
Commentationes Mathematicae Universitatis Carolinae

Albo Carlos Cavalheiro
Regularity of weak solutions to certain degenerate elliptic equations

Commentationes Mathematicae Universitatis Carolinae, Vol. 47 (2006), No. 4, 681--693

Persistent URL: http://dml.cz/dmlcz/119628

Terms of use:
© Charles University in Prague, Faculty of Mathematics and Physics, 2006

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/119628
http://project.dml.cz


Comment.Math.Univ.Carolin. 47,4 (2006)681–693 681

Regularity of weak solutions

to certain degenerate elliptic equations

Albo Carlos Cavalheiro

Abstract. In this article we establish the existence of higher order weak derivatives of
weak solutions of Dirichlet problem for a class of degenerate elliptic equations.
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1. Introduction

In this paper we study the existence of higher order weak derivatives (see

Theorem 3.8) of weak solutions of degenerate elliptic equations Lu = g − div ~f ,
where L is an elliptic operator

(1.1) Lu = −

n∑

i,j=1

Dj(aij(x)Diu)(x)−

n∑

i=1

bi(x)Diu(x)

whose coefficients aij and bi are measurable, real-valued functions, and whose
coefficient matrix A = (aij) is symmetric and satisfies the degenerate ellipticity
condition

(1.2) λω(x)|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj ≤ Λω(x)|ξ|
2

for all ξ ∈ R
n and almost all x ∈ Ω⊂R

n on a bounded open set Ω, ω is a weight
function, λ and Λ are positive constants.

2. Definitions and basic results

By a weight we shall mean a locally integrable function ω on R
n such that

0 < ω(x) < ∞ for a.e. x ∈ R
n. Every weight ω gives rise to a measure on the

measurable subsets of Rn through integration. This measure will also be denoted
by ω. Thus ω(E) =

∫
E ω dx for measurable sets E⊂R

n.

The author was partially supported by CNPq Grant 476040/2004-03.
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Definition 2.1. Let Ω⊂R
n be open and let ω be a weight. For 1 < p < ∞, we

define Lp(Ω, ω), the Banach space of all measurable functions f defined on Ω for
which

‖f‖Lp(Ω,ω) =

(∫

Ω
|f(x)|pω(x) dx

)1/p
<∞.

Definition 2.2. Let 1 ≤ p < ∞. A weight ω belongs to the Muckenhoupt class
Ap if there is a constant C = Cp,ω such that

(
1

|B|

∫

B
ω dx

)(
1

|B|

∫

B
ω−1/(p−1) dx

)p−1
≤ C (if 1 < p <∞)

(
1

|B|

∫

B
ω dx

)(
ess sup

B

1

ω

)
≤ C (if p = 1),

for every ball B⊂R
n, where |B| is the n-dimensional Lebesgue measure of B. The

infimum over all constants C is called “ Ap-constant of ω”.

Example 2.3. The function ω(x) = |x|α, x ∈ R
n, is a weight Ap if and only if

−n < α < n(p− 1) (see [6, Chapter 15]).

Remark 2.4. If ω ∈ Ap, 1 ≤ p < ∞, then since ω−1/(p−1) is locally integrable

when p > 1, and 1/ω is locally bounded, when p = 1, we have Lp(Ω, ω)⊂L1loc(Ω)
for every open set Ω. If Ω is bounded, one obtains in the same way that Lp(Ω, ω) ⊂
L1(Ω). It thus makes sense to talk about weak derivatives of functions in Lp(Ω, ω).

�

Definition 2.5. Let Ω⊂R
n be a bounded open set, 1 ≤ p < ∞ and k be a

nonnegative integer. Suppose that the weight ω ∈ Ap. We define the weighted

Sobolev space W k,p(Ω, ω) as the set of functions u ∈ Lp(Ω, ω) with weak deriva-

tives Dαu ∈ Lp(Ω, ω) for |α| ≤ k. The norm of u in W k,p(Ω, ω) is given by

‖u‖W k,p(Ω,ω) =

( ∑

0≤|α|≤k

∫

Ω
|Dαu|pω dx

)1/p
.

We also define W
k,p
0 (Ω, ω) as the closure of C

∞
0 (Ω) in W

k,p(Ω, ω).

If Ω ⊂ R
n is open, k ≥ 1, 1 ≤ p < ∞ and ω ∈ Ap then C

∞(Ω) is dense

in W k,p(Ω, ω) (see Corollary 2.1.6 in [8]). The spaces W k,p(Ω, ω) are Banach
spaces.

In this paper we use frequently the following two theorems.
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Theorem 2.6 (Muckenhoupt Theorem). Let ω be a weight in R
n and

[M(f)](x) = sup
Q∋x

1

|Q|

∫

Q
|f(y)| dy

be the Hardy-Littlewood maximal function. Then for p > 1, M : Lp(Rn, ω) −→
Lp(Rn, ω) is continuous (that is, ‖Mf‖Lp(Rn,ω) ≤ CM‖f‖Lp(Rn,ω)) if and only if

ω ∈ Ap. The constant CM is called Muckenhoupt constant and CM depends only
on n, p and the Ap-constant of ω.

Proof: See [7] or [4, Corollary 4.3]. �

Theorem 2.7 (Weighted Sobolev inequality). Let Ω be a bounded open set in
R
n, 1 < p < ∞ and ω ∈ Ap. Then there exist constants CΩ and δ positive such
that for all ϕ ∈ C∞

0 (Ω) and k satisfying 1 ≤ k ≤ n
n−1 + δ,

‖ϕ‖Lkp(Ω,ω) ≤ CΩ‖|▽ϕ|‖Lp(Ω,ω)

where CΩ may be taken to depend only on n, the Ap constant of ω, p and the
diameter of Ω.

Proof: See Theorem 1.3 of [2]. �

Definition 2.8. We say that u ∈ W 1,2(Ω, ω) is a weak solution of the equation

Lu = g −

n∑

i=1

Difi, with
g

ω
,
fi
ω

∈ L2(Ω, ω)

if

B(u, ϕ) =

n∑

i=1

∫

Ω
fiDiϕ+

∫

Ω
gϕ dx, ∀ϕ ∈ W

1,2
0 (Ω, ω)

where

B(u, ϕ) =

∫

Ω

[ n∑

i,j=1

aijDiuDjϕ−

n∑

i=1

biϕDiu

]
dx.

Theorem 2.9. Let L be the operator (1.1) satisfying (1.2) and |bi(x)| ≤ C1ω(x)
in Ω. Assume that ψ ∈ W 1,2(Ω, ω), g/ω ∈ L2(Ω, ω), fi/ω ∈ L2(Ω, ω) and ω ∈ A2.
Then the Dirichlet problem

Lu = g −

n∑

i=1

Difi

u− ψ ∈W
1,2
0 (Ω, ω)

has a unique solution u ∈W 1,2(Ω, ω) and

‖u‖W 1,2(Ω,ω) ≤ C
(
‖g/ω‖L2(Ω,ω) + ‖fj/ω‖L2(Ω,ω) + ‖ψ‖W 1,2(Ω,ω)

)
.

Proof: It is consequence of the Lax-Milgram Theorem and the proof follows the
lines of Theorem 2.2. of [2]. �
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3. Differentiability of weak solutions

In this section we prove that weak solutions u ∈ W 1,2(Ω, ω) of the equa-
tion Lu = g are twice weakly differentiable and Diju ∈ L2(Ω′, ω) (that is,

u ∈W 2,2(Ω′, ω), ∀Ω′⊂⊂Ω).

Definition 3.1. Let u be a function on a bounded open set Ω⊂R
n and denote by

ei the unit coordinate vector in the xi direction. We define the difference quotient
of u at x in the direction ei by

(3.1) ∆hku(x) =
u(x+ hek)− u(x)

h
, (0 < |h| < dist(x, ∂Ω)).

Lemma 3.2. Let Ω′⊂⊂Ω and 0 < |h| < dist(Ω′, ∂Ω). If u, v ∈ L2loc(Ω, ω),

supp(v)⊂Ω′ and g is a measurable function with |g(x)| ≤ Cω(x), then

(a) ∆hk(uv)(x) = u(x+ hek)∆
h
kv(x) + v(x)∆

h
ku(x), with 1 ≤ k ≤ n;

(b)
∫
Ω g(x)u(x)∆

−h
k v(x) dx = −

∫
Ω v(x)∆

h
k (gu)(x) dx;

(c) ∆hk(Djv)(x) = Dj(∆
h
kv)(x).

Proof: The proof of this lemma follows trivially from Definition 3.1. �

Definition 3.3. Let ω be a weight in R
n. We say that ω is uniformly Ap in each

coordinate if

(a) ω ∈ Ap(R
n);

(b) ωi(t) = ω(x1, . . . , xi−1, t, xi+1, . . . , xn) is in Ap(R), for x1, . . . , xi−1, xi+1,
. . . , xn a.e., 1 ≤ i ≤ n, with Ap constant of ωi bounded independently of
x1, . . . , xi−1, xi+1, . . . , xn.

Example 3.4. Let ω(x, y) = ω1(x)ω2(y), with ω1(x) = |x|1/2 and ω2(y) = |y|1/2.
We have that ω is uniformly A2 in each coordinate.

Lemma 3.5. Let u ∈ W 1,p(Ω, ω), p > 1, and let ω be a weight uniformly Ap in
each coordinate. Then for any Ω′⊂⊂Ω and 0 < |h| < dist(Ω′, ∂Ω), we have

(3.2) ‖∆hku‖Lp(Ω′,ω) ≤ C‖Dku‖Lp(Ω,ω)

where C = 2CM , and CM is the Muckenhoupt constant.

Proof: Case 1. Let us suppose initially that u ∈ C∞(Ω). We have,

∆hku(x) =
u(x+ hek)− u(x)

h
=
1

h

∫ h

0
Dk(x + ζek) dζ

=
1

h

∫ h

0
Dku(x1, . . . , xk−1, xk + ζ, xk+1, . . . , xn) dζ.
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For 1 ≤ k ≤ n, we define the functions

Gk(x) =

{
Dku(x), if x ∈ Ω

0, if x /∈ Ω.

We have for x ∈ Ω′⊂⊂Ω and h satisfying 0 < |h| < dist(Ω′, ∂Ω),

|∆hku(x)| ≤
1

|h|

∣∣∣∣
∫ h

0
|Dku(x1, . . . , xk−1, xk + ζ, xk+1, . . . , xn)| dζ

∣∣∣∣

=
1

|h|

∣∣∣∣
∫ xk+h

xk

|Dku(x1, . . . , xk−1, t, xk+1, . . . , xn)| dt

∣∣∣∣

=
1

|h|

∣∣∣∣
∫ xk+h

xk

|Gk(x1, . . . , xk−1, t, xk+1, . . . , xn)| dt

∣∣∣∣

≤
1

|h|

∣∣∣∣
∫ xk+h

xk−h
|Gk(x1, . . . , xk−1, t, xk+1, . . . , xn)| dt

∣∣∣∣

≤ sup
h 6=0

1

|h|

∣∣∣∣
∫ xk+h

xk−h
|Gk(x1, . . . xk−1, t, xk+1, . . . , xn)| dt

∣∣∣∣

≤ 2M(G
x1,...,xk−1,xk+1,..,xn

k )(xk),

where G
x1,...,xk−1,xk+1,...,xn

k (xk) = Gk(x1, . . . ,xk, . . . , xn). Consequently, using

the notation d̂xk = dx1 . . . dxk−1dxk+1 . . . dxn (where the hat indicates the term
that must be omitted in the product) and by Theorem 2.6, we obtain
∫

Ω′

|∆hku(x)|
pω(x) dx

≤ 2p
∫

Ω′

[M(G
x1,...,xk−1xk+1,...,xn

k )]p(xk)ω(x1, . . . , xk, . . . , xn) dx

≤ 2p
∫

Rn

[M(G
x1,...,xk−1,xk+1,...,xn

k )]p(xk)ω(x1, . . . , xk, . . . , xn) dx1 . . . dxk . . . dxn

= 2p
∫

Rn−1

( ∫

R

[M(G
x1,...,xk−1xk+1,...,xn

k )]p(xk)ω(x1, . . . ,xk, . . . xn)dxk

)
d̂xk

≤ 2p
∫

Rn−1

(
CpM

∫

R

|G
x1,...,xk−1,xk+1,...,xn

k (xk)|
pω(x1, . . . ,xk, . . . , xn) dxk

)
d̂xk

= 2pCpM

∫

Rn

|Gk(x)|
pω(x) dx

= 2pCpM

∫

Ω
|Dku(x)|

pω(x) dx,

where CM is independent of x1, . . . , xk−1, xk+1, . . . , xn because ω is uniformly Ap
in each coordinate. Therefore

‖∆hku‖Lp(Ω′,ω) ≤ C‖Dku‖Lp(Ω,ω), where C = 2CM .
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Case 2. If u ∈ W 1,p(Ω, ω) then there exists a sequence {um}, um ∈ C∞(Ω),
Cauchy sequence in the norm ‖.‖W 1,p(Ω,ω). By Definition 2.5, we have that

um −→ u and Dkum −→ Dku in Lp(Ω, ω).

Consequently, since ω ∈ Ap, there exists a subsequence {umj} such that umj−→u

a.e. This implies, for 0 < |h| < dist(Ω′, ∂Ω), that

∆hkumj −→ ∆hku a.e.

We have that {∆hkumj} is a Cauchy sequence in L
p(Ω′, ω), for any Ω′⊂⊂Ω. In

fact, using the first case, we have

‖∆hkumr −∆hkums‖Lp(Ω′,ω) = ‖∆hk(umr − ums)‖Lp(Ω′,ω)

≤ C‖Dk(umr − ums)‖Lp(Ω,ω)

= C‖Dkumr −Dkums‖Lp(Ω,ω)

−→ 0, as mr,ms −→ ∞.

Therefore, there exists g ∈ Lp(Ω′, ω) such that ∆hkumj−→g in Lp(Ω′, ω). Con-

sequently, there exists a subsequence ∆hkumjr
−→g a.e. We can conclude that

∆hku = g a.e. Hence

∆hkumj −→ ∆hku in Lp(Ω′, ω).

This implies that

‖∆hku‖Lp(Ω′,ω) = lim
mj→∞

‖∆hkumj‖Lp(Ω′,ω)

≤ C lim
mj→∞

‖Dkumj‖Lp(Ω,ω)

= C‖Dku‖Lp(Ω,ω),

that is, ‖∆hku‖Lp(Ω′,ω) ≤ C‖Dku‖Lp(Ω,ω). �

Lemma 3.6. Let u ∈ Lp(Ω, ω), 1 < p < ∞, ω ∈ Ap and suppose there exists a
constant C such that

(3.3) ‖∆hku‖Lp(Ω′,ω) ≤ C, k = 1, 2, . . . , n

for any Ω′⊂⊂Ω and 0 < |h| < dist(Ω′, ∂Ω) (with C independent of h). Then there
exists v ∈ Lp(Ω, ω) such that Dku = v in the weak sense, that is, u ∈ W 1,p(Ω, ω)
and ‖Dku‖Lp(Ω,ω) ≤ C.

Proof: The proof of this lemma follows the lines of Lemma 7.24 in [5]. �
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Remark 3.7. We use the notation

Dk(Ω, ω) =

{
g ∈ W k(Ω) :

Dαg

ω
∈ L2(Ω, ω), 0 ≤ |α| ≤ k

}
, for k = 0, 1, 2 . . . ,

whereW k(Ω) denotes the linear space of k times weakly derivative functions. For
k = 0, we have g ∈ D0(Ω, ω) if g/ω ∈ L2(Ω, ω). �

We are able now to prove the main result of this paper.

Theorem 3.8. Let u ∈ W 1,2(Ω, ω) be a weak solution of the equation Lu = g
in Ω, and assume that

(a) g ∈ D0(Ω, ω);
(b) ω is a weight uniformly A2 in each coordinate;

(c) |∆hkaij(x)| ≤ C1ω(x), x ∈ Ω′⊂⊂Ω a.e., 0 < |h| < dist(Ω′, ∂Ω), with a

constant C1 independent of Ω
′ and h;

(d) |b(x)| ≤ Cω(x) a.e. in Ω, where b = (b1, . . . , bn).

Then for any subdomain Ω′⊂⊂Ω we have u ∈W 2,2(Ω′, ω) and

(3.4) ‖u‖W 2,2(Ω′,ω) ≤ C
(
‖u‖W 1,2(Ω,ω) + ‖g/ω‖L2(Ω,ω)

)

for C = C(n,CM , λ,Λ, C1, d
′), and d′ = dist(Ω′, ∂Ω).

Proof: Since u ∈W 1,2(Ω, ω) is a weak solution of the equation Lu = g, we have
by

(3.5)

∫

Ω

n∑

i,j=1

aij(x)Diu(x)Djv(x) dx −

∫

Ω

n∑

i=1

bi(x)Diu(x)v(x) dx

=

∫

Ω
g(x)v(x) dx

for all v ∈W 1,20 (Ω, ω) (in particular for v ∈ C∞
0 (Ω)). Hence

∫

Ω

n∑

i,j=1

aij(x)Diu(x)Djv(x) dx

=

∫

Ω
[g(x)v(x) +

n∑

i=1

bi(x)Diu(x)v(x)] dx.

In (3.5) let us replace v by ∆−h
k v (1 ≤ k ≤ n), with v ∈ C∞

0 (Ω), supp v⊂⊂Ω and
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let |2h| < dist(supp v, ∂Ω). We then obtain

−

(∫

Ω
[g(x) + bi(x)Diu(x)]∆

−h
k v(x) dx

)

= −

∫

Ω
aij(x)Diu(x)Dj(∆

−h
k v(x)) dx

= −

∫

Ω
aij(x)Diu(x)∆

−h
k Djv(x), dx (by Lemma 3.2(b))

=

∫

Ω
∆hk(aijDiu)(x)Djv(x) dx (by Lemma 3.2(a))

=

∫

Ω

(
aij(x + hek)∆

h
kDiu(x) +Diu(x)∆

h
kaij(x)

)
Djv(x) dx

=

∫

Ω

(
[h∆hkaij(x) + aij(x)]∆

h
kDiu(x) +Diu(x)∆

h
kaij(x)

)
Djv(x) dx.

Consequently,
(3.6)∫

Ω
aij(x)Djv(x)∆

h
kDiu(x) dx = −

(∫

Ω
[g(x) + bi(x)Diu(x)]∆

−h
k v(x) dx

+

∫

Ω
∆hkaij(x)Diu(x)Djv(x) dx +

∫

Ω
h∆hkaij(x)∆

h
kDiu(x)Djv(x) dx

)

≤

∫

Ω
|g(x) + bi(x)Diu(x)||∆

−h
k v(x)| dx +

∫

Ω
|∆hkaij(x)||Diu(x)||Djv(x)| dx

+ |h|

∫

Ω
|∆hkaij(x)||∆

h
kDiu(x)||Djv(x)| dx

= I + II + C1|h|

∫

Ω
ω(x)|∆hkDiu(x)||Djv(x)| dx.

Let us estimate the integrals I and II. Considering f = g+ biDiu, by (a) and (d),
we have

I =

∫

Ω
|f ||∆−h

k v| dx

=

∫

Ω

(
|f |

ω

)
ω1/2|∆−h

k v|ω1/2 dx

≤

(∫

Ω

(
f

ω

)2
ω dx

)1/2(∫

supp(v)
|∆−h
k v|2ω dx

)1/2

≤ CM‖f/ω‖L2(Ω,ω)

( ∫

Ω
|Dkv|

2ω dx

)1/2
(by Lemma 3.5)

= CM

(
‖g/ω‖L2(Ω,ω) + C1‖u‖W 1,2(Ω,ω)

)
‖Dkv‖L2(Ω,ω).
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II =

∫

Ω
|∆hkaij ||Diu||Djv| dx ≤

∫

Ω
C1ω|Diu||Djv| dx

= C1

∫

Ω
|Diu|ω

1/2|Djv|ω
1/2 dx

≤ C1

(∫

Ω
|Diu|

2ω dx

)1/2( ∫

Ω
|Djv|

2ωdx

)1/2

≤ C1‖u‖W 1,2(Ω,ω)‖Djv‖L2(Ω,ω).

Replacing the estimates of I and II in (3.6), we get the estimate

(3.7)

∫

Ω
aij(x)∆

h
kDiu(x)Djv(x) dx

≤ C
(
‖u‖W 1,2(Ω,ω) + ‖g/ω‖L2(Ω,ω)

)
‖Dv‖L2(Ω,ω)

+ C1|h|

∫

Ω
ω(x)|∆hkDiu(x)||Djv(x)| dx.

We denote by a = ‖u‖W 1,2(Ω,ω) + ‖g/ω‖L2(Ω,ω).

Let Ω′⊂⊂Ω. To proceed further let us take a function ψ ∈ C∞
0 (Ω), satisfying

0 ≤ ψ ≤ 1, ψ ≡ 1 in Ω′ and with ‖Dψ‖∞ ≤ 2/d′, where d′ = dist(Ω′, ∂Ω), and

set v = ψ2∆hku (with |2h| < dist(suppψ, ∂Ω)). We have

Djv = (2ψDjψ)∆
h
ku+ ψ

2Dj(∆
h
ku).

Then we obtain∫

Ω

(
aij(x)ψ

2Dj(∆
h
ku)Di(∆

h
ku) + 2aij(x)ψDjψ∆

h
ku∆

h
kDiu

)
dx

≤ Ca‖2ψDjψ∆
h
ku+ ψ

2Dj(∆
h
ku)‖L2(Ω,ω)

+ C1|h|

∫

Ω
ω(x)|∆hkDiu(x)||2ψDjψ∆

h
ku+ ψ

2Dj(∆
h
ku)| dx

≤ Ca
(
‖ψDjψ∆

h
ku‖L2(Ω,ω) + ‖ψ2Dj(∆

h
ku)‖L2(Ω,ω)

)

+ C1|h|

∫

Ω
ω(x)|∆hkDiu(x)||2ψDjψ∆

h
ku+ ψ

2Dj(∆
h
ku)| dx.

Then ∫

Ω
aij(x)[ψDi(∆

h
ku)][ψDj(∆

h
ku)] dx

≤ Ca
(
‖ψDjψ∆

h
ku‖L2(Ω,ω) + ‖ψ2Dj(∆

h
ku)‖L2(Ω,ω)

)

+ 2

∫

Ω
|aij(x)||ψDi∆

h
ku||Djψ∆

h
ku| dx

+ C1|h|

∫

Ω
ω(x)|∆hku(x)||2ψDjψ∆

h
ku+ ψ

2Dj(∆
h
ku)| dx.
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By (1.2) we have |aij(x)| ≤ Cω(x), and we can estimate the integral on the right
hand side by

∫

Ω
|aij(x)||ψDi(∆

h
ku)||Djψ∆

h
ku| dx

≤ C

∫

Ω
|ψDi(∆

h
ku)||Djψ∆

h
ku|ω dx

≤ C

(∫

Ω
|ψDi(∆

h
ku)|

2ω dx

)1/2(∫

Ω
|Djψ∆

h
ku|
2ω dx

)1/2

= C‖ψDi(∆
h
ku)‖L2(Ω,ω)‖Djψ∆

h
ku‖L2(Ω,ω).

Hence, we obtain

(3.8)

∫

Ω
aij(x)[ψDj(∆

h
ku)][ψDi(∆

h
ku)] dx

≤ Ca‖ψDjψ∆
h
ku‖L2(Ω,ω)

+ Ca‖ψ2Dj(∆
h
ku)‖L2(Ω,ω)

+ 2C‖ψDi(∆
h
ku)‖L2(Ω,ω)‖Djψ∆

h
ku‖L2(Ω,ω)

+ C1|h|

∫

Ω
ω(x)|∆hkDiu(x)||2ψDjψ∆

h
ku+ ψ

2Dj(∆
h
ku)| dx.

Finally, the integral on the right hand side in (3.8) can be estimated

∫

Ω
ω(x)|∆hkDiu(x)||2ψDjψ∆

h
ku+ ψ

2Dj(∆
h
ku)| dx

≤

∫

Ω
2ω(x)|∆hkDiu(x)||ψDjψ∆

h
ku|+

∫

Ω
ω(x)|∆hkDiu||ψ

2Dj(∆
h
ku)| dx

= 2

∫

Ω
ω(x)|ψ∆hkDiu||Djψ∆

h
ku| dx+

∫

Ω
ω(x)|ψ∆hkDiu||ψDj(∆

h
ku)| dx

≤ 2‖ψ∆hkDiu‖L2(Ω,ω)‖Djψ∆
h
ku‖L2(suppψ,ω)

+ ‖ψ∆hkDiu‖L2(Ω,ω)‖ψ∆
h
kDju‖L2(Ω,ω).

Applying this result in (3.8), we obtain

∫

Ω
aij(x)[ψDj∆

h
ku][ψDi∆

h
ku] dx

≤ Ca‖ψDjψ∆
h
ku‖L2(suppψ,ω)

+ Ca‖ψ2Dj∆
h
ku‖L2(Ω,ω)
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+ 2C‖ψDi∆
h
ku‖L2(Ω,ω)‖Djψ∆

h
ku‖L2(suppψ,ω)

+ 2C1|h|‖ψ∆
h
kDiu‖L2(Ω,ω)‖Djψ∆

h
ku‖L2(suppψ,ω)

+ C1|h|‖ψ∆
h
kDiu‖L2(Ω,ω)‖ψ∆

h
kDju‖L2(Ω,ω).

Consequently, by condition (1.2), we then have

∫

Ω
aij(x)[ψDj(∆

h
ku)][ψDi(∆

h
ku)] dx ≥ λ

∫

Ω
|ψD(∆hku)|

2ω dx.

Denoting b = ‖ψD(∆hku)‖L2(Ω,ω), we have

λb2 ≤ Ca‖Djψ∆
h
ku‖L2(Ω,ω) + Cab+ 2Cb‖Djψ∆

h
ku‖L2(Ω,ω)

+ 2C1|h|b‖Djψ∆
h
ku‖L2(suppψ,ω) + C1|h|b

2.

Using the Young’s inequality

AB = (ε−1A)(εB) ≤
1

2
[(ε−1A)2 + (εB)2], ∀ ε > 0

to estimate ab and b‖Djψ∆
h
ku‖L2(Ω,ω), we obtain

λb2 ≤ Ca ‖Djψ∆
h
ku‖L2(Ω,ω) +

C

2
ε−2a2 +

C

2
ε2b2

+ 2Cε2b2 + C
ε−2

2
‖Djψ∆

h
ku‖

2
L2(Ω,ω)

+ 2C1|h|b‖Djψ∆
h
ku‖L2(Ω,ω) + C1|h|b

2

≤ Ca‖Djψ∆
h
ku‖L2(suppψ,ω) +

Cε−2

2
a2 +

Cε2

2
b2

+ 2C2ε2b2 + C
ε−2

2
‖Djψ∆

h
ku‖

2
L2(suppψ,ω)

+ C1ε
2|h|2b2 + C1

ε−2

2
‖Djψ∆

h
ku‖

2
L2(suppψ,ω) + C1|h|b

2.

Choose ε > 0 and h such that

C

2
ε2 + 2Cε2 ≤ λ/4 and |h| < λ/8C1.

Then (
C

2
ε2 + 2Cε2 + C1|h|

2 + C1|h|

)
≤
λ

2
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and we can use Lemma 3.5 to get

λb2 ≤ Ca‖Djψ∆
h
ku‖L2(suppψ,ω)

+
C

2
ε−2a2 +

λ

2
b2 + Cε−2‖Djψ∆

h
ku‖

2
L2(suppψ,ω)

≤ Ca‖Djψ‖∞‖∆hku‖L2(supp v,ω) +
C

2
ε−2a2

+
λ

2
b2 + Cε−2‖Djψ‖

2
∞‖∆hku‖

2
L2(supp v,ω)

≤ Ca‖Djψ‖∞‖Dku‖L2(Ω,ω) +
C

2
ε−2a2 +

λ

2
b2

+ Cε−2‖Djψ‖
2
∞‖Dku‖

2
L2(Ω,ω).

Since ‖Dku‖L2(Ω,ω) ≤ a, we have

λ

2
b2 ≤ C‖Djψ‖∞a

2 +
C

2
ε−2a2 + Cε−2‖Djψ‖

2
∞a
2

≤

(
C‖Djψ‖∞ +

C

2
ε−2 + Cε−2‖Djψ‖

2
∞

)
a2

= Ca2.

Consequently, we obtain

b ≤

(
2C

λ

)1/2
a.

Using ψ ≡ 1 in Ω′, we conclude that

‖∆hk(Du)‖L2(Ω′,ω) ≤ Ca, ∀ k, 1 ≤ k ≤ n, ∀Ω′⊂⊂Ω

with 0 < |h| < dist(Ω′, ∂Ω) and h < λ/8C1. By Lemma 3.6 we obtain Du ∈
W 1,2(Ω′, ω). Therefore we have that u ∈ W 2,2(Ω′, ω) and

‖u‖W 2,2(Ω′,ω) ≤ Ca = C
(
‖u‖W 1,2(Ω,ω) + ‖g/ω‖L2(Ω,ω)

)
.

�

By a straightforward induction argument, we can then conclude the following
extension of Theorem 3.8.

Theorem 3.9. Let u ∈ W 1,2(Ω, ω) be a weak solution of the equation Lu = g
in Ω, and assume that

(a) ω is a weight uniformly A2 in each coordinate;
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(b) g ∈ Dk(Ω, ω), k ∈ N, k ≥ 1;

(c) there exist Dαaij a.e. and |∆hpD
αaij(x)| ≤ C1ω(x), x ∈ Ω′⊂⊂Ω, 0 ≤

|α| ≤ k, 1 ≤ p ≤ n, 0 < |h| < dist(Ω′, ∂Ω), with constant C1 independent
of Ω′ and h;

(d) there exist Dαbi a.e., 0 ≤ |α| ≤ k − 1, and |Dαbi(x)| ≤ C2ω(x), x ∈
Ω′⊂⊂Ω.

Then for any subdomain Ω′⊂⊂Ω, we have u ∈W k+2,2(Ω′, ω) and

‖u‖W k+2,2(Ω′,ω) ≤ C

(
‖u‖W 1,2(Ω,ω) +

∑

0≤|α|≤k

‖Dαg/ω‖L2(Ω,ω)

)

for C = C(n, λ,Λ, CM , C1, C2, d
′), and d′ = dist(Ω′, ∂Ω).
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