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Congruence schemes and their applications

I. CHAJDA, S. RADELECZKI

Abstract. Using congruence schemes we formulate new characterizations of congruence
distributive, arithmetical and majority algebras. We prove new properties of the tole-
rance lattice and of the lattice of compatible reflexive relations of a majority algebra and
generalize earlier results of H.-J. Bandelt, G. Czédli and the present authors. Algebras
whose congruence lattices satisfy certain 0-conditions are also studied.
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1. Introduction

The congruence schemes are important tools in the study of congruence lattices
of algebras. As examples we mention [12], [4], [5], [6] or [7]. For instance, in [4]
it is proved that a congruence permutable algebra A = (A, F) is congruence
distributive if and only if for all congruences «, 3 and v of it and every elements
x,y € A, the following scheme is satisfied:
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{
/
y B z y B z
Figure 1

The results of [6] were the inspiration source of new results on the tolerance
lattices of general algebras (see [8] and [10]). In this paper, by using congruence
schemes, we formulate new characterizations of congruence distributive algebras,
arithmetical algebras and algebras with a majority term. Using characterization of
majority algebras we derive new properties of their tolerance lattices. Our results
generalize the results of H.-J. Bandelt concerning the properties of the tolerance
lattice of a lattice [1] and extend some results of [7] and [10]. We also prove that the
compatible reflexive relations of a majority algebra form a pseudocomplemented
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0-modular lattice. Finally, 0-conditions on the congruence lattice of a general
algebra are investigated by using a new congruence scheme.

2. Schemes for congruence distributivity and arithmeticity

Let Con A denote the congruence lattice of an algebra A = (A, F) and let A
and V stand for the identical and the total relation on A, respectively.

Proposition 2.1. The congruence lattice of an algebra A = (A, F') is distributive
if and only if for each 0, ¢, € Con A and every a,b € A and for all sequences of
elements cy,...,c, € A, k > 1, the following scheme holds:

SCHEME-1

Figure 2

PRrROOF: Suppose Con A is distributive, 6, p,19 € Con A with o N < 6 and
(avb) € P, (avcl) € 97 (61702) € 1/}7 (02563) € 97 sy (Ck‘vb) € 1/}7 then

(@,b) een(OVY)=(pnNO)V(eNy)<(pNb)VEI=0.

Conversely, assume that A satisfies SCHEME-1 and Con A is not distributive.
Then there exist 6, ¢, 9 € Con A such that Con A contains a sublattice isomorphic
to M3 or Ns as follows (see Figure 3):
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Figure 3

Clearly, in the both cases ¢ N9 < #. Take (a,b) € p. Then (a,b) € 6V ¢,
thus there exist ¢1,...,c € A such that (a,c1) € 0, (c1,c2) € ¥, (ca,c3) €
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0,...,(ck,b) € . Applying SCHEME-1 we get (a,b) € 0, proving ¢ < 0, a con-
tradiction in the both cases. Thus Con A is a distributive lattice. O

Let p o 0 denote the product of two binary relations p,0 C A x A. An alge-
bra A = (A, F) is called arithmetical if Con A is a distributive lattice and A is
congruence permutable, that is p o 0 = o o p holds for all p,c € Con A.

Theorem 2.2. An algebra A = (A, F) is arithmetical, if and only if for all
a, B,v € Con A with o N @ < ~, the following scheme is satisfied:

SCHEME-2
X A4 ﬁ X
\
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Figure 4

PROOF: Suppose that A = (A, F) satisfies the above scheme and let o, 3 € Con.A
be arbitrary. Taking v = V, we get «a N 3 < 7. Now, let (z,y) € a o 5. By the
scheme, there exists a v € A with (z,v) € § and (v,y) € «, thus we get (z,y) €
B o a, proving that A is congruence permutable. By applying [4, Theorem 1]
paraphrased in the introduction, we obtain that 4 is congruence distributive.

Conversely, let A = (A, F) be arithmetical and «, 3,7 € Con 4, anN g < 4.
Suppose (z,z) € a, (z,y) € B and (z,y) € v for some z,y,z € A. Due to
congruence permutability of A there exists a v € A as it is shown in Figure 5
below:

v B x

o v o

y B z
Figure 5

Using the quoted result of [4], we obtain (z, z) € v, hence A satisfies SCHEME-2.
(]
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3. A characterization of majority algebras

A term function m(z,y, z) of an algebra A = (A, F) is called a magority term
if m(z,z,y) = m(z,y,z) = m(y,z,2) = = holds for all z,y € A. For instance,
any lattice (L, A,V) admits a majority term. Algebras having a majority term
are called majority algebras. A quasiorder of an algebra A = (A, F') is a reflexive,
transitive, binary relation p C A x A which is compatible with the operations
of A. Let Quord.A stand for the set of all quasiorders of A. It is easy to see
that (Quord A, C) is an algebraic lattice where the “meet operation” A is the set
intersection N of the binary relations (see e.g. [13]).

Proposition 3.1. Let A = (A, F) be an algebra and consider the following
assertions.

(i) A has a majority term function m.
(ii) For every a,b,c € A and any compatible reflexive relations a, 3,7 C A x A
SCHEME-3 below is satisfied.
(iii) Any compatible reflexive relations a, 3,7 C A x A satisfy

(1) an(foy) S (anp)e(any).
(iv) For any quasiorders «, 3,y of A we have:
(2) an(foy)=(anp)o(any).

Then (i) = (i) = (iii) = (iv).

SCHEME-3
a
B
o o Exists d c
Y
b
Figure 6

PRrROOF: (i) implies (ii). Let m : A3 — A be a majority term function of A and
suppose (a,b) € «, (a,c¢) € § and (¢,b) € v, where a,b,c € A and «a, 3,7 are
compatible reflexive relations of A. Take d = m(a,c,b). Then we obtain:

(a,d) = (m(a,a,b), m(a,c,b)) € B, and

(a,d) = (m(a,c,a),m(a,c,b)) € a.
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Thus (a,d) € a N (. Similarly, we get:

(ii) implies (iii). Take (a,b) € a N (B o+). Then there is a ¢ € A with
(a,¢) € B and (¢,b) € 7. As (a,b) € a, by applying SCHEME-3, we obtain
(a,b) € (anP)o(an). Hence an(fovy) C (anpB)o(any).

(iii) implies (iv). If «, 8, € Quord A, then

(@np)o(any)C(aoa)n(Boy) Can(Boy).

As the converse inclusion holds by assumption, we obtain relation (2). (]

Remark 3.2. If A is an algebra with a majority term function and «, 81, ..., On
are compatible reflexive relations of .4, then using relation (1) one can easily show
by induction on n > 1 that

(3) an(Bro---ofp) C(anpi)o---o(anby)
In the case §; = --- = G, = (3, we obtain:
(4) anpg® C(anp)™.

If a,31,...,Bn € Quord A, then (3) and (aNB)o---o(anfBp) Ca™N (B o
c0fp) Can(Bro---oBy) imply:

() an(fro---ofp)=(anpP)o---o(anfp).

Let 6(a,b) stand for the principal congruence of an algebra A = (A, F') ge-
nerated by the pair (a,b) € A%, If ¢ : B — C is a homomorphism of the
algebra B = (B, F) into the algebra C = (C,F) then (u,v) € 6(a,b) implies
(p(u), p(v)) € O(¢(a), p(b)) (see e.g. [2, Chapter II, Section 6]).

Theorem 3.3. Let V be a variety of algebras. Then the following assertions are
equivalent.

(i) V has a majority term.
(ii) Any algebra A= (A, F) €V satisfies SCHEME-3.
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(iii) For any algebra A = (A,F) € V and any compatible reflexive relations
a,B,7 C Ax A we have

an(foy)C(anp)o(ann).
(iv) For any algebra A € V, every «, 3, € Con A satisfy the equality

an(Boy)=(anp)eo(any).

PRrROOF: In view of Proposition 3.1, (i) implies (ii) and (ii) implies (iii). As
Con A C Quord A, Proposition 3.1 also gets that (iii) implies (iv).

(iv) implies (i). Consider now the free algebra Fy(x,y,z) € V. As (z,z) €
0(z, z)N(0(x, y)ob(y, z)), the assumption of (iv) implies (z, z) € (0(z, z)Nb(z,y))o
(0(z,2) N O(y, z)). Hence, there is a term m(z,y, z) € Fy(x,y, z) such that

(x,m(z,y,2)) € 0(xz,y) NO(x,z) and (m(z,y,z),z) € O(z,z)NO(y, z).
Now, using a homomorphism ¢ : Fy(x,y,2) — Fy(z,y,z) with p(z) = ¢(y) =
and p(z) =y from (x,m(z,y,2)) € 0(x,y) we obtain

(@, m(z,z,y)) = (p(x), m(p(x), v(y), »(2)))
= (p(x), p(m(z,y, 2))) € 0(p(x), p(y)) = b(z,2) = A.
Thus = = m(z, z,y).

The identities 2 = m(x,y,z) = m(y, x,x) can be proved in a similar way. O

4. Applications

A) The quasiorder lattice Quord.A of a majority algebra A

Let A = (A, F) be an algebra and p1, p2 € Quord.A. It is known (see e.g. [13])
that the join p; V pg in the lattice Quord A is the transitive closure of the union
p1Ups € Ax A. Hence

pl\/p2:U{pi1 O+ 0 P4, |7;17---7in € {17 2}7 n = 1}
Using now relation (5) we can deduce the following result of [9] and [13]:

Corollary 4.1. If A is an algebra with a majority term function, then Quord.A
is a distributive lattice.

ProOF: Take any «, 81, 32 € Quord . A. Then we can write:
ah BV ) =an(J{Biyo- 0B, lit,... in€{1; 2}, n > 1})
= Jlan@io---08:,) i1, in € {1; 2}, n> 1}

= H(@nBiy)o--o(ansy,) it .. in € {1; 2}, n > 1}
=(anp)V(anpz) =(aAp)V(aApB),
proving that (Quord A, A, V) is a distributive lattice. O
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B) The tolerance lattice of a majority algebra

A lattice L with 0 element is called pseudocomplemented if for each z € L
there exists an element x* € L such that for any y € L, y Az = 0 is equivalent to
y < a*. L is called 0-modular, if for any a,b,c € L

(Mp) aNc=0 and b<c imply (aVb)Ac=hb.

In view of the Varlet’s result [16, Theorem 5] a lattice with 0 is 0-modular if and
only if it does not contain an N5 sublattice including 0. Generalizing Bandelt’s
result [1] on the tolerance lattice of a lattice, it was proved in [10] that the tolerance
lattice of a majority algebra is a 0-modular pseudocomplemented algebraic lattice.
Now we apply our former results to derive new properties of the tolerance lattice
of a majority algebra.

Let (Tol A, N,U) denote the tolerance lattice of an algebra A = (A, F). Then
for all o, 8 € Tol A
(6) alfC(aef)n(Boa)

is true. (See e.g. [10, Lemma 2.1].) If A has a majority term function, then in
view of [7], the inclusion

(7 (aop)N(Boa)C(anf)o(alp)

is also satisfied. For anN g = A, (6) and (7) imply
(8) alf=(acf)n(Boa),

a relation established in [10]. (See also [7].)
Now, using Proposition 3.1 (or equivalently Theorem 3.3) we can deduce

Theorem 4.2. Let A = (A, F) be an algebra with a majority term function and
a, 3,7 € Tol A. Then:

(i) anfBny=A impliesan (BU~v) = (anp)U(any);
(ii) if any = A, orif aNBNy = A and 7 is a congruence, then (aNB)Uy =
(aUy)n(BUY).

PROOF: (i) Assume aNBNy = A. Clearly, it is enough to show only N (SU~y) C
(anB) U (an-). By using relations (6) and (1) we get:

an(Boy)N(yofB) C(an(Boy))N(an(yop))
(@npB)o(any))n((any)o(anp)).

an(Buy) C
c
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As (anB)N(any)=anfny=A, relation (8) implies

((anpB)o(any))n((@ny)e(anp))=(anpf)U(any),

proving aN(BU~Y) C (anp)U (anwy).
(ii) Obviously, it is sufficient to prove (aU~v) N (BUY) C (an ) UA.
First, observe that (6) implies

(auy)N(BUY) S (@ey)N(yoa)n(Boy)N(yop)
=((Bey)N(acy))N((yeB)N(yea)).
Since fo~ and yo § are also compatible reflexive relations of A, by using relations
(1), y € Boyand vy C o, we obtain
(Boy)na)o((Boy)Ny)=(an(Boy)) oy and
(voB)nNy)o((yoB)Na)=vo(an(yop)).

(Boy)N(aoy)
(veB)N(yoa)

NN

Hence,
(aUy)N(BUY) C[(@n(Boy))er]nlyo(an(yop))].

Applying formula (1) again, we get

[((@n(Bov))oy]N[yo(an(yep))] C ((anB)o(any)oy)N(ye(any)o(anp)).

As the hypothesis a Ny = A or v € Con A gives (aNy) oy =70 (aNy) =7, it
follows
(@uy)n@Buy) c(@npg)oy)n(ye(anp)).

Since (aNB)Ny=anpNy=A, by using relation (8), we obtain

((anB)oy)N(yo(anp)) = (aNB)Uy. O

Remark 4.3. Notice that from Theorem 4.2(i) we can derive the known properties
of the tolerance lattice of a majority algebra .A.

Indeed, in view of Theorem 4.2(i) for any «, 3, € Tol A the relations aN g =
aNy = A imply an(fUy) = A, and this means that Tol A is a 0-distributive (see
the next section). As Tol A is an algebraic lattice this property is equivalent to the
fact that Tol A is pseudocomplemented. Observe that, in virtue of Theorem 4.2(i),
anpBn~y = A also implies (¢ UB) Ny = (aN~) U (B8U~). Hence for any
a,B,7 € TolA anvy = A and 8 < v imply (e U B) N~y = 3, proving the 0-
modularity of Tol A. Further, using Theorem 4.2(i) we obtain that SNy = A
implies aN (BU7) = (N B) U (anvy) for any «, 3,7 € Tol A, i.e. we deduce the
strong 0-distributive property of Tol A established in [7].
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C) Compatible reflexive relations on a majority algebra

Let us denote by Ref A the set of all compatible reflexive relations of an algebra
A = (A, F) and by @ the transitive closure of a relation a C A x A.

Lemma 4.4. If A is an algebra with a majority term function and p, 0 € Ref A,
then

5N8.

S
Il

9) pN

PROOF: Since pNf Cpand pNf C 0, weget pN O C pNE. In order to show the
converse inclusion, take any (z,y) € 7N 0. Then there exist n,m > 1 such that
(z,y) € P NO™. Since p™,0™ € Ref A, relation (4) (see Remark 3.2) implies

PG C (0™ C N )

N

@Np)m C(pno).

Thus we get (z,y) € (pN @), proving 5N I C (pNH). O

Remark 4.5. Clearly, for any algebra A, (Ref A, C) is an algebraic lattice where
the meet of any p,0 € Ref A is pN 6 (see e.g. [3]). Let us denote their join in
Ref A by pVY 6. As we have pU 6O C pof and po 6 € Ref A, it follows

(10) pYOCpod.

If (L,A,V) is a (bounded) pseudocomplemented lattice, then the algebra
(L,A,V,*,0,1) is called a p-algebra and (L,A\,*) a p-semilattice. As every al-
gebraic distributive lattice is also a pseudocomplemented lattice, for any ma-
jority algebra A the lattice (Quord.A,N,V) is pseudocomplemented and hence
(Quord A,N, V,* A, V) is a p-algebra. Now we are able to prove the following

Theorem 4.6. Let A = (A, F) be an algebra with a majority term function.
Then the following statements hold.

(i) (Ref.A,N,Y) is a pseudocomplemented 0-modular lattice and the pseudo-
complement of every p € Ref A is a quasiorder.

(ii) The map h : Ref A — Quord A, h(p) = p is a homomorphism of the p-
algebra (Ref A,N,Y.* A, V) onto the p-algebra (Quord A,N,V,* A, V).

PRrOOF: (i) Clearly, for each p € Ref A, its transitive closure p is a quasiorder. Let
(p)* stand for the pseudocomplement of 7 in the lattice (Quord.A,N,V). First,
we prove that (p)* is also the pseudocomplement of p in the lattice (Ref A, N, V).

Let ¢ € Ref A. Clearly, ¢ < (p)* implies ¢Np C (p)*Np = A. Conversely, take
a @ € Ref A with oNp = A. Then, by using Lemma 4.5, we get pNp = Np = A.
Hence p < < (p)*.

Consequently, as ¢ N p = A is equivalent to ¢ < (p)*, the lattice (Ref 4,N,VY)
is pseudocomplemented and the pseudocomplement p* of any p € Ref A is (p)* €
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Quord A. As p = for all p € Quord A, the pseudocomplement of a p € Quord A
in the lattice (Ref.4,N,Y) is the same as in (Quord.A,N, V).

In order to prove that (Ref.4,N,Y) is 0-modular, by the way of contradiction,
we assume that {A, «, 3,7v,v} is an N5 sublattice of it with A < a <y < v and
A < B < v, as it is shown in Figure 7. Take (a,b) € . Using formulas (10) and
(1) we obtain (a,b) e yN(a¥YB) CyNaoB C(yNa)o(yNP) =aol = a,

whence v < «, a contradiction.
v
/\ Y
A
N5

B

o

Figure 7

(ii) Since h(p) = p = p, for each p € Quord A, the map h : Ref A — Quord A
is onto. Lemma 4.4 also gives

h(pn6)=pN0 =500 =h(p)Nh(), forall p,0c RefA.

I

Observe, that in order to prove h(p Y ) = h(p) V h(6), we have to show only
pYO =75V0. As p,6 <75V 6O c QuordA, the inclusion p¥Y 0 C pV 0 is clear.
Conversely, we have 7 < pV 0 and § < pV . Since p VY 0 is a quasiorder, we get
VO <pVo, proving pV O =pV 0. Thus

h(p Y 0) = h(p) vV h(h), forall p,0 € Ref A.

It is obvious that h(A) = A and h(V) = V. As p* € Quord A for all p € Ref A,
we get h(p*) = p*. On the other hand, we have h(p)* = (p)* = p*, according to
the argument of the above (i). Thus we conclude

All these together prove that h is a homomorphism of p-algebras. ([l

Remark 4.7. It is an obvious consequence of Theorem 4.6 that for any majority
algebra A, (Quord.4,N,*) is a p-subsemilattice of (Ref A,N,*). Theorem 4.6(i)
also implies a* € Con A, for all @ € Tol A — a result already established in [10]
(and for lattices, in [14]).
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5. 0-conditions

A lattice L with 0 is said to be 0-distributive if, for a,b,c € L
(Do) aANc=0 and bAc=0 imply (aVb)Ac=0.
L is called pseudo-0-distributive if, for a,b,c € L
(PDy) aANb=0 and aAc=0 imply (aVb)Ac=bAc.

It is known that an algebraic lattice is O-distributive if and only if it is pseu-
docomplemented (see e.g. [16]). In [7] it is proved that any pseudocomplemented
0-modular lattice is pseudo-0-distributive. The lattice in Figure 8 is pseudo-0-
distributive, however it is not 0-distributive.

vb

Figure 8

Lemma 5.1. Let A = (A, F) be an algebra. If ConA is pseudo-0-distributive
or 0-distributive, then A satisfies the POD-SCHEME:

POD-SCHEME
y
Yi i % =of 1y=A x=z
X o z
Figure 9

PROOF: Suppose aNg =any = A for a, 3,7 € Con A and (z, 2) € a, (y,2) € 5,
(z,y) € 7. If Con A is 0-distributive, then (z,2) € anN(yoB) CaA(BVy) =A,
and this gives z = z. If Con A is pseudo-0-distributive, then using (PDg) we get
(y,2) € (yoa)NB C (aVy)AB =~vApB. Hence (y,z) € v and this implies
(z,2) ean(yoy)=an~y=A,that is z = 2. O

11
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In what follows, we are going to find natural conditions under which the con-
verse of Lemma 5.1 holds.

If A= (A F) is an algebra and o € ConA, then let [a]n denote the a-
congruence class of an element a € A.

Definition 5.2. Let A= (A, F') be an algebra and «, 3 € Con.A be arbitrary.

(i) A is called conditionally permutable if « N 3 = A implies a0 = B o a.
(ii) A subset B C A/a x A/Q is said to have a symmetrical patchworking,
whenever ([a]a, [b]g) € B implies ([b]a, [a]g) € B, for every a,b € A.

Let us observe that for any algebra A = (A, F) and any «,( € Con.A with
anf=A,themap f: A— A/ax A/B, f(a) = ([a]a, [a]g) is an embedding.
Indeed, it is clear that f : A — A/a x A/ is a homomorphism of A into the
algebra A/a x A/f = (A/a x A/B, F). Moreover, if f(a) = f(b) for a,b € A,
then [a]q = [b]o and [a]g = [b]g imply b € [a]o N[a]g = [a]ong = [a]a = {a}, that
isa=0.

Proposition 5.3. An algebra A = (A, F) is conditionally permutable, whenever
for each o, 8 € Con A with N3 = A and the corresponding embedding f : A —
Alax A/, f(a) = ([a]a, [a]g), the image f(A) has a symmetrical patchworking.

PROOF: Suppose that f(A) has a symmetrical patchworking and take (a,b) €
aof, for a, 8 € Con A with N = A. Then there is a z € A with (a,2) € «
and (z,b) € 8, whence [z]o = [a]a and [z]g = [b]g. Thus f(2) = ([z]a,[2]g) =
(lalas ).

Now, due to the symmetrical patchworking property, there exists an x € A
with f(z) = ([2]a, [z]g) = ([Dla, [a]g), that is with (z,b) € « and (a,z) € 3. Thus
we get (a,b) € B o a, proving conditional permutability.

Conversely, suppose A is conditionally permutable and ([a]a, [b]g) € f(A), for
some a,b € A. Then there is a y € A with f(y) = ([¥]a, [¥]g) = ([a]a,[b]),
and hence (a,y) € a, (y,b) € 5. Therefore, (a,b) € a o 3. By the hypothesis,
anf = A implies o § = foa. Thus (a,b) € f o« and hence there is an x € A
with (a,z) € § and (2,b) € «, that is, with [z]g = [a]g and [z]o = [b]o. This
result gives f(z) = ([]a,[2]3) = ([b]a, [a]g), proving ([bla,[alg) € f(A). Hence
f(A) has a symmetrical patchworking. O

Theorem 5.4. Let A = (A, F) be a conditionally permutable algebra. Then
Con A is pseudo-0-distributive if and only if A satisfies the POD-SCHEME.

PROOF: Due to Lemma 5.1, we need to show only that POD-SCHEME implies
pseudo-0-distributivity. Hence, assume that an algebra A satisfies the POD-
SCHEME and let a NG =an~y = A, for some «a, 3,7 € Con A.

Take (z,y) € (aVB)Ay. As Ais conditionally permutable, we have aV3 = aof3
and hence there exists a z € A with (z,2) € «a,(z,y) € 3. Since (z,y) € v, we
can apply the POD-SCHEME (see Figure 9) and this gives x = z. Thus we get
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(z,y) = (2,y) € BA~, proving (o V 8) Ay < B A~. As the converse inequality is
obvious, we obtain («V §) Ay = B A~y. Thus (PDg) holds in Con A. O

In [11] there is proved that a modular lattice L with 0 is 0-distributive if and
only if it has no sublattice isomorphic to one the lattices shown in Figure 10. (See
also [15].)

oV
avf
Y B
o T Y B o /
0 0
M, M.,

Figure 10

Lemma 5.5. Let L be a modular lattice L with 0. If L pseudo-0-distributive,
then it is 0-distributive, too.

PrROOF: Let L be a modular pseudo-0-distributive lattice. Choosing the elements
a, B and + in the above lattices such that A = aAvy = 0 (as shown in Figure 10),
in both the cases the equality (V) Ay = SA~ is not satisfied. Hence, L contains
no sublattice isomorphic to the above M3 or M 3. Therefore, in view of [11], L
is 0-distributive. (|

Corollary 5.6. Let A = (A, F) be a congruence modular conditionally per-
mutable algebra. Then the following assertions are equivalent:

(i) Con A is 0-distributive;
(ii) Con A is pseudo-0-distributive;
(iii) A satisfies the POD-SCHEME.

PrOOF: By Lemma 5.1, (i) implies (iii), and in view of Theorem 5.4, (iii) im-
plies (ii). Finally, Lemma 5.5 gives that (ii) implies (i) and this completes the
proof. (I
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