark 1. Under the assumption that the equations (99), (9y)
are oscillatory, Lemma 3 follows from [3] - [5].

Lemma 4. The group L; n L; is_an infinite_cyclic group
1 2 T T T T 0T - - -
exactly if_there_exists a function YEC®( R ), Y(R ) = R,

a;(t) = - {v.t{+ v 20).n [y(n)], te R, i=1,2. (6)

Proof. (=) Let L; n L; be an infinite cyclic group
1 2

and X be a generator of this group, X(t) >t for t€ R . Next,
let dﬁ be a phase of (qi), i=1,2, Since X is a common dis-
persion of equations (ql) and (q2), there exist f;é E such
that

X(t) =0(i'1°§£”(,(t), te R, i=1,2. (7)
4
Let X be the fundamental central dispersion of an equation
(p)-and Y be an increasing phase of (p). Such an equation (p)

always exists (see {2]), it is oscillatory and therefore
Y( R ) = R and furthermore

v vie) + ] = (o).
From this and from (7) we have

4 -1
y“(i ,oiio.aéioY_l(t) =t + 77’, te R, i=1,2, (8)

-1 .
Let gi 1= Jio Y be a phase of (hi), that is hi(t) =

='{Ki't( - r&'z(t), te R . Then hi E CO( R ) and we get from
(8) that the function t+J is a dispersion of!(hi), hence h,
is a U -periodic function.
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Since

2 .
St vt T = - vt o] vt e

it follows that
ORI Ry SO CACIN
-o({z[Y-l(t)].Y_l’z(t) - —{a(i,Y-l(t)fY-l'z(t) -y hed -
- ng[v'l(r)]-v‘l'z(t) - qi[v‘l(t)].Y‘l'z(t) AT
~1 - e e[yl T,

hence

.2
hi(t) = -1+ (q v o] - ply o]yt (e

which yields

a; (1) = p(t) + Y2ty + v B(e).n[v(o)] =
= - {Y,t{ + Y’z(t).hi[Y(t)] .

By our assumption Lt*nL? is an infinite cyclic group. Thus,
it follows from Lemm% 3 tﬁat at least one of the functions h1,
h2 is inconstant and in observing that q; # q,, we obtain

hy # h,.

(G==) Let YEC®( R ), Y(R )= R, Y(t)»0 for te R
and h1, h2 be continuous 5T;periodic functions from which at
least one be inconstant, h1 # h2. Let q; be defined by (6) and
da be a phase of (qi), i=1,2. Following (6) we get

- {o(i,t f - 4d3(t) = - {v.e]-v2).n [v(n],

hence
Ad o b -dPpt o] - - oo}
- Y2 [y ()] .h (o).

.2
~ - -1 -1
From this and from the equality {Y,Y 1(t); Y (t) = -{Y ,t{
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we have

2 .2
- {o(i,v'l(t)}v‘l (t) - A2 o)y (o) - {Y—i,ti = h,(t)

and

- oty b - ol [yt = hn).

. o= .
Then X§:=‘{i° v-1 is a phase of (h;) and since t+d is a

dispersion of (hi), there exist €i € E:

-1 G~ .
Xi oﬁioK;_(t) =ta+Jd , te R, i=1,2,

Consequently

YodT o €0 L ovh(t)y = v + T
and

0(51. €, o a(i(t) = Y_l[Y(t) + 9],

Setting X:= Y'1[Y+77], then X is a dispersion of (q,) and

(d,), hence L; n L; is not a trivial group and it follows
1 2

from Lemmas 2 and 3 that this group is necessarily an infinite
cyclic group. -

Remark 2. Let the functions h; (i=1,2) in Lemma 4 have the
. least common period p, Oc.ptzfvand $_=jp. Setting Y:=j.Y,

Fi(t):= 25 hy ( Ly for te R, then & is the least common
J J

period of functions ﬂi and next

a(t) = = {v,ef+ v Bon[vn] = - {ve] +

+ sz(t) h, ( Vft)) = v+ Y20 A [V(o)] .
j i

Without any loss of generality it may be assumed that the

functions hi in Lemma 4 have the least common period equal
—
to & .
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Remark 3. Let (6) be valid for functions a; (i=1,2), where
Y&C*(R), Y(R) = R, Y'(t)>0 for té R and h;, hye C°( R ),
h1 7 h2. Furthermore, let %7 be the least common period of
functions hg, hz.,It then follows from the proof (=) of
Lemma 4 that

L;ln L;Z = {Y_l[Y(t) + kT ke z { .

where Z denotes the set of integers.

4. Transformator of the equation y ~ = Q(t)y

Let feC?(R), haC>(R), f(t).h'(t) # O for te R . If
the function f(t).th(t)] is for every solution y(t) of (Q),
again a solution of (Q), then necessarily f(t) = ———S——oH ,
' Ih™(e)]
where c¢ C , as it follows from [14]. Consequently we are
justified to the following

of (Q) if_
(i) Xe€C3(R), X'(t) # 0 for te R, X(R) = R ,

(ii) for every solution y(t) of (Q) the function XLELEJL—

------ o

Remark 4. In case of (q) a transformator of (Q) corresponds
to a (complete) dispersion (of the 1st kind) of (q) ([2]).

- {x ]+ X“2.Re Q(X)

Re Q(t),

X“2.Im Q(X) = Im Q(t).

Proof. It follows immediately from [9].
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Remark 5. It becomes clear from Lemma 5 that every transfor-

mator X of (Q) is a common dispersion of equations, say (Re Q),
(Re Q + Im Q), (Re Q - Im Q).

Remark 6. It follows from Remark 5 that the set of transfor-
mators (the set of increasing transformators) of (Q) consti-

tutes a group relative to the rule of composition of functions,
which will be written as Lo (LS).

Theorem 1. La is_either a planar_group_or an_infinite cyclic

=TS T - 2 S S YT AL T D T S TS T 2T A

Proof. It follows direectly from Remark 5 and Lemma 2.

s e e e e e e 2T - - _ m m e e o e -

Proof. Let XeCl(R), X(R) = R, X“(ty # 0 for t€ R and
the function /f defined by (9) be a phase of (Q). Since
oA'(t) # 0 for te R, it follows by differentiating (9)
[RE) | =0 LTX(E)]] -x7(t), where ¢":= sign X'. This yields
X;GCS(R). From the definition of the phase of (Q) we obtain
a(e) = -f{A.ef - 30y = -fdxcofx P - {xt]-
- L3 x()].x2(e) = (- flax(0)] - LEx(0)]HxZ(E) -
- {X,t{ = —{X,ti + x’zct).Q[X_(t)‘] .
hence v
- {xot] x’z(t).q[x(t)] = Q(t)
and respecting Lemma 5, X is a transformator of (Q).

Let X be a transformator of (Q) and /@ be defined by (9).
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Then by Lemma 5
A - B - -{O(,X(t)}x’z(f) -{xtf -
LR )] X728 = (= fdax()] ¢ L] x7E ) -
- {x't} = “{Xnt§ + X'z(t).Q{x(t)] = Q(t),

hence /{ is a phase of (Q).

Theorem 3. LS is_a_planar group exact}¥ if _there_exists

. '2 .
Re Q(t) = = {Y.t} + 54.Y (t),
(10)
In Q(t) = s,.Y"(t), teR-
ot + which follows from
Proof. LQ = LRe QI\LRe 0 + Im Q’

Remark 5. Let La be a planar group. BY Lemma 3 there exists
a YEC3(R), Y(R) = R, Y'(t)>0 for t€ R and k;, k, € R,
ky # k,, such that

2
Re Q(t) = - {Y,t} + kg .Y (t),
.2
Re Q(t) + Im Q(t) = = {Y,t}+ koo¥ S(1).
From this immediately follows (10) if we put Slz=k1 and S,i=

:=k2—k1.
Let YEC3(R), Y(R) = R, Y'(t)y0 for t& R and s;,
s,€ R, s, #0, and (10) be valid. Then

Re Q(t) = - {v,tf+ 5. Y 2 (1),
Re Q(t) + Im Q(t) = = {¥,t]+ (55°8,).Y"%(x)
and from Lemma 3 we get that LEe oh L;e 0 - im 0 is @ planar

o] Q
group. From Remark 5 it follows that LS = L;e Oﬂ L;e 0 - Im Q'
which reveals that Lé is also a planar—group.

~ . + : g 3 N
Corollary 1. ) is_a_planar group exactly if
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A(t) = c.Y(t) , te R, (11)

Y&Cc3(R), Y(R)=R, Y'(t) >0 for teR, c2€ C - R. (12)

Proof. (=) Let LS be a planar group. Then (10) holds,
where Y satisfies assumption (12), S1s 5,6 R, s, # 0. If we
put c:= | -s;-is,, then c%e C - R and we get from the equali-
ties

- fv el + (sy+i8,)Y"2(t) = Re Q(t) + i Im Q(t) = Q(t)

that the function df defined by (11) is a phase of (Q).

({==) Let the function o defined by (11), where Y, ¢
satisfy assumptions (12) be a phase of (Q). It follows from
the equalities

Qe) = - fol,t ]

that

L2(t) = - {v,t]- Py 3(r)

Re Q(t) = -{v,t{- (2 - )3y,

In Q(t) = -2c c,Y % (1),

where ¢ = c, + ic,. Since cyc, # 0, it follows from Theorem 3

that LS is a planar group.

Remark 7. If Y and c satisfy assumptions (12) and the function
o defined by (11) is a phase of (Q), then evidently L5 =
={ Y'l[Y(t) +a)l; ae R.

Remark 8. Let Y and c satisfy assumptions (12) and the function

« defined by (11) be a phase of (Q). Let c=cy+ic,. If cf—cg >0,

then the equation (Re Q) is oscillatory and ch - cg Y(t) is
its (elliptic) phase. If cf - cg = 0, then (Re Q) is a specially
disconjugate equation and Y(t) is its parabolic phase (see LZ],
[7], [8]). If c% - cg ¢ 0, then (Re Q) is a generally discon-
jugate equation and C, - €4 Y(t) is its hyperbolic phase

(see [2], [e], [8]).



Re Q(t) = -{Y,tf + Y 2(t).s,[Y(0)],

In Q(t) = Y2(t).s,[¥(0)], te R (+2)

m = .s . ,

wherg ) 2

Yec®(R), Y(R)=R, Y'(t)>0 for teR, s;, s, &C°(R), s, # O,
(14)

S

_____________________ 1+ So-

Proof. (==>) By Remark 5 we know that La = L;e oD

+ + . . P
N Lre Q + Im Q" If LQ is an infinite group, then from Lemma 4
and from Remark 2 follows the existence of a function Y satis-
fying assumptions (14) and the existence of functions h,, ~
h2€ CO(R), hy # h2, having the least common period equal to /

such that
Re Q(t) = - [, t ]+ vy 2(t).n[v(r)],
Re Q(t) + Im Q(t) = - {Y,t]+ Y 2(ty.hy[v()], te R .

From this and if we set sl:=h1 and 52:=h2—h1, we obtain (13).

({==) Let (13) hold, where the functions Y, Sq1 S
satisfy assumption (14). Then

Re Q(t) = - {v,t{+ vZ(r).s [v(0)] .

2

-2
Re Q(t) - Im Q(t) = -[Y,t§+ (s, [Y(1)] - s, [Y()] )Yy (1)
+ + .
Re Qn LKe Q - ImQ *S@an
infinite cyclic group which, following Remark 5, is equal to

+
LQ.

and it follows from Lemma 4 that L

Remark 9. If Y and s,, s, satisfy assumption (14), then

L = [y vy + 37] se z .

5. Central transformator of the equation y ~ = Q(t)y

Lemma 6. Let X be_such a transformator of (Q) that_there



ylx(e)] | T.y(t), t€R .

3

[x7(t)]

. ~ .
Then sign X* = 1, the number |

r
of the_solution y of (Q) and 7?

s_independent of the choice_
1.

n oI

Proof. Let u, v be independent solutions of (Q),
u(t).v(t) # 0 for t € R . Such solutions u, v always exists

(see [13]). Then there exist numbers’T;, 72 € C :
—“fé(—t—)]— = T .u(t), —-"—[ﬁ—"l]— = T,uv(t), ter .
IX“(t)] X7 (t)
(15)
Let us put Y := sign X . Since
( u[x(t)] )' wvixee)d o _ulxe)l ( viIx(e)l )‘ -
Yix“cen t X ool VX7 YIXT (o

=T, To(u (t)v(e)-u(t)v (t)),

it may be verified by an easy calculation that the expression
on the right side of the last equality is equal to Y(u'v-uv’),
we get
~ o~
V =ty [ o . (16)
Let Y= -1. Then X(x) = x for an x€ R, Setting x in place of t
in (15), yields T, =7, L

2 VX0

> 0, which contradicts (16). Thus sign X* = 1.

T, -
Naturally, then 15 =

1
X“(x)

o~ e~
Let I, # |,. Furthermore, let k,, k, € C, 0 # ky £k, £0
and put y:=ksu + kyv, Then y is a nontrivial solution of (Q),
hence for a ce€ C, c # 0 :

yx(e)l _ oy(t), teR .

Ix7(t)
From the last equality we obtain

X(t)] X(t)]
ky .“_>E_.§_t_§_ + kK, LVZ[:&LT = c(kgu(t)+kyv(t).
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Herefrom and from (15) we find

ke (Ty=c)u(t) + ky(T,-c)v(t) = O,

o~ o~
Since u, v are independent solutionfof (Q), then 11 = 12 = c,
which is a contradiction. This proves that 7;_ = TZ =: T and it

follows from (16) that 72 =1,

Consequently, we are justified to state the following

- . = -

y(t) of (Q):

2 Vx’(t)

where T o= 1.

Remark 10. The central transformator of (Q) corresponds in case
of the equation (qg) to its central dispersion (of the 1st kind)

(see [2]).

Remark 11, Let LS denote the set of central transformators of
(Q). It is clear that Lg is a subgroup of the group LS,

c +
LQC LQ.

—- e e e e e e -

x €ct(R), X(R)=R, X'(t) # O for t & R

and

LIX()] = () + kKT, teRr,

m= T e e mdle A AT R e AT ST e T - - =

Proof, (=) Let X be a central transformator of (Q).
Then (17) holds and

sin/\Xt a~ sinn('.gt)

= |
(ZXCEN (o) VoL (1)
cos[x(t) _ e __cosd(t)

FEol o o
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where T2 = 1. Using (19) we obtain (oC[X(t)])' = ('(t), hence

;,([X(t)] = {(t) + a for te R, where ae C. Let |/(O([X(t)])’ =

= 7’1V,,(‘(t), where r/\,i = 1, Then from (19) we obtain
sin (L (t) + a) = (7/(71) sin o(_(t),

o~ ~ e
hence a = k'//, where k is an integer and / /1 = (—1)k.

((==) Let (18) hold, where X satisfies assumption (17).
Let X # idy. If sign X" = -1, then X(x) = x for an x € R,
Setting t = x in the equality £ [X(t)].X"(t) = o{'(t) yields
L)X (x) = oL'(x), hence X“(x) = 1, which is a contradiction.
Consequently there must be sign X° = 1. From equality
LIx(6)].x"(t) = L(t), te R, we obtain xeC>(R). Let
(LX) =T, /L () for teR, whereT5 = 1. Then

sin o(iX(t)sz,\' sin( K (t)+k ) _ (_1)k7-' sino(,__qgt) ,
fx(H ™ 2 ) 2 LD

cos L [x(t)] -7 cos( ol (t)+kT) - (_1)kqu2 cos o(gt)

((«x(oH)” 2 Vol '(t) V(o)

which proves the fact that {EX_)f(___t_).I_ = (--l)krl\'2 y(t) for every
X°(t)

solution y of (Q), i.e. X is a central transformator of (Q).

Proof. (=) Let oL be a phase of (Q). If t + j(l/\’is a
central transformator of (Q), then (by Theorem 5) there exists
an integer k: oL (t+jT) =o((t)+kf/,\'. Let Ve(_'(~t+j77‘) =Tm;—)—
for te R, where '7"2 = 1, Setting u(t):= —-——‘—-)-Sin"( L .

fol (1)
v(t):= ————(--)-C(;rsp_?).(f_), te R, then u, v are independent solutions of

t

(Q) and because of u(t+jflT) = (-fl.)k Tu(t), v(t+j7fl) =
= (-1)"Tv(t), all solutions of (Q) are either jtl.lv—per,iodic
or j4 -halfperiodic and this according as the number (—1)k(lv
is equal to 1 or equal to -1.
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({==) Let all solutions of (Q) be either jgr—periodic or
jzv—halfperiodic for definiteness let them be j?b-halfperiodic.

Let o be a phase of (Q). Then u(t):= §Eﬂ:%i£l , V(t):= Eﬁ;é%&il,

VoL (1) L7 (1)
t€ R, are independent solutions of (Q). By our assumption
u(t+3%) = - u(t), v(t+j?’) = - v(t), therefore

sind (t+i%7) - . sind (t) cosol (t+i %) - . cos £(t) for teR .
(23 8) V() Vo (e+3) VL ()
Then £ (t+3 %) = £ (t), hence L(t+jT7) = L (t) + a, where

a€ C. Since tg»((t+j‘r) = tgoC(t), then a = k(llv, where k is an
integer. Naturally, then ol (t+j%7) = ol (t) + kT for te€ R and

it follows from Theorem 5 that t+j% is a central transformator
of (Q).

Example 1. Consider the differential equation

1]

v (\2 .
y (-1 + ;";— ety . (20)

The function o((t) = % ezj't is a phase of (Q). From the equality

L(t+%) = L (t) and from Theorem 5 we find that the function
t+%7" is a central transformator of (20). We will show that there

exists a phase p(l of (20) for which p<1(t+ ) = a(l(t) + T, Let
us put
Ze21t

[ey]

oL, (t):= 4 dz

5 5, LER,
2i cos"z+(2(i-1)sin z+(1-i)cos z)

O —

where the integral is written along the curve expressed in a

parametric form z = %:eZit, te R . Then “Cl is a phase of (20)

(see [13], Theorem 4). Let us set f(z):=

_ 1

21 coszz+(2(i-1)sin z+(1-i)cos z)

whenever the fraction

is meaningful. The singular points of the function f are the
roots of the equation
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2icos®z + (2(i-1)sin z + (L-i)cos z)Z = O,
which may be written in an equaivalent form
(sinz - cosz)sinz = O,
Inside the circle with the center at the origin and the radius

g . the function f has the singularity only at the point z,=0,

which is the pole of the first order. A direct calculation
shows that Res (f;zl) = - % and therefore (1(3“) = 77, From
the equality

L] (t+T7) = d(t) we obtain o, (t+T) =olj(t) + 9

Let (18) hold for a central transformator X of (Q),
where k 2 1, It will become apparent from the following example
that, generally, there exists no central transformator (fidR)
of (Q), to which would correspond a smaller value k (Z 0) in

(18).

Example 2. Let 0<(t) t= 4t + isin 2t, Q(t):= —[af,t z- xfz(t),
te R. Then 4:15 a phase of (Q) and it follows from £ (t+%7) =

=L (t) + 47" and from Theorem 5 that t+J% is a central trans-
formator of (Q). If X were such a central transformator of

(Q), X#idg, that LX) = L(t) + k%7, where k would be one
of the integers 1, 2, 3, then X(t) = t+£21 and it would hold

P
sin 2(t+5%:) = sin 2t for te R, which, however, leads to a

contradiction.

Theorem 6. If La is_a_planar group, _then LS is _the trivial

growe. T

' +
Proof. Let LO

satisfying assumpEions (12), that A defined by (11) is a

be a planar group. Then there exist Y and c

phase of (Q). Let X€ Lg. According to Theorem 3 there exists
an integer k such that_(18) holds and we have

c.Y[x(6)] = c.v(t) + kT,

Then cl.Y[X(t)] = cq.Y(t) + kK, cz.Y[X(t)] = c,.Y(t), where
c = cl+ic2. Since ¢4y # 0, then Y[X(t)] = Y(t), hence X = idR

and Lg is the trivial group.
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From Theorem 6 immediatelly follows

Corollary 3. If Lé is_not_the_trivial group, then La is_an

infinite_cyclic group and consequently LS is_also an_infinite

_____ Q =°.F=°2 SV e

Let Lg be an infinite cyclic group. Then, by Corollary 3,
LS is also an infinite cyclic group. It becomes apparent from
the next example that in such a case LS may generally be proper
subgroup of the group La.

Example 3. Let L(t):= % + isin 2t, Q(t):= —{oc,tz— p{,'z(t),

te R . Then o is a phase of (Q) and since (((t+gr)=o<(t) + %,
then t+% is a transformator of (Q) which is not a central
transformator of (Q) as it follows from Theorem 5. From this
Theorem and from the equality o((t+23“) = o((t) + % we find

that t+2% is a central transformator of (Q). Hence, LS is a
proper subgroup of the group LS.
Theorem 7. LS is_an infinite_cyclic group exactly if_there_

exist Y& C3(R), Y(R)=R, Y'(t)» 0 for te R and s,, s,€ C°(R),
s, # 0, whose the least common period is % such that

-{v.e b Y B s [Y(D)].

v 2t)s,[Y ()], ter,

Re Q(t)

(21)
Im Q(t)

integer.

Proof, (=) Let Lé be an infinite cyclic group. Then
from the proof (==)) to Theorem 4 and Lemma 4 follows the
existence of Y&C®(R), Y(R)=R, Y'(t) >0 for t€ R and hys

hzé:CO(R), hy # hy, whose the least common period is equal to
% (cf. Remark 2) such that

Re Q(t) = - [Y,t ]+ Y’Z(t).hl[Y(t)], (22)

Re Q(t) + Im Q(t) = -{Y,tf + Y2 (0).hy[v()], ter.
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Then,lby Remark 5 we have (LQ-) LRe Q Re 0+ 1InQ"=

.—.{ [Y(t)+k(]f_], ke Z} Let £ be a phase of (Q) and X& LS
X(t) >t for te¢ R. It then follows from Theorem 5 and from
Corollary 3 that L[x(t)] = L (t)+kT, x(t) = 1[Y(t)+3?“]
where k¢ Z and j is a positive integer. Setting /? i=ol o Y
then‘@ (t+377) =‘4 (t) + kT, Let/f be a phase of (S). Then

-{f.x] - f#2t) = —{o(,Y_l(t)}Y-l‘z(t) -

-2
-y el vt o LB )] - (23)

Y-l‘z(t).Q[Y—l(t)] + {Y,Y_l(t)}Y_l’z(t), te R .

From (22) we can write

Q(e) = - {viefeyP(e)ng [y(o)] +ich, [y(e)] - h [Y(£)] )Y "3 (¢)
and setting 51:=h1, 52:=h2-h1, yields

Ql

s(t)

Q(t) = -[Y,ti v (s,[v(0)] + 1s,[v()]) YB(1),

whence

.2 2
vy o] - —{Y,Y_l(t)‘ Y7U(t) + (s (t)+isy(t)).

From (23) we then obtain S = 54 +is,. The functions S1+ 8, have
the least common period equal to %" and from Corollary 3 we
know that all solutions of (S) are either j?“—periodic or

j¥’ -halfperiodic. Thus from (22) and from the definition of
thekfunctions S11 S, We obtain the validity of (21).

({(==) Let Y, s, and s,
7, all solutions of (S) are either jgv-periodic or jﬁu-half—

satisfy the assumptions of Theorem

periodic where j is a positive integer and (21) holds. Let /f
be a phase of (S). Following Corollary 3 A(t+3i0) —/f(t)+kh .
where k& z. Setting o : /@,Y X(t):=Y~ [Y(t)+3?ﬂ](¢1d ) for

te R, then L[X(t)] =4 [Y(t)+3%] = FAOIE KT = L(t) + ko™

and

- {.{,t{ - L3(t) = -{ﬂ,v(t){v’z(t) —{Y,t{ -

- v 2. RP[v(t)] = YP(r).s[v(0)] - fY.ef=
_{Y,tg + Y2ty (s,[Y(0)] + is,[Y()]) = Q1)
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Consequently { is a phase of (Q) and it follows from Theorem 5
with respect to the equality &[X(t)] = L (t) + k97, that
Xe Lé' Hence LS is a infinite cyclic group.

F(t)
L(t) := y exp(i/Z(t))ds, te R, (24)
0
where F e C3(R), F(R)=R, F'(t) >0 for te R, {e c?(R),

a
S exp(i%(s))ds = k%, (25)
O .

- . =72 2= R -

P roof. ((==) Suppose F, /{ satisfy the assumptions for
a3 0 and a non-negative number k given in Theorem 8, and
defined by (24) be a phase of (Q). Then

F(t)+a F(t)
o([F"l[F(t)+a]] = exp(iﬂ(s))ds = S exp(iﬂ(s))ds +
(0]

exp(ifl (s))ds = oA (t) + kKT
p( )

+
o= os—

and following Theorem 5 F'i[F(t)+a] (#idR) is an element of

La, hence Lg is an infinite cyclic group.

(=) Let X€ Lg, Xgidg. It may be assumed without any
loss of generality that X(t) >t for t€ R. By Theorem 5 there
exist a phase A of (Q) and a non-negative integer k such that

LX) = L(1) + kT, teRr. (26)
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Since sign X° = 1, it follows from (26) ( « = Jl + 1062)

x‘(t)l/oél’z[x(t)] + L3P [x(1)] = L/,(i'z(t) v d 320t

which after integration yields

Flx(t)] = F(t) + a, tecR, (27)
t =
where F(t):= g H{Z(S) +p(2'2(5) ds, te R, a=F[X(0)]. Hereby
0

a0 follows from X(0) 3 0. Evidently F& C3(R), F(R)=R, sign
F” = 1 and there exists a g«:CZ(R) such that

Li(t)
oL3(t)

Here'Jﬁ is an ineonstant function. In the contrary case,

F'(t)cos X‘ (t),

F'(t)sinX\ (t), te€RrR .

equation (Q) possesses a phase c.F(t), where ce C is an
appropriate number and by Corollary 1 LS is a planar group.
It then follows from Theorem 6 that Lg is the trivial group.

Setting /§:= X\oF-l, then/?c CZ(R) is an inconstant
function and

A(t) = F'(t)cos A[F(t)],

{50t) = F (tysin f[F(1)],
whence

(1) = Fr(eyexp(s A [F(E)]) (28)
and ’

F(t)
d(t) = j' exp(iﬂ(s))ds + b, teR ,
o]

1]

where be& C. Since p(’[X(t)].x‘(t)
(28) that ,

x'(t).F’[X(t)]exp(iK.F.X(t))
from which and from (27) we obtain

exp(i/?(t+a)) = exp(i/?(t)), teER .

L(t), it follows from

n

Fo(t)exp(if [F(t)])
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Consequently exp(i/f(t)) is an inconstant a-periodic function.
Besides

F(t)+a a
&[X(t)] = f exp(i/?(s))ds + b =d(t)+ y exp(i/{(s))ds
0 0

a
and with respect to (26) J exp(i/Z(s))ds = k7, Respecting
(0]

the fact that o{(t) - b is also a phase of (Q), then
B(t)
exp(i/?(s))ds is a phase of (Q) and it follows from (27)

that X(t) = F“l[F(t) + a] for te R .

Remark 12. Suppose functions F,/f satisfy the assumptions
given in Theorem 8, and a (% 0) be the least period the (in-
constant) function exp(iﬂ (t)) (obviously fulfilling (25)).
In then follows from the proof of Theorem 8 that Lé =

= {F‘l[F(t)+ka] ; ke z i.

o) = - {ried - 2a[FODZ-2F (0 [F(0)] -

- F’Z(c)exp(zi/Z[F(t)]), te &k ,

Pr oo f. Following Theoren 8 Lg is an infinite cyclic
group if and only if o{ defined by (24) is a phase of (Q).
Now Corollary 4 follows immediately by a modificatioh of the
equality

Q‘(t)‘: - {o(,t (- sz(t).
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SOUHRN

Transformace Fedeni rovnice y '~ = Q(t)y s komplexnim
koeficientem Q redlné proménné

Svatoslayv S tanék

Rekneme, Ze funkce X je (uplny) transformator rovnice
y'" = Q(t)y, (Q)
kde Q je spojitéd (na R) komplexni funkce, jestlizZe:

(i) X €C>(R), X(R)=R, X'(t) # O pro te R, |
(ii) pro kazdé reseni y(t) rovnice (Q) je funkce ﬁ1§%£ﬁ
X (t

opét reSenim této rovnice.

MnoZina v8ech rostoucich transformatorl rovnice (Q) tvori
+
0°
Uzitim vysledkl o algebraické struktufe praniku grup rostou-

vzhledem k operaci skladani funkci grupu, kterou oznadime L

cich dispersi dvou riznych diferencialnich rovnic typu

y"" = q(t)y, kde g je spojitd (na R} realna funkce, je doka-
zano, Zze LS je bud planarni grupa (tj. ke kazdému bodu (to,
xo)e R xR éxistuje jedina funkce Xe Lé takova, ze X(to) = xO)
nebo nekoneénd cyklicka grupa a nebo trividlni grupa (véta 1).
Ve vété 3 resp. ve vété 4 jsou uvedeny nutné a postacujici
podminky kladené na koeficient Q rovnice (Q), aby LS byla pla-

narni grupa resp. nekoneé¢nad cyklicka grupa.

Rekneme, Ze transformator X rovnice (Q), sign X~ = 1, je
centrdlni transformétor této rovnice, jestliZe pro kazdé reSe-
ni y(t) rovnice (Q) je

yIx(el | T.o(t) te R
VX (0

kde 1*2 ="1. Mnozina centralnich transforméatorl rovnice (Q)
tvori podgrupu LS grupy LS, LSC LS . Jestlize LS je planérni
grupa, pak LS je_triviéln{ grapa (véta 6), tedy_LS je bud ne-
koneéna cyklicka grupa a nebo trivialni grupa (dGsledek 3).
Ve vété 7 (vété 8) jsou uvedeny nutné a postadujici podminky

?
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kladené na koeficient Q (na fazi rovnice (Q)), aby Lg byla

nekonecnd cyklicka grupa.

Véta 2 resp. véta 5 dava do souvislosti faze rovnice (Q)
a transformator resp. centralni transformator rovnice (Q).

PE3OME

IIpeo6pasoBanus pemeHunit ypaBHeHUs y"= Q(t)y C KOMIIJIE KCHHM
koodduumenToMm Q BelleCTBEHHO} mepeMeHHOH

CBaToOCUJ IS QB CTaHeHkK

®ynkuus X HasHBaeTcs NOJHHM TpaHchopMaTopoM ypaBHEHUS
y " = Q(t)y, (Q)
roe Q HenpepuBHas (Ha R )komniexcHas QyHKUMS, €CJM:
(i) X eC3(R), X°(t) # Omms te R, X(R )= R ;

(ii? Axa xkaxjoro pemeHus Y(t) ypeBHeHus (Q) dymxums

[x(t
meH M .
TX (i), CHOB® PemeHKeM dTOTO ypeBHEHUS

MHOXecTBO Bospacremmux TpeHcdopMaTopoB ypeBHeHus (Q)
SABJISETCS OTHOCMTEJBHO omepanmu caokeHus ¢ynkumi rpynnoit, koro-
+
py® oGoaHauaeM LQ.

[IpuMeHeHueM pesyJabTaToB aarebpaumueckoit CTPYKTYpH nepe-
CeueHMs rpynn BoapacTabmuxX Aucnepcuil ABYX pasJnuHHX Audde-
peBUMaJbHHX ypaBHEeHu Tuna

.

y'" = a(t)y,
rre ¢ HenpepHBHas (Ha R) BellecTBeHHed (yHxOud, NOoKasaHO,
qTo LS uau NAanapras rpynna (T.e. Oas a060 TOukK (to,xo)e
€ RxR mHeltmercs Toabko omHa QyHxuma Xe& La, aro X(t, ) = Xg)
uau OGeCKOHEeUH&as LMKJIMUYEeCcKas TIpynne Wiy TpUuBMaJbBHaS Irpynna
(reopema 1).B Teopeme 3 COOTBETCTBEHHO B TeopeMe 4 nmpuBeleHH
Heo6XOIuMHE M LOCTATOUYHHE yCJOBMS KOTOPDHM JOJXEH yJIOBJIET-

BopaThy KoodduumenT Q ypaBHeHMs (Q), uTOOH La ABJSJACH NJ8-
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HapHO} rpynnoit cooTBETCTBEHHO GeCKOHEUHON! HUMKJAMuECKO rpyn-
noit.

Tparncopmarop X ypasHeHuss (Q), sign x! = 1, HasHBaeT-
cfl HeHTPpaJbHHM TpaHcdofMaTopoM sTol0 ypaBHeHUs, ecam LJAf KaX-
noro pemeHus y(t) ypepHeHuss (Q) nMeeT MecTO %;éL;lL=7ﬁy(t),tcR,
rae 7”2 = 1. )

MHOXecTBO LeHTpaJbHHX TpaHcopMaTopoB ypaBHeHus (Q)

aBasieTcs noArpynmoi LS PPy NITH LS « Ecan LS nJIeHapHas rpynna,

TO Lg fpuBuanbias rpynna (Teopema 6), caeroBaTeNBHO Lg nau
GeCKOHEUHAS NMKINUECKES rpynmne Win TpuMBUeJBHAs rpynna (cnen—
crBue 3)., B Teopeme 7 (B TeopeMe 8) npuBeleHH HeoOXOAMMHE K

JOCTETOYHHE YCJOBMS KOTODHM JOJXEeH yAOBJeTBOPSATh KoodduumeHT
Q ypaBHenus (Q) (dasa ypaBHenus (Q)), urobu Lg 6usa Gec-

KOHeuHas LMKJIMUeCKas I'pynmna.

B rTeopeMe 2 COOTBETCTBEHHO B TeoneMe 5 mokasaHa CBA3b
mexny $asoit ypaBHenus (Q) u TpaHcPOpPMATOPOM COOTBETCTBEHHO
HeHTpaJbHHM TpaHcopMeTopoM ypaBHeHus (Q).
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