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I. The partition function of an ideal gas in a periodical potential field 

Let be done an ideal gas with a given volume influenced by a periodical 
potential field of a sine-wave. For reason of simplicity let us limit on calculating 
the //-phase space where the outer potential periodical field is given by means 
of the relation 

U(x) = U0 sin - ~ x 0 ^ x < a, (1,1) 

where a is the period of the potential field. In this case we may wrrite the 
Hamiltonian in the following form 

II =- ~ (p\ +pl + pi) + U(x). (1,2) 

The partition function z(ft), where ft = • rp- , will be given //-space 

z(ft) =- ffffff e 2m " e-W(z) (\Px dpy aPz dx dy dz. (1,3) 

The integral on the right side of the preceding relation consists of two triple 
integrals. These integrals regards to the impulses are Laplacian integrals. 

Denoting the integrals over dpr by means of the symbol Jx, it follows 
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The analogica l relations are valid also for integrals Ju and lz, so t h a t ^he 
first of the triple integrals in (1,3) has the following value 

after subs t i tu t ing in (1,3) it follows then 

z(ß) = 
2nm\ | 

~T 
l i j e x P ! —/? U0 sin x\ dx dy dz. 

(1.5) 

(l,6) 

Let us define now the value of a tr iple integral relation (1,7). W i t h respect 
t o t he fact t h a t the in tegrand is a function of coordinates only, we can write 

a ~j oo + oo 

K= I exp!—- ft U0sin — x\dx t dy I dz (1,7) 

0 -oo oo 

hylAz=y-z 

represents the surface P, so that" 

K = P I exp •!—BUn sin " - x\ dx . J \ a I (1,8) 

To evaluate this integral we can use the analysis of the function eTin a power 
series. Limit ing ourselves in such a series on the te rms of the th i rd — order, 
we get 

/ 
I Q1T • 271 \ 1 

exp ; - — p (J 0 s in x> dx — 

ßU0 sin — - x ß2Щ sin2 — x ßzU'l s i n 3 — x 

dx = 1 ~ 1! + ~2! ~ 3! 

|« . ftUQa 2n [" 0-C7§/ a . 4TT \|« 
= x + ' "_ cos •— a; I -f -•-—•• x -— sm x i — 

[o 2TT a [o 4 \ 4-JT a J\0 

P*Ul( a 2n } a 2n \j» 
— L_ y — cos -— a -f- -— cos3 — » I . (1,9) 

6 \ 2n a hn a /j„ 

The integral (1,9) m a y be wri t ten after modification in the following form 

$-{PUl + 4). 
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After substituting this value in (1,6) we obtain 

m = ( 2 7 ) ' p
r" <^f/§ + 4> - ( n F ) 1 T «"°s + 4> • (I<10> 

Such a partition function however doesn't give a clear idea about the 
influence a potential field on the properties of the system, while the integration 
over the whole period of a sine — field compensate the field effects in both half 
periods. 

From the more detailed evaluations it is going out that the partition function 
of a system is a function of the volume. In a fact making successively the inte­
gration of an expression (1,9) in the limit 0 -f- — -, 0 -f- —, 0 -f- —, and commonly 

0 -f- — — where n = 1, 2, 3, . . ., we obtain for a partition function z((3) the 

following expressions 

«<«. = (^pf (i - -±eo* + i fi^-l pa*) 
m. = i~f (1-«- 4 /»v + ye ?"*- TL "8H ft") 
<«* " Pr)' G —- ̂  + (24 - € ) w " i H 

In what follows let us limit on the positive half period (0 -f- n) as so as on 
the linear terms fiUQ in the expression (1,11). We can express then the partition 

function z((i) for the even parts of a half period 0 -f- n, that is 0 -f- -- , 0 -f- —-

a.s. o by means of a recurrent relation 

II. The thermodynamieal function of an ideal gas in a periodical potential field 

First let us define the mean value of the gas energy. We use for evaluation 
statistical relation 

e= — -Hp\nz(P). (11,1) 

Using the relation (1,12) we obtain successively 

In z(fi) = | In (2nm) + In V - \ In p + In ( 1 - ^ J - /3P0 | (11,2) 
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F = -jìnz(ß) 
L we obtain the expressioг 

F = -jìnz(ß) 
L 

F^—~-Ы(2лm i-j-ЫV + ^Ыß-

While in what follows it is valid p = —ӯг, t l 

will be given by means of the expression 

1 1 kT 
? ~ J T " T 

and then _ d 3 U0 / T T 

« ---g-lMO) ~ ^ - - g p , , ^ - ^ ) - AM) 
This relation is valid for (SUQ _̂ 2nn l_n7r. If the field is absent, this expression 
satisfies the equation for the ideal gas in a powerless field. 

For a free energj^ defined by mearis of the relation 

2n n2n-xn)-{ll>5) 

the state equation of a system 

pV = kT, (11,6) 

from this we see that the presence of a periodical potential field does not 
influence the partition function of the system while the expression (11,6) 
is the partition function of the ideal gas in a powerless field. 

The entropy of a system 8 may be given as follows 

S~-[^=k\lnz({i) + pe\. (11,7) 

Using the relation (11,2) and (11,4) we obtain 

__„[»_(toB-) + _F_4_P + _ ( ^ - ! ^ ) + 

+ !-W7-^WI (II-8) 

The heat capacity of a system has a special meaning while studying the 
thermodynamical properties of a system. We shall give it in our case with 
the aid of the relation 

C~k(l*-~tlnz(P). (11,9) 

Using the relation (11,2) respectively (11,4) we obtain 

81

 rln,(«: 3 U" 
Џi \r> 2/S2 (ßUQ— 2nnx-n7i)г 

c - ъp^ыw = -[ì-(/>.,_fîg,-»,).]- (IIД0) 

150 



From the expression (11,10) it follows that the field contributes to the heat 
kB2U2 

capacity by the value —p ^ rV" .T \* • Plotting away the field, we get again 

for the heat capacity the value — k, which corresponds to the ideal gas in 

a powerless field. 
Let us notice now the energy fluctuations in our system. The mean quadratic 

energy fluctuation will be given from the relation 

Aє* = ~~ïЫz(ß). (11,11) 

After evaluating we obtai 

Щ 
2/?2 (ßü0 — 2nnx~nл)2 (11,12). 

from what follows that under the action of the periodical field the energy 
fluctuations are falling and they correspond to the second power of an absolute 
temperature. 

Even in this case getting away the outer field we get for the mean energy 
fluctuation the expression for an ideal gas in a powerless field. It should be 
mentioned that we have made in ale ovaluations certain simplifications. 

Deducing the partition function z(ft) of a given sj^stem we have limited 
consciously on the first approximation. In this case all the deduced relations 
for the fundamental thermodynamical quantities are valid only in the range 
of this first approximation. 

The dependence of various thermodynamical quantities on the field will 
be in a fact evidently more complex. But with the respect to the expressions 
(1,11) where the influence of the field goes out as a series of expression with 
growing powers of the expression /i U0, the terms having higher powers /? U0 

will have the negligible value of the sufficiently high temperature and from . 
thus the influence of the field on the properties of an ideal gas may be neglected. 

In the part II we have deduced some relations for evaluating of the thermo­
dynamical quantities of the system. With regars to the recurrent partition 
function the properties of the system may be studies always in a certain region 
of a positive half period of a potential field which equals the even part of a half 
period. With respect to the fact that the outer fields has a periodical and 
complex potential course the thermodynamical properties of a system with 
in a period a will evidently change continuously. 

We have shown what influence (under given circumstances) has an outer 
periodically changing potential field of a sine course on the thermodynamical 
properties of a system. 

While the similar problems appear also by the processus in clystrons, it is 
possible to consider this work as a certain zero-approximation of a statistical 
solution of these processus. 

I would like to thank Dr. Vysin for valuable discussions concerning the 
X>roblems of this work. 
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S H R N U T I 

T E R M O D Y N A M I C K É V L A S T N O S T I I D E Á L N Í H O 
P L Y N U V P E R I O D I C K É M P O T E N C I Á L O V É M P O L I 

V L A D I M Í R J A N K Ů 

V předložené práci je ukázán výpočet statistické sumy ideálního plynu, 
který se nachází v periodickém potenciálovém poli sinusového průběhu. 
Pomocí statistické sumy jsou pak odvozeny vztahy pro výpočet nejdůleži­
tějších termodynamických veličin zkoumaného systému. 
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