Sbornik praci Pfirodovédecké fakulty University Palackého v
Olomouci. Matematika

Jitka Laitochovéa
To conjugacy functions of second order linear differential equations

Sbornik pract Prirodovédecké fakulty University Palackého v Olomouci. Matematika, Vol. 21 (1982), No. 1,
63--67

Persistent URL: http://dml.cz/dmlcz/120120

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1982

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120120
http://project.dml.cz

1982 — ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM — TOM 73

Laborato¥ vypoletni techniky Univerzity Palackého v Olomouci
Reditel: RNDr. Milan Krdl, CSc.

TO CONJUGACY FUNCTIONS OF SECOND
ORDER LINEAR DIFFERENTIAL EQUATIONS

JITKA LAITOCHOVA
(Received March 30, 1981)
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The present paper investigates sufficient conditions under which the conjugacy
functions 4,,, 4,,,4,_,, 4,_, are concave or convex. It generalizes the results
given in [4] where the conjugacy functions 4,, and 4, were studied.

W. Leighton defined the conjugacy function 4, in [2] and treated the problem
of 4, increasing and decreasing being concave and convex, respectively. W. Leigh-
ton’s results may be generalized in applying methods and results from the dispersion
theory established by O. Bortivka [1].

Let us consider a second order linear differential equation in the Jacobian form

Yy =q@®y, qeC(R) (@

oscillatory on R, i.e. —co and + oo are the limit points of the zeros of any solution
of (g). Trivial solutions not being considered.

Following [1] let us denote by ¢, (¢_,) the n-th, (—n-th) central dispersion
of the 1st kind relative to (¢) and by ¥, (¥ ,) the n-th (—n-th) central dispersion
of the 2nd kind relative to (g), where g(¢f) < O for ¢ € R; » be a natural number.

Following [2] and [4] let us define the functions 4, (1) = ¢,(8) — ¢, 4,.(t) =
= Un) = 1, Ay (D) = 9_y(t) = 1. Ay_ (D) = Y_,(1) — 1, 1ER,

Definition. The function A, (4,_,) will be called the n-th (—n-th) conjugacy
function of the Ist kind relative to the differential equation (q). The function 4, (4, _))
will be called the n-th (—n-th) conjugacy function of the 2nd kind relative to the
differential equation (g).

The monotonicity of the differences ¢,(f) — t, Y,(t) — t, @_,(O) — t, Y_() — ¢
was treated in [1].

The comparison theorem ([3], p. 277) yields the following
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Lemma 1. Let for

y' =00y (0)]
¥ =0@®y (9)]

0@ = 0() for t € R, whereby the sign of equality does not identically hold in any
interval of the type (¢, ¢,(t)) and let ¢, (¢ _,) be the n-th (—n-th) central dispersion
of the 1st kind relative to the differential equation (Q) and ¢, (¢ —,) be the n-th (—n-th)
central dispersion of the Ist kind relative to the differential equation (Q).
Then

(D) > @,(1), @) <@_,(f) for teR M

Proof follows by complete induction. The first statement in (1) for n = 1 is the
consequence of the comparison theorem. If the first relation in (1) is true forn — 1,
we will show that this is true for » too:

¢1[(0n—1(f)] > 51[11’,.—1(0] > 61[‘;'-—10)]
that is
@) > @,(0).

The comparison theorem similarly yields the second statement in (1) for n = 1.
If the second statement in (1) is true for » — 1, we will show that this is true for n
too:

fP—1[<P—(n—1)(t)] < (/7-1[‘/’-("—1)(0] < 5—1[(5~(,.~1)(f)]
thatis
P-at) < @, ().

Let g€ C*(R), q(f) < O for te R. In accordance with O. Boravka ([1], p. 8
and onwards) we introduce the differential equation (q,) associated to (g) as the
equation

V'=q:0y (91)
where ¢,(t) = q(2) + /19| (1/J/Tq®1)", teR.

For each solution y, of the differential equation (g;) the function y, /| q(1)]
represents the derivative y’ of precisely one solution y of (g).

Lemma 2 ([1]). Let g € C*(R), q(¢) < O for t e R. The central dispersion of the
second kind related to a differential equation (q) is the central dispersion of the first
kind relative to the differential equation (q,) associated to (q):

In conformity with [2] we put

W) = —q (1), teR.

Then 4,(t) = () + Ta®1 ANTEOD" = a®) + 41 (<t’)) .
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Lemma 3. Let ge C*(R), q(f) < 0 for te R, t, € R be an arbitrary number. Let
us put h(f) := \/_q”‘(t), t € R. Then the following implications hold on R:

() <0 = Y,to) < @u(to), V_n(to) > @_u(to),
R'(1) > 0 = Y,(to) > @,(to), Y-ulto) < @_u(to)s
h'(1) =0 = Yu(to) = @u(to), Y-nlto) = @-u(to)-

Proof. If h" <0, then ¢ — ¢ = h"/h < 0 and thus ¢, < g. In applying
Lemmas 1 and 2 we get ¥,(t,) < @,(to) and ¥ _,(t;) > @ _,(t,). If A" > 0, then
gy — q = h"/h > 0 and therefore ¢, > g. Applying Lemmas 1 and 2 we get
Va(te) > @,(t) and Y_,(¢,) < @_,(t). If i" =0, then g, — g = h"/h = 0 and
thus g, = g, so that y,(t)) = @,(to) and ¥ _,(t,) = @_,(to).

Theorem 1. Let g € CA(R), q(t) < O for t € R. Let us put q,(¢) = q(t) + /1 q(®)|

1 ”

(\/W) , teR and let qi() < 0 on R. Let us put further h(t) := V=a71(, 7Y,
q(t

hy(t) := /=g X(¢), t € R. Then there hold the following implications on R:

(@) h"(t) <0 = 4, is concave, A,_ is concave

@) h@E >0 > 4,, is convex, A, _ is convex
4) hi@®) <0 = 4, is concave, A, _ is concave

(5) h{(t) >0 = 4, isconvex, A,_, is convex

Proof for (2) and (3): Letv = +1, +2, .... Since 4,,(t) = ¢,(f) — ¢ we have
4,0 = o)) — 1 = [w’[o,®]/u*(®)] — 1 providing that u(f) # 0. Further

45.(0) = @J(1) =
= {2u[o,()] u'[o (O] out) ¥*() — u*[ ()] 2u(®) w' (D} /u*() =
= 2u?[0,(0]/u*(1)} u[ 0, ()] w @] — u(@) w' (B)/u*(®)}.

If 75 €j is an arbitrary number and u is such a solution that u'(¢5) = 0, then
u(ty) # 0. Then we have

Ay (t) = @(to) = {26°[0,(10)]/u*(10)} {u[0,(10)] - v [@(1)]/u*(£0)}-

Letrn =1,2,3,

For u(t,) 2 0 holds u[@,(t5)] = 0 for n being even and u[@,(7;)] S 0 for n
being odd. In case of ¥,(to) < @a(to), then u'[¢,(t,)] Z O for n being odd and
u'[@y(t,)] £ 0 for n being even; in case of ¥,(to) > @a(to), then u Teute)] S O
for n being odd and u [(p,,(to)] 2 0 for » being even.

If &” < 0, then ¥,(ty) < @,(t,). From this follows that u[(p,,(to)] u@lte)] <O
and therefore 4, (1)) = @a(to) < 0. Thus the function 4,,(#) is concave.

If A > 0, then Y,(to) > @a(to). From this follows that u[¢,(to)] #'[@.(t0)] > O
and therefore 4, (fo) = ©2(to) > 0. Thus the function 4,,(?) is convex.
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For u(to) 2 0 is u[@_,(t,)] Z 0 for n even and u[¢_,(t,)] S 0 for n odd. If
¥ _(to) < @_,(to), then w'[@_,(t5)] = O for n even and u'[¢,(t,)] S O for n odd.
If Y _,(to) > @_,(t,), thenu'[@_,(t5)] S O for neven and u'(¢_,(to)) 2 0 for n odd.

IfA" < Otheny_,(ty) > @_,(to). From this follows that u[(p_,,(to)] ulo_uto)] <
< 0 and therefore 4;,_ (t,) = ¢ ,(t,) < 0. Thus the function 4,_,(?) is concave.

If A" > 0, then Y _,(¢o) < @ _,(t,). From this follows that u[(p_"(to)] w[p_,(t)] >
> 0 and therefore 4;,_ (¢f,) = ¢”,(t;) > 0. Thus the function 4,_(¢) is convex.

Proof for (4) and (5) proceeds analogous for the differential equation (gq,).
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Souhrn

PRISPEVEK KE KONJUGOVANYM FUNKCIiM
LINEARNICH DIFERENCIALNICH
ROVNIC 2. RADU

JITKA LAITOCHOVA

V &lanku jsou definovany n-té (—n-té) konjugované funkce 1. druhu pfisluiné
k diferenciélni rovnici (g) y" = q(t) y vztahy 4, (t) = @,(t) — t,4,_,(t) = ¢_,() —
— t a n-té (—n-té) konjugované funkce 2. druhu pfislusné k diferencialni rovnici (g)
vztahy 4, (1) = ¥, (1) — t a 4, (1) = ¢y _,(t) — t, kde ¢, (¢p_,) je n-ta (—n-td)
centralni disperze 1. druhu a ¥, ( -,) je n-ta (—n-ta) centralni disperze 2. druhu [1].
Jsou nalezeny postadujici podminky konkavnosti a konvexnosti té&chto funkeci.
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Pesrome

3AMETKA O COMNPAXEHHbBIX ®VHKIIUAX
JJUHEWHBIX QU®PEPEHIIUAIbHBIX
VPABHEHWUIT 2-TO POJIA

MUTKA JJAMTOXOBA

B pabore ompenmesieHbl H-ThIe (-H-THIE) CONpsDKEHHBIE (QYHKIMM 1-ro poma co-
oTBeTCcTBYIOmMe rupepeHnuansHOMy ypaBHEHUIO (9)y” = q(t)y COOTHOIICHHUAMMU

Aq:,.(t) = (Pn(t) - A(p-,,(t) = (P_,,(t) -t

M H-ThbIe (— H-THIE) COnpshKeHHbIe QyHKUMHK 2-ro poja cooTBeTcTByIolue auddepeH-
OHATBHOMY YPaBHEHMIO (¢) COOTHOILEHUAMH

4, =) =1, A, O =V_. () -1

roe ¢, (¢ -,) aBiserca H-TOM (— H-TOM) ILEHTPAJIBHOM aucnepcueii 1-ro pona u ¥,
(Y _,) sBnseTcs n-Toit (—H-ToM) UeHTpabHOM mucnepcueit 2-ro poxa [1].
HaiineHs! mocraTounble YCIOBUS BBIMYKJIOCTH M BOTHYTOCTH 3TUX (YHKI[WH.
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