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A GENERALIZATION OF CONFIGURATIONS
IN THE SENSE OF GLADKIJ

by JOSEF ZEDNI{K
( Received June 26th, 1973)

In [1] Gladkij defined configurations of order n for every language and every
natural number #. In this paper, the author defines the notion of a configuration of a
language whose order is an arbitrary ordinal number and studies some properties of
these configurations. Furthermore, the author defines the class of bounded [2] and
the class of finitely characterizable languages and studies some connections between
these classes.

We now introduce basic notions. If ¥ is a set, we denote by V* the free monoid
on V, i.e. the set of all finite sequences of elements of the set V including the empty
sequence A, this set being provided with a binary operation of concatenation. The
elements of V* are called strings. We identify one-member sequences with elements
of V; it follows V < V* If x = x,x, ... x, € V¥, where n is a natural number and
x;eVfori=1,2,..,n weput|x|=n; further we put | 4| = 0. For x, ye V'*
we put x <y if there exist such strings u, ve V* that y = uxv. For P < V* x V*;
x, y € V* we write y —» x(P) instead of (y, x) € P and put y = x(P) if there exist such
strings u, v, s, t € V* that y = usv, x = utv, and s — t(P). Finally we put, for x, y € V*,
»y = x(P) if there exists an integer n = 0 and some strings fy, 4, ..., 1, € V* such
that y = ty, t, = x, and ¢,_, = t,(P) for i = 1, 2,...,n. The sequence (¢;))}-, is
called a y-derivation of x of length » in P.

An ordered pair (¥, L) where V is a set and L < V* is called a language.

‘83



1. Generalization of configurations in the sense of Gladkij

1.1. Definition. Let (V, L) be a language, M = L a set, and x, y € V*. We put
y > x(M) if upxe L — M implies uxve L for each u, ve V*. For M = ¢ write
y > x instead of y > x(¢).

1.2. Lemma. Let (V, L) be a language, M = N < L sets. Then the relation > (M)
is a subrelation of (the relation) > (N).

Proof. Let x, y e V* be strings, M = N < L sets, and y > r(M) Then for each
u, ve V* the condition uyve L — N implies uyve L — M and it follows uxve L.
Thus y > x(N).

1.3. Definition. Let (V, L) be a language, o an ordinal number. We put E, =
= ¢[E, = ¢] for o = 0; let « > 0 be an ordinal number and suppose that E,
[E] has been defined for each 1 < «. We put C, = {xe V*; Iye V*: (y,x)€E,}
[C.,={xeV* FyeV*: (y,x)eE]] for each ordinal number : < a. We put
0.x)={qeL; 3u, v, z, zy, z,, a, beV*: q =uxv, ze UC,, z, # A # z,,

1 <a
and z = z,z,, ((u = az; and z,b = xv) or (ux = az, and z,b = v))} [Q.(x) =
={gelL; 3u v,z 2,, 2z,,a, beV*; g=uxv, ze UC,, z, # A # z,, z = z,2,,

l<a

and (@ = az, and z,b = xv) or (ux = az, and z,b = v))}]. We put E, = {(y, x) €
eV*x V¥ |y <|x], y>x and x > pQ,0))} [E, = {(y, e V* x V¥
IL=]y|<]|x], »y>x and x > p(0,(x)}]. Finally, we put C, = {xe V¥
yeV*: (y,x)e E} [C, = {xeV*;Iye V*: (v, x) € E,}]. For x, ye V* we say
that x is a [strong] configuration of order a of the language (V, L), y its resultant
it (v, x) e EJJ(y, x) € E,]. The elements of the set C,[C,] are called [strong] con-
figurations of order o of the language (V, L).

14. Lemma. E < E,[E, = E;] holds for an arbitrary language (V, L) and for
arbitrary ordinal numbers « < f.

Proof. For a = 0 and for an ordinal number § we have E, = ¢ = E,,. Let
O0<a<pB Then UE, < UE, and thus UC, = UC It follows Q,(x) < Q,,(x)

L <a. L<p I<a

for an arbitrary string x € V*. If (y, x) € E, then | y | < | x|,y > x,and x > y(Qa(x))
It follows x > y(Q4(x)), by 1.2. Thus (y, x) € E; holds.

1.5. Corollary. C, = C,,[f < Cg] holds for an arbitrary language (¥, L) and
for arbitrary ordinal numbers a < f.

1.6. Lemma. Let (V, L) be a language and « an arbitrary ordinal number. Then
E, cE,.

Proof. For an arbitrary ordinal number «, we denote by V() the following condi-
tion: £, < E,. Then V (0) is satisfied. Let y > 0 be an arbitrary ordinal number and
suppose that ¥(9) is satisfied for each 6 < y. If (y, x)e E, then 1 = |y| <|x]|,
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y>x, and x > y(Q,(x)). By V(9), C; < C, for 6 < y. It follows Q,(x) S Q,(x)
for each xe€ V*. Hence x > »(Q,(x)), by 1.2 and V(y) is satisfied. By induction
follows that V() is satisfied for each ordinal number «.

1.7. Corollary. Let (V, L) be a language and « an arbitrary ordinal number.
Then C, < C,.
It is also true, by 1.4. and 1.5:

1.8. Corollary. Let (V, L) be a language and o an arbitrary ordinal number.

Then UE, c EJUE < E,] UC cCl[UC =l
l<a 1 <a I <a I<a

1.9. Lemma. Let (V, L) be a language, a, f§ arbitrary ordinal numbers with the

properties « > 1, f 21, a # f. Then (E, — UE)n(E; — UE) = ¢ [(E, —
1<a 1<B
~UE)n(E - UE) = ¢].
1< g

1 <a

Proof. E.g., suppose that a < . If there exists (y, x) e (E, — UE) n (E; — UE)
1<p

then (y,x)eE, — UE, and (y,x)eEy; — UE, = E; — (UE, v U E). It follows
1<a 1<p 1<a ast<p

(3, x) € E, and (y, x) ¢ E, which is a contradiction.

1.10. Corollary. Let (V, L) be a language, a, f8 arbitrary ordinal numbers, with
the properties « 2 1, # = 1, and a # f. Then (C,— UC)n(C, — UC) = ¢

1<p 1<p
[(Ca - U Cx) N (Cﬂ - U Cl) = d)]
1<a 1<B
1.11. Lemma. 1f (V, L) is a language then there exists an ordinal number a > 0
[x > 0] such that E, -- UE, = ¢ [E, — UE = ¢].
Proof. If V' = ¢ then V* = {4} and L = ¢ or L = {A}. Clearly E, = ¢ =
= E, — E,. Thus o = 1 for each language (¢, L). Suppose V # ¢pand E, — Y E, #

t<a

# ¢ for each ordinal number «, 1 £ a < v where v is an ordinal number with the
property card v > card (V* x V*). It follows E, = U (E,— U E,) and the

1215y 1SAa<v
sets E, — U E, are pairwise disjoint, by 1.9. It follows card (V* x V*) <
1£2<v .
< Yy card(E,— U E;) =card E, < card V* x V* which is a contradiction.
1<:=v 1Sa<v

1.12. Corollary. If (V, L) is a language then there exists an ordinal number
afa] such that C, — UC, = ¢ [C; — UC, = ¢].

1<a 1<a

1.13. Lemma. Let (V, L) be a language, « > 1[a = 1] an ordinal number with
the property E, — UE, = ¢ [E,— UE, = ¢]. Then E, — UE, =¢ [E; —

t<a 1<a t<a

— U E, = ¢] for each ordinal number 8 = a [B = a].

1<a
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Proof. For each § = «, denote by V() the following condition: E; — JE, = ¢.

t<a

Then V(a) is satisfied. Let y be an ordinal number with the property y > a. We
suppose that V(d) is true for each ordinal number d(ax < § < 7). It follows E; =
= JE, foreach d(x < & < y). Thus UE =UEv UE,=UEv U (UE)=

1<a 1<a ad<y 1<a asdé<yc<a

= UE,. If (3, ¥)€E, then ]}|< \x] y > x, and x > »(Q,(x)). The equality

1 <a

UE = U E implies |J C, = U C, and therefore Q,(x) = Q,(x) for each x e V*.

Thus, x > y(Q,(x)) and O, x) € E,. We have proved E, € E,. Since « < y we have
E, < E,, by 1.4 Therefore E, = E,. We havenow E, - U E, =E, - U E = ¢

which is V().

1<a t<a

1.14. Lemma. For each language (V, L) there is smallest ordinal number ¢ > 1
[o = 1] with the property E, = UE, [E; = U E]
1<g 1<ve
Proof. Let m = card V* x V* n > m be cardinal number, and v an ordinal
number with the property card v = n. We put M = {a an ordinal number; 1 < « < v
and E, — U E, = ¢}. By 1.11, the set M is a nonempty set of ordinal numbers and,

1 <a

therefore, the set M has the smallest element o. Then E, — |J E, = ¢, thus E, =

1<

= |J E, and g is the smallest ordinal number with this property.

1 <@

1 15. Lemma. Let (V L) be a language o[¢] the number defined in 1.14. Then
= yclc=U-cl

1<e L <

1.16. Definition. Let (V, L) be a language, 9 = 1 [g = 1] the smallest ordinal

number with the property E, = U E[E, = U E]. We put E = E[E = E,],

1<pg 1t <p
C=C[C=C),B=L—V*CV*[B=L~— V*CV*].
It follows by 1.6, 1.8, and 1.16:

1.17. Theorem. Let (V, L) be a language. Then Ec E, C < C.
It follows by 1.17 and 1.16:

1.18. Theorem. B = B holds for each language.

1.19. Example. Let V = {a}, L = {a"; n an integer, n = 2}. We find the sets
E E C,C, B, B.

The language (¥, L) has the following property: xe L iff xe V* and 2 £ ] x |
Let 0 < 5 £ r be arbitrary integers. Then a* > a". It follows that for all u, ve V*
the condition ua®ve L implies 2 < [uavl = [u] + 5+ ‘UI |ul +r+ |v| =

| ua u| thus ua’v e L. Especially, A > a" for each integer r > 0 and a > a* for
each integer r > 1.
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Let r, s be arbitrary integers with r = 0, s = 2. Then a* > a°. It follows that for
each u, ve V* the condition 2 < s < |u| + |v| + s = | ua'v | is satisfied, which
implies ua’v € L.

If ¥ > 1 is an arbitrary integer then a" > A does not hold. E.g., foru = a,v = 4
we have |ua'v | = r + 1, thus uave L, and |uAv| =1, thusu A v ¢ L.

Similarly if r = 2 is an integer then a" > a does not hold. E.g,, foru =v =4
we have | ua'v | =r 2 2, thus ua've L, and [ uav ‘ = 1, thus uav ¢ L.

We have proved @° > a" and a" > a* for arbitrary integers r, s = 2. It follows
E, = {(@', a°); r, s integers 2 < r < s}, C; = {a’; s = 3 integer}.

Further, we prove A, a, a*¢ C,. If A€ C, then there exists y € ¥'* such that
| »| <| 4| =0 which is impossible. Therefore A ¢ C,. If ae C, then there exists
yeV* such that | y| < |a| =1 and it follows y = A. Further, we have a > A
(0,(a)), where Q,(a) = {a’, a*, a’, ...}. Thus for each u, ve V'*, the condition uav e
eL — Q,(a) = {a*} impliesu A ve L, but, e.g. for u = a, v = A, the last implication
does not hold. Thus (A, a) ¢ E, and a ¢ C,. If a* € C, then there exists y € V'* such
that |y | < |a®| = 2 which implies y = 4 or y = a. We have Q,(a*) = {a’, a*,
a’, ...}, L — Q(a®) = {a*}. If (A, a*) € E, or (a, a*) € E,, then a* > A (Q, (a%))
or a*> > a(Q,(a%). Thus for each u, ve V* the condition ua’ve L — Q,(a*) = {a*}
implies u A ve L or uave L, but, e.g. for u = v = A, the last implication does not
holds. Thus (A, a?), (a, a*)¢ E, and a, ¢ C,. Therefore E, = E,, C, = C,,
E=E,={(d, a); r, s integers, 2<r <s}, C=C,={a" s integer,s = 3},
B = {a*}. The condition (y, x)€E implies |y| 2 2 and it follows E = ¢. Thus
C=¢and B=L.

2. Bounded languages

Let (¥, L) be a language in the following text.

2.1. Definition. Let R be a subrelation of the relation > in (V, L) with the prop-
erty (v, x) € Rimplies | y | £ | x|. Then R is called a sufficient set for (V, L).

2.2. Definition. Let R be a sufficient set for (V, L) and (y, x) € R implies | y [ = 1.
Then R is called a strongly sufficient for (V, L).
Clearly the following two lemmas hold:

2.3. Lemma. Let R be a strongly sufficient set for (¥, L). Then R is a sufficient
for (V, L).

2.4. Lemma. Let R be a [strongly] sufficient set for (¥, L), S < R a set. Then S
is a [strongly] sufficient set for (V, L).

2.5. Definition. Let R be a sufficient set for (V, L). For each s € L we put s € By
iff for each t € L the condition ¢ = s(R) implies | #| = | 5.
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2.6. Lemma. Let R be a sufficient set for (¥, L). Then, for each z € L, there exists
s € By such that s 5 z(R).

Proof. There exists se L such that s = z(R); e.g., s = z. We choose a string
s such that s = z(R) and | s | is minimal. Then s € By.

2.7. Definition. Let R be a sufficient set for (V, L).

(1) If s,re V*, s=((R), then we put [ (s, 1) IR = min {[ q ]; (p, @ER, s=>t
{(p, D).

(2) If 5, 1€ V* and (¢,)°-, is an s-derivation of 7 in R, then we put [|()7¢ ||z = 0
for p=0 and [|(t)7=0 ||x = max {|(#;_y, 1) |z; i=1, 2,...p}, otherwise. The
integer ||(1))-o || is called the norm of the s-derivation (1,7, of 7 in R.

(3) If 5, te V*, s = t(R), then we put ||(s, 1)||r = min {||(t)?=0 ||x; (2)P=0 is an
s-derivation of ¢ in R}. The integer ||(s, 1)||r is called the norm of the ordered pair
(s, 1).

(4) If te L, then we put || ¢||x = min {||(s, )||z; 5 € Bg, s = t(R)}. The integer
[| 7 ||k is called the norm of the element 7€ L in R.

2.8. Definition. Let R be a sufficient set for (V, L). We put Zx = {(», x) € R;
Jzel: | x| || z]ls}

2.9. Definition. Let R be a sufficient set for (V, L). Then (V, L) is called (1)
R-bounded if the sets ¥, By, Z are finite (2) R-hyperbounded if the sests V, By,
R are finite.

The following lemma is a corollary of theorem 3.11 of [2]:

2.10. Lemma. Let R < S be [strongly] sufficient sests for (¥, L). Each [strongly]
R-bounded language (¥, L) is [strongly] S-bounded.

2.11. Theorem. (1) The set E[ £] is [strongly] sufficient for each (¥, L). (2) Each
E-bounded language (¥, L) is E-bounded. (3) By = B, B = B. (4) There exists an
E-bounded language (V, L) which is not E-bounded.

Proof. (1) There exists the smallest ordinal number ¢ > 1 with the property

Y

E,= UE, by 1.14. There is E = E, and E, is a subrelation of the relation > in

(<o
(V, L), by 1.16 and 1.3. Thus E is a sufficient set for (V, L). By 1.17 we have E< E
and thus £ is a sufficient set for (¥, L), by 2.4. At the same time each pair (y, x)e £
has the property [ y | = 1. Thus £ is a strongly sufficient set for (¥, L).

(2) E € E, by 1.17. It follows that each E-bounded language (V, L) is E-bounded
by 2.10.

(3) If se B, then se V* and there exist no strings x, y € V* such that x < s and

(v, x)€E. Thus the condition ¢ = s(E) implies | ¢ | = | s| for each teL. It is
se Bg. Hence B< Bg. If se B, then seL and for each teL the condition
t % s(E) implies || = |s|. It follows tRat there exist no strings x, y € ¥* such

that x < s and (y, x) e E. Thus se L and s ¢ V*CV*. Hence se Band By < B. We
have proveed By = B. Similarly as above we can prove the second equality.
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(4) Let (V, L) be the language from example 1.19. Then V = {a}, L = {a";
n integer, n = 2}, E = {(d', a@°); r, s integers, 2 < r < s}, C = {a°; s integer,
s=3},B=1{a"}, E=C= ¢, B=L. Find the set Zz. Let m = 3 be an arbi-
trary integer. The longest a®-derivation of the string @™ in E is > = a® = ... =
= g™ Its length is m — 2 and this derivation is a derivation in the one-element subset
{(a*, a®)} S E. For each i = 2, 3,..., m — 1 there is | (a', a'*") | = 3 and thus
the integer 3 is the norm of the derivation a®> = @ = ... = a™. The other a?-deriva-
tions of the string a™ have the lengths p =1, 2, ..., m — 3. Let (¢,)’_, be one of
these derivations. Then there exist integers i, j, kK such that 0 < i< p, 2 <j <
<j+2<k, t;_, =a =d" =1, the condition t;_, = t,({(a®, a®)}) does not hold,
and the condition #;_, = 1,({(a*, a*** ")} holds. Thus | (t;_y, 1) | =2+ (k — j) =
> 4. Hence [|(@?, a™)||g = 3 = || a™||g- It follows Z; = {(a?, a®)}. We have proved
that the sets V, B. Z, are finite and thus, the language (¥, L) is E-bounded. But
the set B = L is not finite and thus the language (¥, L) is not E-bounded.

3. Finitely characterizable languages

3.1. Definition. Let (V, L) be a language, « an arbitrary ordinal number, C,[C,]
the set of all [strong] configurations of order « of (¥, L). We put P, = {x € C,; the
conditions x' € C,, x' <x imply x = x'} [P, = {xe C,; the conditions xe C,,
x'<ximply x = x'}]. An element of P, [P,] is called a [strong] simple configuration
of order a of (V, L).

3.2. Definition. Let (V, L) be a language. Weputv = {xe V*; Ju,ve V¥ uxve
€ L}. An element of v is called necessary.

3.3. Definition. Let (V, L) be a language. We put D, = E,n (v x P,) [D) =
= E;n (v x P)]. For xe V* we put x € P,[x € P,] iff there exists y € V'* such that
(», x) € D[(y, x) € D}]; we say that x is a [strong] simple configuration of order «
with a necessary resultant y of (V, L).

34. Definition. Let (V, L) be a language, olo] the smallest ordinal number
with the property E, = UE,[E,= U E]. Weput D*= UD)[D'=UD]

1<pg L<p 1<po 150

3.5. Lemma. D" ¢ E[D* < E7]for each language (V, L).
Proof. If g is the smallest ordinal number with the property £, = J E,, then D* =

1<ge
—UD =D.AnUD'SEnUE =E,=E..

tSe 1<e t<e

3.6. Definition. Let (V, L) be a language. We say that (¥, L) is [strongly] finitely
characterizable if (V, L) is [ D"] D*-hyperbounded.
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3.7. Remark. Clearly if (V, L) is a language, ¢ from 1.14 is a natural number
for (V, L), and each x € V is necessary, then (¥, L) is finitely characterizable (in our
sense) iff (¥, L) is finitely characterizable in the sense of Gladkij [1].

3.8. Lemma. There exists an E-bounded language (¥, L) which is not finitely
characterizable.

3.9. Remark. Novotny has proved that for ¥V = {a, b, c,d}, L, = {ba** ca®*"~*b;
n=0, 1,5 k=1,2..,2", L,=1{ba®"""*da®*b; n =0, 1,...; k=1,
2,..,2"" L = L, U L, the language (V, L) satisfies the conditions of lemma 3.8.
Put R = {(aca, a*c), (ada, da®), (bda, ba*c), (ach, da*b)}. He has proved that: (1)
R < E, thus R is a finite sufficient set for (V, L) (2) Bg < {xeL; [ X [ < 4}, thus By
is a finite set. Hence the language (V, L) is R-bounded (even R-hyperbounded) and
it is also E-bounded, by (1) and 2.10. Novotny has proved that the set D" is not finite
and thus the language (V, L) is not finitely characterizable at the same time. -

3.10. Theorem. If a language is finite characterizable then it is E-bounded.

Proof. If a language (V, L) is finitely characterizable, then (V, L) is D*-hyperbounded
and thus also D’-bounded. It follows that the language (¥, L) is E-bounded, by 3.5
and 2.10.

3.11. Remark. The converse implication to 3.10 is false by 3.8.

3.12. Corollary. If a language is strongly finitely characterizable then it is
E-bounded.

3.13. Problem. Does there exist an E-bounded language such that it is not strongly
finitely characterizable?
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Souhrn

ZOBECNEN[ KONFIGURACI VE SMYSLU GLADKEHO
JOSEF ZEDNIK
Tato prace se zabyva zobecnénim konfiguraci Gladkého [1], a to ve dvou smérech:

1. Pfipousti se, aby vysledek konfigurace mél jakoukoliv délku. 2. Pripousti se, aby
fadem konfigurace bylo jakékoliv ordinalni éislo. Konfigurace Gladkého jsou v nasich
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wvahach zahrnuty, pfedpokladé-li se, Ze délka vysledku je rovna 1, Ze se pfipusti
jen konfigurace koneéného fadu a Ze v daném jazyce neni nepotiebnych prvku.
RozliSujeme konfigurace od silnych konfiguraci, pfi nichZz ma vysledek délku rovnou
1. Dvojice skladajici se z vysledku a z konfigurace se povazuje za pravidlo. Jazyk se
nazyva (siln€) omezeny, existuje-li profi gramatika s pravidly, kterd se skladaji
z vysledkid a ze (silnych) konfiguraci. V praci se dokazuje, Ze kazdy silné omezeny
Jjazyk je omezeny. Pak se definuji prosté konfigurace jako takové, které neobsahuji
konfigurace téhoz fadu mezi svymi vlastnimi podfetézy. Jazyk se nazyva (silng)
konetn€ charakterizovatelny, jestlize jeho v&t bez (silnych) konfiguraci je jen kone¢ny
pocet. Ukazuje se, Ze (siln€) koneéné charakterizovatelny jazyk je (silnd) omezeny.

Pesiome
OBOBUEHUE KOHOUTYPAUUN FIITAJKOTCO

NOCHU® 3EJHUK

Hacrosiuias pabora 3anumaercs o6obiuennem koHpurypauwit nankoro [1]
HMCHHO B IBYX Hanpasjenusix: 1. Jomyckaercsi, 4ToObl pe3ybTaT KOHGHrYypaluu
HMen xo0yro anuny. 2. [JomyckaeTcst, 4TOObl paHroM KoHdurypauuu 6s110 mroboe
opawHaibHoe yncno. Koudurypauun ['aakoro BKrOYEHbI B HALIMX KCCIIEAOBAHUSX,
©cny Mbl IPeNoJaraeM 4To AJIMHA Pe3yibTaTOB POBHA 1, YTO Mbl JOMYCKAEM TOJILKO
KOH(Urypauuy KOHEYHOrO paHra M 4TO B AAHOM sI3bIKE HECYILECTBYET HEHYXXHBIX
IIIEMEHTOB. MbI OoT/In4aeM KOHQUIypaluu OT CHJIbHSLIX KOHPHUIypauui, y KOTOPBIX
AAWHA pe3ysbTaTa poBHa .

YnopsaoueHHast napa cocTalolias M3 pe3yibTraia ¥ KOHQUIypaluu CYMTAeTCs
npasrJoM. S13bIK Ha3biBaeTCs (CUJIbHO) OrpaHUYEHHbIN, KOTr1a CYLIECTBYET rpaMMa-
THKa, IPAaBUJa KOTOPOM COCTABJIEHBI U3 PE3YJILTATOB U H3 (CHIbHBIX) KOHDUTYpaLIUiA.
B pabore noka3bIBaeTCs, YTO KaXAblH CWIBHO OrPAHMYEHHBIH S3bIK SBJISETCS
orpanuyeHHbIM. [locne Toro onpenesnstoTcsi MpocThle KOHGUrypanuu, 3TO Takue,
KOTOPHIC HE3aBKJIIOYaOT KOH(GUIYypaLnii TOTo e CaMoro paHra B CBOMX COOCTBEHHbBIX
DpaBWAbLHbIX nmoadpasax.

SI3LIK Ha3bIBa€TCS (CHJIbHO) KOHEYHO XapaKTepPU3yeMbIM, €CJid OH 00J1a1aeT TOJIBKO
KOHECTHBIM YKCJI0M (pa3 6e3 (CHIbHbIX) KOH(DUTYPALIUiA 1 €CJIM OH HMEET TOXE TOJIBKO
KOHEJHOE Y1CJI0 NPOCTHIX KOHUTypauuit Bcex paHros. IToka3biBaeTcs, 4TO (CHJIBHO)
KORBETHO XapaKTEPHU3yeMbli A3bIK ABJIAETCA (CHIIBHO) OrpAHU4CHHBIM.
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