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Singular integral characterization
of nonisotropic generalized BMO spaces

RAQUEL CRESCIMBENI

Abstract. We extend a result of Coifman and Dahlberg [Singular integral characteriza-
tions of nonisotropic HP spaces and the F. and M. Riesz theorem, Proc. Sympos. Pure
Math., Vol. 35, pp. 231-234; Amer. Math. Soc., Providence, 1979] on the characteriza-
tion of HP spaces by singular integrals of R™ with a nonisotropic metric. Then we apply
it to produce singular integral versions of generalized BMO spaces. More precisely, if T
is the family of dilations in R™ induced by a matrix with a nonnegative eigenvalue, then
there exist 2n singular integral operators homogeneous with respect to the dilations T’
that characterize BMO, under a natural condition on ¢.

Keywords: singular integral, nonisotropic generalized BMO

Classification: Primary 42B30; secondary 42B99

§1. Introduction

We consider in R” the translation invariant quasi-distances generated by the
nonisotropic dilations given by an n X n matrix A with some real eigenvalue.
Spaces of functions of bounded mean oscillation (BMO), maximal and atomic
Hardy spaces (HP) and Lipschitz spaces (BMO,) are all well defined function
spaces in this setting with Lebesgue measure. In the usual isotropic case, when A
is the identity matrix, a deep characterization of H! is given by the Riesz singular
integral transforms R;, j = 1,...,n. A function f in L' belongs to H' if and
only if R; f € L' for j =1,...,n. Even when the atomic and maximal theories of
HP spaces are completely developed in general settings ([MS2]), the existence of
enough singular integral operators in order to produce such a characterization in
abstract contexts is largely an unsolved problem. A first attempt in this direction
is the result by Coifman and Dahlberg [CD].

In this paper we extend the result of Coifman and Dahlberg to more general
dilations and we apply it to the characterization of generalized BMO and Lipschitz
spaces using our previous result in [C].

In Section 2 we introduce the spaces of homogeneous type and the function
spaces, and we state the main result obtained in this article: the characterization
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226 R. Crescimbeni

of BMO,, through singular integral operators. In Section 3 we present the Hardy
space and show that, in the general setting of spaces of homogeneous type, a
singular integral characterization of the maximal version of H! suffices to show
singular integral characterizations of BMO. In Section 4 we prove results that
allow us to obtain the nonisotropic version of the Fefferman-Stein Theorem. For
a given matrix A with some real eigenvalue, in Section 5 we prove the existence
of enough singular integrals in order to get the characterization of the maximal
Hardy space.

§2. Statement of the results

Given a set X, a nonnegative symmetric function d defined on X x X is called
a quasi-distance if d(x, y) = 0 if and only if x = y and the following generalization
of the triangle inequality holds for every =,y and z € X and some constant K,

d(z,2) < K (d(z,y) + d(y, 2)) .

A measure p defined on the o-algebra containing the d-balls, B(x,r) = {y :
d(x,y) < r}, is said to satisfy the doubling property if

0 < u(B(x,2r)) < Ap(B(z, 7)) < o0,

for some constant A, every x € X and every r > 0.

If 11 is a doubling measure we say, following [CW], that (X, d, u) is a space of
homogeneous type.

Hardy spaces, on spaces of homogeneous type, in their maximal and atomic
approaches have been studied by Macfas and Segovia in [MS2]. There, the basic
structure is that of normal spaces. We shall say that (X,d, u) is a normal space
if there exist four positive constants Ay, Ao, K1 and Ko such that

Avr < p(Bla.r) < Agr for Kyp({a}) < r < Kop(X),
B(z,r) =X if r> Kou(X),
B(z,r) = {«} if r< Kyu({z}).

It is clear that we may assume without loosing generality that K7 < 1 < K.
Moreover, in [MS1] it is proved that every quasi-distance d is equivalent to a
quasi-distance d’ of order §3, i.e., there exist two constants C' and 0 < 8 < 1 such
that

|d (z,y) — d' (y,2)] < Cr'Pd (z,2)P,

for every x,y,z and r such that d'(z,y) < r and d'(y, z) < r.
Let us now introduce the function spaces which concern us in this paper. Let
¢ : Rt — RT be a nondecreasing function satisfying the Ay Orlicz’s condition:
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©(2r) < Cp(r) for some positive constant C' and every r > 0 (see [KR]). Given
a real function f defined on a space of homogeneous type (X,d, 1) we shall say
that f satisfies the Lipschitz-¢ condition and we shall write f € A, if there exists
C' > 0 such that

[f(x) = f(y)] < Cp(d(z,y)) for every x,y € X.

The infimum of those constants C' is a semi-norm which added to the L°° norm
gives a Banach space structure on A,. When ¢(t) = 9 for 0 < f <1, Ay is
the class of Lipschitz-(§ functions, which under the hypothesis of regularity of the
measure 4, is dense in every LP for p < co. Sometimes we shall write A, (X, d)
instead of A, to emphasize the role of the distance.

Let f € LllOC7 ie. [ |fldu < oo for every ball B. We say that f is of p-bounded
mean oscillation and write f € BMO,, if there exists a constant C' such that the
inequality

ﬁ /B I fpldu < Co(r(B)),

holds for every ball B in X, where 7(B) is the radius of B and fg=pu(B)™! [ fdp.
If we identify two functions which differ by a constant, BMO, becomes a Banach
space with the norm

1
HfHBMov —S%PW/B |f — fBldu,

which is equivalent to supg inf,cp pu(B) " Lo(r(B)) ™ Jg |f —al dp. We shall use
the notation BMOy (X, d, 1) instead of BMO,, in order to recall the particular
structure of the underlying space of homogeneous type.

We denote by S the Schwartz class of functions and by &’ the respective dis-
tribution space. Throughout this paper C' will denote a positive constant, not
necessarily the same at each occurrence.

To each n x n diagonalizable matrix A and each A > 0, we associate the
nonisotropic dilations whose matrix is given by Ty = ¢1°8* where A > 0. Let
us also assume, following [G], that the eigenvalues of A have a real part large
enough in order to have a unique solution p = p(z) of ||T1 (z)|| = 1. The function

P

p(x —y) becomes a translation invariant distance on R™. Moreover when y is the
Lebesgue measure on R™ we have that (R™, p, 1) is a space of homogeneous type.
Given a p-ball B = B(x¢,r) in R™, we have that u(B) = Cr™ where 7 =Y 1" aj;
is the trace of A. The function d(z,y) = p” (z — y) is a quasi-distance of order
7~ on R™ and (R",d, ;1) becomes a normal space of homogeneous type.

A convolution operator R is said to be T\-homogeneous of degree m if R(f o
T\)(x) = X" T(RF)(Tye).

The main result of this article is given in the next statement.
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Theorem 2.1. Let A be an n X n matrix with some real eigenvalue. Let T)
be the nonisotropic family of dilations induced by A. Let ¢ be a nondecreasing
function satisfying Ao and the following growth condition

o0
p(t
rﬁ/r tl%dt < Co(r),

with 3 = 7~L. Then there exist 2n singular integral operators R;, i =1,...,2n,
T\-homogeneous of degree — such that

2n
BMOy(R",d, 1) C Ay + Y Rilg.
1=1

From Theorem II in [C], Theorem 2.1 will follow at once from the characteri-

zation of the BMO(R", d, 1) space as the next theorem states.

Theorem 2.2. Let A be an n X n matrix with some real eigenvalue. Let T be
the nonisotropic family of dilations induced by A. Then there exist 2n singular

integral operators R;, i =1,... ,2n, T\-homogeneous of degree —1 such that
2n
BMO(R",d,p1) = L™ + > R;L>.
=1

This theorem will be a direct consequence of the characterization of the non-
isotropic Hardy space H! in terms of 2n singular integral operators, that we will
present in the next section and prove in the rest of the paper.

83. Hardy and BMO spaces

Following Macias and Segovia [MS2] let us denote by E® the space of all
functions with bounded supports belonging to Ag, for every 0 < 3 < . We shall
say that a linear functional f on E¢ is a distribution on E¢ if it is continuous when
E“ is endowed with the inductive limit topology of the Az with compact support.
For a space of homogeneous type (X,d, ), v a number such that 0 < v < «,
and 2 in X, we introduce a class D~ (z) which will allow us to define maximal
functions of distributions on E%. We shall say that a function v belonging to
E% is in D~(x) if there exists r such that r > Kju({z}), the support of 9 is
contained in B(z,7), 7|t|loc < 1 and r1T7||¢[|y < 1, where |¢||y, = inf C' such
that |¢(x) — ¢¥(y)| < Cd(z,y)7. Let f be a distribution on E* and 0 < v < a.
We define the y-maximal functions f3(z) of f as

fy(@) = sup{[(f,¥)] : b € Dy(2)}.
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In [MS2] Macias and Segovia give the atomic decomposition of the maximal Hardy
space HP: let f be a distribution on E“ such that for some v, 0 < v < a,
and some p, (1 +7)_1 < p < 1, its y-maximal function fJ(r) belongs to LP.
Then there exists a sequence of p-atoms, {an(z)}, and a numerical sequence,
{An}, such that f = > Apan strongly in the dual space of E%. They actually
prove that the atomic and maximal HP spaces are equivalent. Once we have
the atomic decomposition we can prove the duality between the spaces H! and
BMO in the context of spaces of homogeneous type. This last result allows us to
extend the argument in [FS] in order to prove that if for a space of homogeneous
type (X,d, ) we have that there exist R;, ¢ = 1,... ,m singular integral anti-
hermitian operators such that H'(X,d,u) = {f € L}(X) : Rif € L}(X),i =
1,...,m} then BMO(X,d,pu) = L™ + Y7 R;L>°. Here the expression anti-
hermitian means that [(R;f)e = — [ f(Rip) for f € Hy and ¢ € L. Of course
L*>® 43" R;L>® C BMO, since R; i = 1,... ,m are standard singular integral
operators. In order to prove the opposite inclusion let B be the Banach space
which consists of the direct sum of m + 1 copies of L!(X) with the following
norm [[(fo, f1,- -, fm)ll = 3°j=o lfjll1. Let S be the subspace of B with f; =
R;(fo), j = 1,...,m. S is a closed subspace of B and the mapping fo —
(fo,R1f,... ,Rnfo) is a Banach space isometry of H! to S. Then any continuous
linear functional on H! can be identified with a corresponding functional defined
on S, and hence by the Hahn-Banach theorem, it extends to a continuous linear
functional on B. Now B = L' @ L' ... @ L! and thus the dual of B is equivalent
to L @ L™ ... ® L>®. Restricting our attention to S (and hence H') we get
the following conclusion. Any g € BMO(X,d, ) defines a linear and continuous
functional on H! by I(f) = fX gf du. Then there exists g, ¢1,...,om € L,
such that

l(f):Z/ fivjdr, where f = fo, and f; =R;(f), j=1,...,m.
j=0"X

Now the anti-hermitian character of the singular integral operators gives us the
desired result since

l(f):/ng:/Xf wo—jz::le(wj) dz,

for every f € H'. Thus Theorem 2.2 and hence Theorem 2.1 will be a consequence
of the next result.

Theorem 3.1. Let A be an n x n matrix with some real eigenvalue. Let T be
the nonisotropic family of dilations induced by A. Then there exist 2n singular
integral operators R;, i = 1,...2n, T\-homogeneous of degree —7 such that a
function f belongs to the maximal version of the Hardy space H' (R™,d, ) if and
only if R;f € L' for everyi=1,...,2n.
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§4. A characterization of H!

In this section we consider A = (a;;), an n x n matrix in Jordan canonical form
with a1 = 1. Let 7 be the trace of A and p the nonisotropic metric associated
to A.

Let S~ ! be the unit sphere in R”. For S € S" ! we consider the subset
I ={T\¢/EcSc S A>0)of R% Let ¢ be a function belonging to the
Schwartz class S(R) such that, p(x) =1 for |z| < % and p(z) =0if |z| > 1. Tt is
easy to see, for ¢, (z) = pe(ux), that @, (t) = cﬁ(ﬁ)

Let ¢ be a C® function defined on S™ ! such that ¢ = 1 on S ¢ S"~1
and ¢ = 0 outside a given open neighborhood of S. Let us now consider the
function © Ty-homogeneous of degree zero such that ©|gn—1 = (. In other words
@(f) = C(T%f) with £ € R™ — {0}

P
For each A > 0 let us define a function ¢) such that

Notice that the right hand side of the above expression belongs to L (R™), since it
is bounded and supported on a bounded set. Now we obtain the following result.

Lemma 4.1. Let f € S'(R™) be such that suppfc I'. Then for any A > 0 and
Fy (&) = éx = f(§) we have F)\(§) = (py o p)f. Moreover if u is a positive number
with 2u < X\ then Fj, = ¢, * F).

PrOOF: The first statement follows using the fact that © =1 on I' and fE 0 out
of I'. For the other statement it is enough to see that if £ is such that F},(£) is not
zero then &;(5) =1, in fact let £ € T (this implies f(£) # 0) be such that % <1
(this implies that (?5;(5) # 0); then we have that ©(¢) = 1 and, for our choice of
i, we have that @ < %ﬁ) < % hence @(@) =1 and the result follows. O

In this form F), is a convolution operator with kernel K, (&) = (0 p)" (€)
belonging to S(R™).

Associated with the metric p and the dilations T, A > 0 one can define,
following [G], in a natural way a system of polar coordinates through the following
mapping z € R” — {0} + (2/, p(z)) € S"1 x (0,00) where 2/ =T 1 x. It is not

p(x)
difficult to see that the integral in R™ can be expressed in this system of polar
coordinates in the following way

o
faydo= [ [ ) A ) el
R™ p=0Jz'eSn—1
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Here dx’ means the ordinary Lebesgue measure on the unit sphere. For simplicity
we use the notation [(Az’,2’)|dz’ = do(2'). This change of variable and the fact
that Ts¢(x) = TsoT(x) allow us to prove, in an easy way, that K,(§) = u" K (T};€),
where T* is the adjoint operator and K (£) = ($ o p)Y ().

For 4/ € S~ 1, u > 0 and r > 0 we denote
IC%/ (r) = K“(Try,)TT_l = TT_luTK o T; (Try)

and
/

Y (r) = rT_lK(T;T% Ty =r""1Ko T;)(Tﬁ Y,
therefore Kﬂl (r) = u\I’ﬂl (ur).
For A > 0,y € "1 and & € R"! we consider the real function

FY%2(r) = B\ ((Toy)1, &),

where (T,y')1 denotes the first coordinate of Ty’ and F) is defined in the same
way that the Lemma 4.1 with f € S'(R"™) such that supp f C I'. For these
functions we obtain the following result.

Lemma 4.2. (i) The function F)Z\/’52 (r) has an analytic extension to the upper

half plane, i.e. F)Z\/’f2 (2) is analytic in Im z > 0.
(ii) Let s,r,so be such that |sg — r| > 2|sg — s|. Then there exists a positive
constant € such that for C = C(u, T) we have

0 (s = 1) = W (o0 = )] £ €=

PROOF: For the first statement, we observe that @fis a smooth function with
compact support in I' N {p(§) < A}; hence from Paley-Wiener theory we have
that F\(€) is an analytic function in all variables. Therefore we must prove that

Ff\’/’& (2) = F\((T»y')1,&2) is an analytic function in Imz > 0. For each A > 0,

y € 8" ! and & e R™!, using that @f is smooth enough, we can see that
!

F )Z\’ €2 (2) is a continuous function. Let v be a triangular path in RT‘l and such

that the first eigenvalue of A is one. We have that (7%y'); = zy}; this one and
the fact that the exponential is a analytic function allow us to obtain that

/ FY () dz = / / T8 G5 () Flu) du dz
)

/m )f(w) / elleyutéans) g, gy = o,
Y
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therefore F R2 (2) is an analytic function.
In order to prove (ii), it is enough to see that there exists a positive constant
e such that

SE

(1+r)"te’

for 2s < r and C = C(p, 7). If we denote by 7 the function in S(R") given by
n=KoT] then

[OY (u(r — 5)) — WY, (ur)] < C

OY (ur = 5)) = Y ()| = | (ur = ) 0(Tr—st)) = ()™ (Trt))]
<im0 = ) n(Tr—sy) — n(Ty)]
+ i (@) — )T =
= YD) + (11)].

We analyze each term separately. As n € S for every k € N there exists a

constant C' such that |n(Ty')| < m The fact that || Try| > ||y||r, taken
rY

k = [T + n], where [z] denote the integer part function, gives us

rT2g

(1+7)*

(II)<C

<C
For (I) we observe that

n(Trs) = 0T = 5 |- (T Mo

for rg such that r —s < rg < r, therefore 5 < ro < r. Using again the fact

that 7 is a function in the Schwartz class we have that for every k € N there

: on NN < c -
exists a constant C' such that 7L (Try')| < T for each i = 1,... ,n,
and therefore |Vn(Try')| < % This estimate, the fact that T} is a
(I+1Try' 1)

nondecreasing function of r and the equivalence between rg and r allow us to
obtain that

50T Do) < HWW’)H%HAH 1080

1
< HW(Tmy')IIEHAH 17|

_ClAl T 1
- r (1+r)k '
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Finally, choosing k = [T + n + || A||], we obtain that
1

I < Cr™ 25| A|| 1T || ———
(1) < 1Al rl\(1+r)k

< oy Al
1+ T)
P72+ Al
s k
1+7)
5
(1 + T,)?’L-f‘]. ’

and the result follows. O

Lemma 4.3 (Fefferman-Stein, nonisotropic version) [FS]. If & € R*™L o €
S7=1 and X\ and p are real numbers then

! / !
1KY« FY %2 1 < e, y)IFY 22 |,

PRrROOF: From the duality between H; and BMO in spaces of homogeneous type,
o . . / ! /

it is enough to prove, for 7q € L*(R"), that the function (b% €2 IC;L% x g¥ ’iz
belongs to BMO, where ¢¥"%2(r) = g((Ty/)1,&2). Let I = Ij, = [S(l) — 5,50 + 3]
and let Iy, be an concentric interval with length 2h. Decompose ¢g¥ §2 — gt + ¢2,
with g1 = gy/’§2 XI;,- This decomposition induces two functions ¢; and ¢2 where

b; = g * IC,% , ©=1,2. We will prove that each one belongs to BMO, in fact

J1onias < [ joro)las

< /[R /[R () N K (TETo g (s — )| dr ds

= [ty @mn ) ( [ lots = nlds) ar

< 119Y 2 ool T /[R ()™ K (T Ty dir

If we denote G(u,y') = [ pu(pur)™™ 1|K(T*Try )| dr, this function is finite for

almost every 3y € S~ 1, in fact, using again the change of variable y = T,y and
observing that the kernel K € Ll(R”) we have

/S 1/ plpr)™™ 1|KT*Try|d7’da( "= /]R p" K (T,x)| dx
= C(WlIK|1-
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Therefore we have
1 /
7 [ 10106)1ds < cllg” € oGl

For the other function we consider

ar= [ Ko =gy = [ nw(uso - )P
I3 I3n
Taking s € I;, and using Lemma 4.2 we obtain that
(a(s) =l < [ a0 (s =) = B (uso =)
2h

< ullg? 2o (W (s — 7)) = W (u(so — 7))l dr
|[so—r|>2h

/ |so — s/
< Cullg? | / dr
™ Jiso—ri>2n (1 +|s0 —r)"Fe

/
1
< Culg lclso sl [
> |so—r|>2h |50 — |

hE
€(2h)€

/
< Cullg” 2] o

= Clg""* oo-
Then we have

1 ,
m/lws)—an < C)g" & .

This statement together with that one obtained for ¢; give us

1 , ,
1] /1 652 — ay] < Cllg¥ * oo (1 + Gl,1))),

and the proof follows. O

Now, let us consider an appropriate change of variable, which together with
the last result allow us to arrive at the principal result of this section.

For i/ € 8"~ 7 € R and = = (x1,22) € R" with 21 € R and 23 € R" 1, let,
as before, (T,y)1 be the first coordinate of T,y and (T3y)2 the others. Consider
the following change of variables,

{ 21 = (Te,—y' 1 + (L'
xg =& + (Try )2
Using the fact that (Thy)1 = \y1, we obtain

=Ty = ((Tey—ry )1, &2) = (€1 — 7)11, &2)-

The determinant of the jacobian matrix of this change of variable is .
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Theorem 4.4. Let A be an n x n matrix with some real eigenvalue. Let f be a

distribution in §'(R™) such that supp f C T. Then there exists a constant C such
that

[ sup [¢x * fll[Lr < C lim gy * fl| 1.
A>0 A—00

PROOF: For a fixed number N, we consider A such that A > 2N (this implies that
2p < Afor all p < N). Then from Lemma 4.1 and 4.2 and using the previous two
changes of variables we have

/ sup |Fﬂ(x)|d:c:/ sup Ky * Fy\(x)| dx
R u<N R u<N

= [ sw my)FA(x—y)dy\ dz
R™ u<N |JR"

S/ / sup

n JSen—1 HSN

Lo s | [ R e ar
Sn—1 JgpeRn—1 J&eR p<N |JR

:/S 1 |yi|/§ €Rn-1 /5 €R SE%'/K%‘,(T)FE\/ L2 (e = 1) dr
n- 2€R™™ 1€R pus

/ /
= [ WL s K B dep ot
n— 26 n— /”’7

do(y') dx

/ KM(Try/)FA(x — Try/)vj_1 dr
R

dé1 déo do(y')

dé1 déa do(y')

Therefore, using Lemma 4.3, we obtain
| sup KY + FY 421 < C(L+ Gy DIFY |l m,
u<N
= C(1+ Gl y)) sup / Y€ (2 4 iy)| da
y>0JR
<O+ Cuy) / FY € (2) de,
R
and then
| s Rl <o [l [ 0 Gl DIEY S da doty)
Rn HSN Sn—1 EQER”71

o [ sy [kl [ 1T ) e de do)

=[Gy [ 1R de o).
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In the proof of Lemma 4.3, we have obtained that [g,_1(14+G (g, y')) < oo, hence
Jrn supu<n [Fu(@)|dz < O [pn [Fx(x)| dz, for A > 2N and then

[ sup [Fu)lde < C tim flox 1.
R™ pu<N A—00

Taking the limit as IV goes to infinity we obtain the desired inequality. O

§5. Proof of Theorem 3.1

Let us first reduce the problem to a matrix in a Jordan form.

Lemma 5.1. Let A be an n x n matrix and J = PAP~1 its Jordan canonical
matrix. If we denote by BMO j and BMO 4 the BMO related to the metrics p
and p4, and by Tf and Tj\] the nonisotropic dilations associated to the matrix A
and J, respectively, then

(i) f € BMOy if and only if fo P € BMOy;

(ii) iffor f € BMOy there exist m singular integral operators R;, i =1,... ,m
Tj\] -homogeneous of degree —7 and functions g;, i = 1,... ,m belonging
to L™ such that f = > | R;g; then f o P have a similar decomposition.

ProoOF: Let B4 and Bj be the balls for the metrics associated to A and J
respectively. We observe that PB4 = {Pz/pa(z) < 7} = {u/pa(P~u) < 7},

with r the B4 ratios. For € R™ we consider the norm |||z||| = ||Pz||, and for a
matrix A we take the metric 54 such that |74, z[| = 1. Then
pA(@)

1= I74 . Pl

AP~ 1u)
= pe AT Py
= ¢S Ty
— 177,
pa(P~1Iw)

By uniqueness we have that pju = p A(P_lu). The equivalence between the
norms in R™ implies an equivalence between the metrics g4 and p4 and then we
have that PBy is equivalent to {u/ga(P~u) < r} = {u/ps(u) < r} = By, and
therefore the families PB4 and B are equivalent. Using the change of variable
Pz = y we obtain (i). For the other statement, let f be a function in BMO ; such
that f = Y"1, Rig; with R; singular integral operators and g; € L°°. Then we
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have that f o P(z) = ), R;9;(Px). Each term in the sum satisfies that
Ry(Pz) = / k(Pz —y)g(y) dy

dz

Ri(),

with R the singular integral operator with kernel ko P and § = go P. It is clear
that go P € L™ if g € L°°. Now we analyze the homogeneity of k.

k(T () = k(PT'z) = k(TY Px)
= A"k o P(z)

= N"k(z),

and the result follows. O

PrROOF OF THEOREM 3.1: The proof follows the lines of that one by Coifman
and Dahlberg [CD]. We can find a C™ partition of unity on S" 1, consisting of
2n functions w;(£) having the following properties

eiESOpwiC{§ES"_1,§i>O} for i=1,...,n,
—eiESOpwn_,_jC{ﬁES"_1,§i<O} for i=n+j j=1,...,m

here e; denotes the standard orthonormal basis of R™. If we now extend w; by
homogeneity, i.e. w;(§) = w;(T 1 &), we can define the operator
p(8)

\

Rif = (wi(©)F(€))"

By construction, w;(€)f(€) is supported in a region of the type I' considered in
Theorem 4.4, hence

HSI;\P|¢,\ *Rif| 1 < CAli_)HéOH% *Rifllr < IR fll1-

Therefore, we obtain one part of the equivalence using the fact that f =Y, R, f.
The other part follows using a more general result on singular integral operator
in spaces of homogeneous type, as a consequence of the result in [MS2]. O
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