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ALGEBRAS
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In this paper it will be shown that a Banach algebra with involution
is hermitian if and only if the spectra of all elements of the form exp (ik),
where 4 is selfadjoint, are uniformly bounded.

I. INTRODUCTION

The starting point of the theory of Banach algebras with involution was the 1943
paper of I. M. Gelfand and M. A. Naimark [3]. The recent contributions to this
theory have brought substantial results. One of the directions of investigation in this
field is to study the hermitian algebras. It was V. Ptak [4], [5], who fully characterized
hermitian Banach algebras with involution in a general case (without assuming the
continuity of involution) using the spectral norm and spectral properties of elements.
V. Ptak lists in his paper [5] fourteen conditions equivalent to the fact of algebra
being hermitian. All of them are based on the speciral properties of elements from
algebra. In this paper we concentrate our attention on the condition requiring the
uniform boundedness of spectra for unitary elements. It is known and easily seen that
in the case of continuous involution, the elements exp (i4) (h selfadjoint), are unitary.
In this case it is not difficult to show that uniform boundedness of their spectra
is equivalent to the fact of algebra being hermitian. The aim of the present paper is to
show this fact in a general case i.e. without assuming the continuity of the involution.

2. PRELIMINARIES

Let A4 be an algebra over the complex field. A4 is said to be a topological algebra if it
is also a topological space. An involution on A4 is a map x — x* of A4 onto itself such
that for each x, y € 4 and for each complex A:
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1. (x¥)* =x

2. (x + p)* = x* + p*
3. (A)* = Ax*

4. (xp)* = y*x*

A x-algebra (or algebra with involution) is an algebra endowed by an involution-
A x-algebra which is also normed (respectively Banach) is called a normed (respect-
ively Banach) *-algebra. Let 4 be a x-algebra. An element 4 € A is said to be self-
adjoint if A = h*. An element ue 4 is said to be unitary if u*u = uu* =e
(e denotes the unit of A if it does exist). An element a € 4 is said to be normal
if a*a = aa*. The sets of all unitary, selfadjoint and normal elements of A
will be denoted respectively by U(d4), H(A), N(4). Obviously U(4) = N(4) and
H(A) = N(A). For any set S = 4 let S* = {x*, xeS}. If $* =5, we say S is
selfadjoint. If the elements of S* N S are pairwise commutative, we say .S is normal.
The set of all regular elements of A4 is denoted by R(A). The spectrum of an
element x € 4 will be denoted by a(x). If it is necessary to specify the algebra with
respect to which the spectrum is taken, we use the notation o(x, A). The spectral
radius of the element x € 4 is denoted by | x |, and we recall its definition: | x|, =
= sup {| 4| : A€ a(x)}. In =algebra 4 we define the spectral norm as follows: for
x€A p(x) =+|xx*|,. In this paper we shall deal only with algebras endowed
by the unit e. The involution on 4 is called hermitian if the spectrum o(x) is real for
each x € H(A). The star algebra A4 is called hermitian if its involution is hermitian.

We suppose the reader to be familiar with elementary properties of all notions
introduced. A familiarity with the Gelfand representation theory of commutative
Banach algebra is presupposed. The set of all multiplicative functionals of 4 will be
denoted by M(A). Now we recall some known but necessary theorems and facts.

2.1. Theorem: The following conditions are equivalent:

(i) A4 is a hermitian commutative Banach algebra.
(ii) for each fe M(A) and for each x € 4 f(x*) = f(x).

Proof: See for M. A. Naimark [2]. For the possibility of using the Gelfand
representation theory in some reduced extent, of course, also in non-commutative
case it is usefull the following:

2.2. Theorem: Let A be a Banach algebra with involution. Every normal set N = 4
is contained in a closed maximal commutative *-subalgebra C of 4 and a{x, 4) =
= g(x, C) for each x e C.

Proof: See for [5].

2.3. Definition: Let A be a Banach algebra. For given a e 4 exp (a) is defined by

exp(a) = e + 2 71!~a". (6]
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For correctness of this definition and other facts concerning exp (a) see Bonsall [1].
We recall now the most important properties of the function exp.

2.4. Theorem: Let A be a Banach algebra and let a, b€ A such that ab = ba.
Then the following is true:

(i) exp (@ + b) = exp (a) + exp (b)
(i) exp (a) € R(A4) and (exp (2))™" = exp (—a)
(i) o(exp (a)) = exp (o(a))

@iv) exp(a) = lim(e + %— a)n.

Proof: See for Bonsall [1].

2.5. Note: It’s easily seen in the case of a continuous involution on Banach
algebra A that for each x € 4 and each & € H(A) the following holds:

(i) (exp (0)* = exp (x*)

(ii) (exp (ih))* = exp ((ih)) = exp (—ih) = (exp (ih))™".

Let’s recall now the V. Ptak’s spectral characterization of hermitian Banach
algebras with involution.

2.6. Theorem: Let A be a Banach algebra with involution. The following conditions
ar¢ equivalent:

. The involution is hermitian

.| x|2 £ | x*x]|, for each xe 4

.| x|, = p(x) for each x e 4

.| x|, < p(x) for each x € N(A4)

.| x|2 = | x*x|, for each x € N(A)

A3Hx* + x) |, £ | x*x |2 for each xe 4

. p is subadditive function on A

.|u], =1 for each u e U(A)

.|ul, £ 1 for each ue U(A)

10. There exists f > 0 such that for each ue U(4) is | u|, £ p
11. x*x is non-negative (i.e. its spectrum is non-negative) for each x € 4
12. Re o(x*x) is nonnegative for each x € 4

13. o(x*x) does not contain negative numbers for each x € 4
14. (e + x*x) is invertible for each x e 4

O 9NN D W -

o

Proof: Is completely contained in [5].
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3. SPECTRAL PROPERTIES OF exp (ih(A4))
IN HERMITIAN BANACH ALGEBRAS

We begin with the following:

3.1. Lemma: Let 4 be a Banach algebra with a hermitian involution. Let h € H(A).
Then o((exp (ih))* — exp (—ih)) = {0}.

Proof: Let C be the maximal commutative closed *-subalgebra of A4 containing
elements h and e. The set {4, ¢} is obviously normal and the existence of C follows
by 2.2. Theorem. Further it holds for each xe C o(x, C) = o(x, A). Using the
Gelfand representation theory for commutative Banach algebras we get:

o((exp (ih))* — exp (—ih)) = {f((exp (ih))* — exp (—ih)), f € M(C)} )

It is obvious that C is hermitian and so (k) consists only of real numbers. Let
fe M(C). Then fis continuous and by 2.1. Theorem we get

f((exp (ih))*) = f(exp (ih)) = exp (if (h) 3

further we get
exp (if () = exp (=if () = (exp(—ih)) ©)
By (2), (3), (4) we have
o((exp (ih))* — exp (—ih)) = {0} Q.E.D
Now we are able to state the main result:

3.2. Theorem: Let A be the Banach algebra with involution. The following condi-
tions are equivalent: )

1. The involution is hermitian.
2. Foreach x € A regular and normal and satisfying a(x* — x~ 1) = {0}is| o(x) | =
1
3. There exists K > 0 such that for each x € A which is regular, normal and
satisfies o(x* — x™') = {0} is |o(x) | £ K

4. There exists K > 0 such that for each unitary ue 4 it is | o(u) | < K.

5. For each unitary ue 4 itis |o(u) | £ 1.

6. For each selfadjoint £ € A4 it holds | o (exp (ih)) | < 1.

7. There exists K > 0 such that for each & € 4, A selfadjoint it holds | o (exp (ih) | =
< K.

IIA

Proof: We prove the following implications:

.2 =3 =24=>5=>1.=26=7=1.

1.=2,

Let x € A be normal, regular and o(x* — x~ 1) = {0}.
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We take C the maximal commutative closed *-subalgebra of 4 (by 2.2. Theorem)
containing the normal set {e, x*, x}. Applying the Gelfand representation theory we
get for each f'e M(C) f(x* — x~') =0 and so f(x(x* — x™ 1)) = f(x) . flx* — x71) =
=f(x* = x™1) . f(x) = f((x* — x™") x) =0. It follows immediately that o(x*x — ¢) =
= o(xx* — ¢) = {0} and so o(x*x) = a(xx*) = o(e). By 2. of 2.6. Theorem we get
that [o(x) | £ 1

Q.E.D.

Implication 2. = 3. is trivial.

Implication 3. = 4. follows from the fact that each unitary u € 4 is normal and

regular and it holds o(u* — ™) = ¢(0) = {0} Q.E.D.
4. = 5. = 1. follows immediately from 2.6. Theorem.
1.=6.

Let again suppose the involution being hermitian and let & € 4 be selfadjoint. By
the preceding lemma we get

o((exp (ih))* — exp (—ih)) = {0}
and so by the implication 1. => 2. we obtain that
| o(exp (ih))| <1  what is desired. Q.E.D.

6. = 7. being trivial we prove the last implication:
7. = 1.

Let’s suppose there exists a K > 0 such that for each h e H(A) the inequality
| o(exp (ih)) | £ K holds. Suppose that a complex number « + fi e a(h) and f # 0.
By standard technique we construct an element 4’ € H(4) such that i € a(h').

By (iii) of 2.4. Theorem we obtain for each 7 > 0:

o(exp (—ith’)) = exp (—ita(h')) 3 exp (—iti) = exp (7).

We obtained that for each T > 0 by 6. it would be exp (r) < K. This contradiction
proves the implication. QE.D.
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SOUHRN

O SPEKTRALNICH VLASTNOSTECH PRVKU exp (ih)
V HERMITEOVSKE BANACHOVE ALGEBRE

DINA STERBOVA

V préci se dokazuje, Ze nutnou a postacujici podminkou k tomu, aby Banachova
algebra s involuci byla hermiteovskou, je, aby spektra vSech prvkia tvaru exp (ih),
kde 4 je samoadjungovany, byla stejné omezena. Nepfedpoklada se pfitom spojitost
involuce.

PE3IOME

O CIIEKTPAJIBHBIX CBOMCTBAX
SJEMEHTOB exp (ih) B BIIOJTHE
CUMMETPUUECKNX BAHAXOBBIX KOJIbLIAX

ANHA IITEPBOBA

B Hacrosueit paboTe IOXa3bIBAETCS, YTO HYXHBIM H HEOOXOAUMBIM YCIOBHEM
IJIs TOrO, YTOOBI MOJIbHASL HOPMUPOBaHHas ajrebpa ¢ MHBOJIONHEH Oblna BIOJIBHE
CHMMETPUYECKOH, SBIAeTCS clenyroiee ycioBue: CIEKTpBl BCEX 3JIEMEHTOB all-
re6psl umerowux Gopmy exp (ih), h = h*, orpanuyeHHbl B coBokynHocty. I1pu aTtoM
HENPEepPHIBHOCTh UHBOJIONMH HE TIPENTOJIAraeTcs.
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