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Integral and derivative operators of functional
order on generalized Besov and Triebel-Lizorkin
spaces in the setting of spaces of homogeneous type

SiLvIA 1. HARTZSTEIN, BEATRIZ E. VIVIANI

Abstract. In the setting of spaces of homogeneous-type, we define the Integral, I, and
Derivative, Dy, operators of order ¢, where ¢ is a function of positive lower type and
upper type less than 1, and show that I, and Dy are bounded from Lipschitz spaces AS
to Af? and A8/® respectively, with suitable restrictions on the quasi-increasing function
£ in each case. We also prove that I4 and Dy are bounded from the generalized Besov
B;f”q, with 1 < p,q < oo, and Triebel-Lizorkin spaces F;;/”q, with 1 < p,q¢ < oo, of
order ¢ to those of order ¢i and /¢ respectively, where v is the quotient of two
quasi-increasing functions of adequate upper types.

Keywords: integral and derivative operators of functional order, fractional integral oper-
ator, fractional derivative operator, spaces of homogeneous type, Besov spaces, Triebel-
Lizorkin spaces

Classification: 26A33

1. Introduction

In the context of normal spaces of homogeneous-type (X, 4, i) of order § < 1
(see the definitions below), the fractional integral and derivative operators of
order o, with 0 < a < 6, were defined by Gatto, Segovia and Végi [GSV] by
linking them to quasi-distances constructed through the kernels {s¢(z,y)}+>0 of
a symmetric approximation to the identity. Namely, if d, : X x X — [0,00) is
defined by

(1.1) Sal,y) = (/000 015,z ) dt> 1/(e—1)

for £y and dq(x,y) =0 for x = y; and d_o : X x X — [0,00) by

(1.2) 5al,y) = </O°° oy (2 g) dt>1/(_a_1)
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for x # y and 0_q(z,y) = 0 for x = y, then the authors proved that §, and d_g
are quasi-metrics equivalent to §. The fractional integral I, was thus defined by

B ()
Lo f(z) = /X S s ).

for f € AP N L', and the fractional derivative Dy by

fly) = f(=)

X 6L (z,y)

Do f(x) = du(y)

for f € AN L>® and a < 8 < 0. The definition of the quasi-metrics and the
resulting operators allowed the authors to prove that the composition T, = D1,
is a Calderén-Zygmund operator and that it is invertible in L? for small positive
values of a.

The purpose of this work is to show that these technics can also be used to
define the integral, I, and derivative, D, operators whose kernels are equivalent
to ¢(6(x,y))/0(x,y) and 1/¢(6(x,y))d(x,y) respectively and ¢ belongs to a class
of quasi-increasing functions. This class includes the potentials t%, 0 < a < 1,
but also functions as, for example, max(t%, P ), min(t%, P ), with0<a< <1,
and t%(1 +logt 1), 0 < 3 < 1.

We then prove that those operators are bounded on Lipschitz spaces A¢ defined
by functions whose moduli of continuity are dominated by a function £(¢) in a
class of growth functions.

We finally study boundedness of the integral and derivative operators on the
Besov Bg’q, 1 < p,q < oo, and Triebel-Lizorkin spaces Fp 41 < p,g < o0, of
distributions of order v, where 1 is the quotient of two quasi-increasing functions
of adequate upper types. These spaces were defined in [HV] and they are a
generalization of the spaces Bg 4 and F;,l 4§ < a < 6, given by Han and
Sawyer [HS], in the setting of spaces of homogeneous type.

The authors proved Calderén-type reproduction formulas which are essential
for the definition of those spaces and to prove T1-theorems on them. In this
work those formulas are used to prove the boundedness of the operators on the
generalized Besov and Triebel-Lizorkin spaces.

This work is organized in the following way:

In Section 2 the class of functions involved in the ‘order’ of the integral and
derivative operators and in local regularity of our function and distribution spaces
is defined. Also the structure of normal spaces of homogeneous type, the test
function spaces, the notions of discrete and continuous (in the time variable)
approximations to the identity and the definitions of the generalized Besov and
Triebel-Lizorkin spaces are set there. The integral and derivative operators are
defined in Section 3 and the main theorems are stated in Section 4. Known results
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on the class of quasi-increasing functions and some consequences of them, the
Calderdn-type reproduction formula and properties of the generalized Besov and
Triebel-Lizorkin spaces are given in Section 5. In Section 6 new representations
of the kernels of the integral and derivative operators are obtained and size and
smoothness properties are proved on them. Theorems of boundedness of the
operators on Lipschitz spaces are proved in Section 7. Lemmas needed to prove
boundedness theorems on Besov and Triebel-Lizorkin spaces are given in Section 8.
Finally, the proofs of those theorems are in Section 9.

Along this paper the constant C' may change from one occurrence to another.

2. Preliminaries

In this paragraph we define the class of functions, moduli of continuity, control-
ling local regularity of the distribution spaces concerned and that are also related
to the operators defined in this work. Let us consider nonnegative functions ¢
defined on the positive real numbers. The function ¢(t) is quasi-increasing if there
is a positive constant C' such that ¢(t1) < Cé(ta) whenever ¢1 < ta.
Analogously, ¢(t) is quasi-decreasing if there is a positive constant C' such that if
¢(to) < Co(ty) for all t1 < to.

Two functions ¥(t) and ¢(t) are equivalent, ) ~ ¢, if there are positive constants
C1 and Cy such that C; < ¢/v < Cs.

The function ¢(t), is of, or has, lower type a, 0 < a < o0, if there is a constant

C1 > 0 such that

(2.3) o(uv) < Cru¢p(v) for uw<1 andall v > 0.

Similarly, ¢(t) is of upper type o, 0 < a < oo if there is a constant Cy > 0 such
that

(2.4) d(uv) < Cou®@(v) for u>1 andall v > 0.

Nonnegative quasi-increasing functions ¢ such that lim, 4+ ¢(t) = 0 and having
finite upper type will be called growth functions.

Let notice that if ¢(¢) is of both lower type o and upper type 3 then a < 3. Also,
if ¢(t) is of lower type o and 0 < § < « then ¢ is of lower type 5. Moreover, since
the condition ¢(t) quasi-increasing implies, at least, lower-type 0 for ¢, a function
¢(t) is quasi-increasing if, and only if, it is of lower type « for some « > 0.

On the other hand, if ¢(t) is of upper type o and 8 > « then ¢ is of upper type 3,
and thus, if ¢ is of finite upper type there is a right half line of upper types for ¢.
Let us notice that the condition of having finite upper type is equivalent to the
Orlicz condition Ag, ¢(2t) < Ag(t) for some positive constant A.

For example, the potential t%, with a > 0, is of lower and upper type «. The
functions max (¢, P ) and min(¢%, P ), with @ < 3, are both of lower type a and
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upper type (. Also, t3(1 + logT t), with § > 0, is of lower type 3 and of upper
type B+ ¢, for every € > 0. More specific properties of this class that will be used
later in the main lemmas and theorems stated in Section 5.

Let us now define the structure of spaces of homogeneous type which is the
underlying geometry for the test functions spaces defined in this work.
Given a set X, a real valued function 0(z,y) defined on X x X is a quasi-distance
on X if there exists a constant A > 1 such that for all x,y, z € X it verifies:

d(z,y) >0 and d(x,y) =0 ifand only if z =y
6(z,y) = 0(y, )
§(z,y) < Ald(z, 2) + 6(z, y)].

In a set X endowed with a quasi-distance §(z,y), the balls Bs(z,r) = {y :
0(z,y) < r} form a basis of neighborhoods of x for the topology induced by the
uniform structure on X. Let u be a positive measure on a o- algebra of subsets of
X which contains the open set and the balls Bg(z,r). The triple X := (X, 0, u)
is a space of homogeneous type if there exists a finite constant A’ > 0 such that
w(Bs(x,2r)) < A'u(Bs(x,r)) for all z € X and r > 0. Macias and Segovia, [MS],
showed that it is always possible to find a quasi-distance d(z,y) equivalent to
0(z,y) and 0 < § < 1, such that

(2.5) ld(z,y) — d(=',y)| < Cr*=0d(x, ")’

holds whenever d(z,y) < r and d(z/,y) < r. If § satisfies (2.5) then X is said to
be of order 6. Furthermore, X is a normal space if Ajr < u(Bg(x,r)) < Agr for
every x € X and r > 0 and some positive constants A; and As.

In this work X := (X, 0, u) means a normal space of homogeneous type of order
0 and A denotes the constant of the triangular inequality associated to d.

Let us now introduce the test function spaces which concern us in this work.

Given a quasi-increasing function ¢ : Rt — R™T such that lim; o &(¢) = 0 and
limy o0 £(t) = 00, the Lipschitz space A is the class of all functions f : X — C
such that

[f(x) = f(y)l < CE(6(x,y)) for every z,y € X,

and the number |f|¢ denoting the infimum of the constants C' appearing above,
defines a semi-norm on A¢, since |f| ¢ = 0 for all constant functions f.
Furthermore, given a ball B in X, A%(B) denotes the set of functions f € A¢ with
support in B. Since, a function belonging to this space is bounded, the number
Iflle = [l flloo + | fl¢ defines a norm that gives a Banach structure to AS(B).

We say that a function f belongs to Ag if f € AS(B) for some ball B. The space

Ag is the inductive limit of the Banach spaces A$(B).
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Finally, (Ag)' will mean the space of all continuous linear functionals on Ag.
When £(t) = 7, with 0 < 3 < 6, we have the classical Lipschitz spaces A®
and Ag .

Another suitable class of test functions, the set M(57) was defined in [HS].
Indeed, given 0 < 8 < 1, v > 0 and z¢ € X fixed, a function f is called a smooth

molecule of type (8,7) of width d centered in xg, if there exists a constant C' > 0
such that

d?
(2.6) 1) < O
p 5z, ')\ P d’ d”
@) -1 =0 (*52) (G sy * e
(2.8) [ @) duta) =0,

hold for every x € X.
If the norm || f|[(5,,) is defined by the infimum of the constants appearing in (2.6)

and (2.7), the set M%) (zq,d) of all smooth molecules of type (3,7) of width
d centered in x( is a Banach space. Fixing zg € X and d = 1, that space will
be named M8 "Y), and the set of all linear continuous functionals on M B7) will
be called (MY, Along this work (h, f) denotes the natural application of
he (MBNY to fe B,

In order to define the generalized Besov and Triebel-Lizorkin spaces of dis-

tributions the definition of an approximation to the identity as given in [HS] is
needed.
A sequence (Si)rez of integral operators is called an approzimation to the iden-
tity, if the kernels Si(z,y) associated to Si are functions from X x X to C
and there exist 0 < € < 6 and a finite constant C' such that for all £ € Z and
x, 2’ y,y € X they satisfy

(2.9) Sk(a,y) =0 if 6(z,y) > (24)7F and [|Sk]e < C(24)F,
(2.10) Sk (2,y) — Sp(a’,y)| < C(2A)FA+I)§(z, '),
(2.11) S (2,y) — Sg(x,y)] < C2A)FITI5(y, ),

|[Sk(‘r7 y) - Sk(xv y/)] - [Sk(x/vy) - Sk(xlv y/)H
< CAMITE5 (2, 27) 5 (y, ' )°

(2.12) [ Si@ndut) = [ Stz duto) = 1.
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Throughout this paper, ¢ (0 < € < ) will denote the constant associated to an
approximation to the identity satisfying (2.10), (2.11) and (2.12).

If (Sk)kez is an approximation to the identity then the family of operators
Dy = Sy — Sp_q satisfy > 7D = I in L2, since limy_ o, Si.f = f and
limy_,_ oo Spf = 0 in L2. Moreover, their associated kernels Dy (z,y) satisfy
properties (2.9) to (2.12) and

(2.13) /Dkzzryd,u /Dkxydu) 0.

Let us now define the spaces of distributions.

In the sequel we denote by ) the function 1 = ¢1/¢2, where ¢1(t) and ¢2(t) are
quasi-increasing functions of upper types s1 < € and s2 < €, respectively.

For f € (MBY with 0 < 3,7 < ¢, a norm is defined by

1
q

2.14 e L if 1<p<oo 1<q< oo,
(214) Ifll 5 %2;1/}((%) SIWL) RSP EES EVER

with the obvious change for the case ¢ = co. By interchanging the order of the
norms in LP and [9, we also define

Q=

1 .
(2.15) ||f||p;)b,q = %(WWIJDQ , i 1<p,qg<occ.

Lp

. /
The Besov space B;,p’q, 1<p,g <o0,is the set of all f € (M(ﬁm) with 8 > s1
and v > s2, such that

151l gg.a < 0o and [{f, i) < ClIfll gy.allli(s.),

for all h € M), '
Analogously, The Triebel-Lizorkin space Fy 4 with 1 < p,q < oo, is the set of all

fe (M(ﬁv"/))’, with 6 > s1 and v > s9, such that

£l oo < 00, and [{f, )] < |Ifll pw.allll.),

for all h € M5, '
When 1(t) = t* and —¢ < « < ¢, the definitions of the Besov spaces Bp’? and

the Triebel-Lizorkin spaces Fjy"! given in [HS] are recovered.

Finally, to build our operators we consider a symmetric approximation to the
identity, {S¢}+>0, as defined in [GSV]. This collection can be built in a similar
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fashion to that of the family {Si}rez and the kernel si(x,y) associated to Sy
satisfies the following properties:

There are positive constants, by, ba, c1,c2 and c3, such that for all z,y € X and
t >0, s¢(x,y) satisfies

(216) St(l’,y) = St(yux)u

(2.17) 0 < si(z,y) </t

(2.18) s¢(z,y) =0 if o(z,y) > bit and ca/t < sg(x,y) if d(z,y) < bat,
(2.19) |se(z,y) — se(2,y)| < e36%(z,2')/1F0 for all 2,2,y € X,
(2.20) /st(x,y) du(y) =1, forall z e X,

(2.21) st(z,y) is continuously differentiable in t¢.

3. Integral and derivative operators of order ¢

Consider a symmetric approximation to the identity, {St}s+~0, whose kernels
satisfy properties (2.16) to (2.21), and a quasi-increasing function ¢ : RT™ — R™T
such that lim,_ o+ ¢(t) = 0.

We now define

Ky(z,y) = /000 @st(:r,y) dt for x #y.

Clearly, Ky(x,y) > 0 and Ky(z,y) = Kg(y, ) for every (z,y).
If ¢ is of positive lower type and upper type sy < 1 the integral operator of order

¢, 1y, and its extension I ¢ are defined in the following way:
Let £ be a quasi-increasing function of upper type .
If 6> 0and f € ASN LY then

(3.22) I,f(x) = /X Kol 9)f (4) du(y),
If 3+ s4 <0 and f €A’ then

(3.23) T,f(x) = /X (Ko(,y) — Ks(20,9) £ () duy).

for every z € X and an arbitrary fixed zg € X.
On the other hand, for ¢ of finite upper-type we define

1
K1/¢($,y)—/0 wst(x,y)dt, for z #y.

729
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Clearly Ky /¢ is positive and symmetric.
If ¢ is a function of lower type is > 0 and upper type sy the derivative operator

of order ¢, Dy, and its extension, D¢ are defined as follows:
For any function ¢ of lower type o and of upper type 3, such that sy < a,

if f € ASN L, then

(3:24) Dyf(z) = /X Kyg(x,y)(f(y) — f(2)) dp(y)

and if f € AS, then

(3.25) Dy f(z) = /X(K1/¢>(I, Y () = f(2) = K1¢(z0, y)(f(y) — f(x0))) dp(y)
for each x € X and an arbitrary, but fixed, g € X.

4. Main theorems

Theorem 4.1. Let ¢ be of lower type iy > 0 and upper type s4 < 1 and § a
quasi-increasing function of upper type (3.

If feASNLY and 3 > 0 then I f(z) converges absolutely for all x and if,
moreover, 3+ sy < 0 then there is a constant C' > 0, independent of f, such that

s flpes < C|f|pe-

If feAS and 8+ 54 < 0 then f¢f(x) converges absolutely for all x and there is
a constant C' > 0, independent of f, such that

15 flpeo < Clfpe-

Moreover, if f € ASNLY, then f(b [ coincides with 14 f as an element of AS® (since
Iy f(x) = I f(x) = I f(20))-

Theorem 4.2. Let ¢ be a function of lower type ig > 0 and upper type sg.
Let also £ be a quasi-increasing function of lower type « and upper type (. If

f e ASNL>® and s¢ < « then Dy f(x) is absolutely convergent for every x € X
and if; also, 8 < 6 + iy then

1Dy flless < Cllflle-

If feAS, s¢ <« and <0+ ig then ﬁ¢f(x) is absolutely convergent for every
xz € X and

|D¢f|§/¢ < C|fle-
Moreover, if f € AS N L, then ﬁ¢f coincides with Dy f as an element of AS,
(since Dy f(x) = Dy f(x) — Dy f(0))-

In the following theorems we use the notation ¢ = 11 /19, where 11 and 9
are quasi-increasing functions of upper types s; and s respectively.
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Theorem 4.3. Let ¢ be a function of lower type i, > 0 and upper type sy < €.
If 51+ sy < eand sy + sy —i4 <€, then I is a linear continuous operator from

Fﬁ)’q to Fgﬁw,q’ for 1 < p,q < .

Theorem 4.4. Let ¢ be a function of lower type i, > 0 and upper type sy < €.
If 51+ 84 < € and s2 + 54 — iy < € then I, is a linear continuous operator from

B;f)’q to Bgﬂl}’q, for 1 < p,q < o0.

Theorem 4.5. Let ¢ be a function of positive lower type and of upper type
sp < €. If s < e and sy + sy < € then, Dy is a linear continuous operator from

F#’q to F#/d)’q, for 1 < p,q < co.

Theorem 4.6. Let ¢ be of positive lower type and of upper type s < €. If
s1 < € and sy + s2 < € then Dy is a linear continuous operator from Bg’q to
B;f}/qb’q, for 1 < p,q < 0.

5. Previous results

We begin this section giving some special properties of the class of functions
acting as moduli of continuity but also as order of integration and derivation.
These properties will be used later in the proof of the main lemmas and theorems.
Unless special difficulty or interest of their proof, these are omitted for the sake
of briefness.

The following two statements are alternative definitions of lower and upper type.
If ¢(t) is of upper type s, then there is a constant C' > 0 such that

1

(5.26) p(uv) > au%qﬁ(v), for w <1 andall v >0.

Similarly, if ¢(t) is of lower type iy then there is a constant C' > 0 such that
1 .

(5.27) o(uv) > 6u’¢¢(v), for w>1, andall v>0.

Proposition 5.1. Given two functions ¢(t) of lower type « and £(t) of upper
type B < «, the function ¢(t)/&(t) is quasi-increasing.

The following proposition shows how to obtain regularizations of a quasi-
increasing function of positive lower type.

Proposition 5.2. If ¢(t) is of positive lower type « and finite upper type (3 then,
for any 0 < vy < «, the function

P(t) =17
0

is a strictly increasing and differentiable function equivalent to ¢. Moreover, its

inverse ¥~ is of lower type 5! and of upper type o~ L.

Lol

uy+l

Two applications of the previous statement that will be frequently used later
are stated and proved next.
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Corollary 5.1. If ¢ is a quasi-increasing function of upper type s4 < 1 then

there is an equivalent function & such that qz(t) /t is a strictly decreasing and
differentiable function on the positive real numbers.

PROOF: Indeed, since ¢/¢(t) is of lower type 1 — s4 > 0 and of upper type 1, we
consider a strictly increasing differentiable function, ¢ (t), equivalent to t/$(t), as
given in Proposition 5.2. The function ¢ = t/1(t) satisfies our statement. O

Corollary 5.2. If ¢(t) is function so that t¢(t) is of positive lower type and finite
upper type then there exists a function ¢(t) equivalent to ¢(t), such that tp(t) is
a strictly increasing, differentiable function defined in RT.

PROOF: The statement follows by defining ¢(t) = ¢ (t)/t, where ¥ (t) is a strictly
increasing and differentiable function equivalent to t¢(t). O

The proof of the next proposition follows by dyadic partition of the domain of
integration.

Proposition 5.3. Let ¢;(t) be a function of lower type «; and of upper type (3;,
i = 1,2. The following inequalities hold for x € X and r > 0:

61(3(z,y) #1(r)

(5.28) If oy >y then /(5(x7y)<r 52000 7) dp(y) < C¢2(,,) -
$1(5(x.y)) 61(r)

6)  arp<on then [ ey ) <O

In the following paragraph we recall the Calderén-type reproduction formulas,
stated by Han and Sawyer in the context of spaces of homogeneous type, which
are the essential tool used to develop Littlewood-Paley characterizations of the
Besov and Triebel-Lizorkin spaces and the theorems of continuity of our operators
on those spaces. The proof of these formulas is given in [HS].

Theorem 5.1. Let (Si)rez be an approximation to the identity and set Dy, =
Si — Sp_1. Then, there exist families of operators ([)k)kez and (Dk)kez such
that for all f € M B

o o
f= Y DiDpf= ) DipDyf,
k=—o00 k=—o00
where the series converges in ME'Y) for g < 3 and v <.

Let us notice that if (Dk)kez and (ﬁk)kez are as in Theorem 5.1 then their associ-
ated kernels Dy, (x,y) and Dy (z,y) are (¢/, ¢’)-smooth molecules of width (24)7%,
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as functions of the first and second variable respectively, for each 0 < ¢ < e.
Then Dj f and D} f € M B whenever f e MY 0< B,y <e.

Thus, for h € (MBMY Dph and Dyh are defined as elements of (M) by
(Dh, f) = (h, D} f) and (Dgh, f) = (h, D} f). Therefore, the formulas in Theo-
rem 5.1 will also hold true in the sense of distributions. More precisely,
Theorem 5.2. Let (Dy)rez, (Di)rez and (Dy)gpez be as in Theorem 5.1. Then
for all f e (MBMY,

f="Y_ DiDpf= > DiDyf,

k=—o0 k=—o0

in the sense of

{frg)= lim { > DipDyf,g) = Jim | > DpDyf,q)

for all g € M) with 8/ > 3 and 7' > .

The Calderén-type reproduction formulas allow us to prove that if the operators
Dy, in the definitions of the norms of the spaces are replaced by Ej, = P —
Py _q, where (Py)rey is another approximation to the identity of order € < 6, the
resulting norms are equivalent to those defined in (2.14) and (2.15) (for the proof
of this fact see [HS] for the classical spaces or [H] for the generalized ones). The
same result is true if the operators D, are replaced by f)k or ﬁk

In the following two lemmas the main properties of the generalized Besov and
Triebel-Lizorkin spaces are stated without proof, for the sake of briefness.

Lemma 5.3. The classes B;,p’q, 1 < p,qg < > and Fﬁ”q, 1 < p,g < oo are

Banach spaces and their dual spaces are B;),/ v and F;,/ v respectively, with
1/p+1/p=1and1/q+1/¢ =1.

Lemma 5.4. The molecular space MB) is embedded in B;,p’q, 1 <p,qg < ooand
Fﬁ”q, 1 <p,q < o0, when s1 < 8 and s3 < 7. Moreover, M) is dense in B;,p’q,
1 <p,q < oo and F;f}’q, 1 < p,q < oo, for all €, such that max(sy,s3) < € <e.

In the setting of R™ and for ¢ = oo, unified approaches between Besov spaces of
order ¢ related to a Banach space E of functions (in our definitions F = LP) and
Lipschitz classes of distributions whose moduli of continuity in E are dominated
by & are treated in [J] and [B]. See also [I] for the inhomogeneous case. The
identification between the Sobolev space of fractional order LP* and F;,l ©in the
setting of spaces of homogeneous type is treated in [GV].
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6. Main lemmas

Let now define two quasi-metrics associated to ¢ and equivalent to d and obtain
new representations of the kernels of /, and Dy in terms of each quasi-metric.

Consider a quasi-increasing function ¢ of upper-type s4 < 1 and a fix function
o, as given in Corollary 5.1. We define d4 : X x X — R in the following way: for
every pair (r,y) € X, d4(w,y) is the unique solution of

S(0g(x.y)) [ $(t) '
(6.30) W —/0 Tst(I,y)dt if 7y,

dp(z,y) =0 if z=y.

We then have that

¢(9g(2,y))

for x #£y.

When ¢(t) = t%, 0 < a < 1, we can choose ® = ¢ and then 6, := d¢ is the
quasi-metric associated to I, defined in (1.1).

The next lemma proves that Ky(z,y) is equivalent to ¢(d(z,y))/d(z,y).

Lemma 6.1. If ¢ is of upper type s4 < 1 then there are positive constants Cy
and Cq such that for §(x,y) > 0,

¢(0(x,y) _ 90(z,y))
5(1’,y) N 5¢)($,y)

(6.31) Ca <Ch

PROOF: By (2.17) and (2.18), it holds that
o0 [ee]
/ @st(x,y) dt < cl/ ﬁg) dt.
o 1 Say)/br

The substitution ¢ = ud(z, y)/b; and inequality (2.4) yield to

o [t s [ iz o )

since s4 < 1 and ¢(s/b1) < C'max(1,1/b*)¢(s) for all 5 > 0.
On the other hand, by (2.18) and the fact that ¢ is quasi-increasing, it follows

that
Oo@s x c - 0}
(6.33) /0 t )it = 2/5(:v,y)/b2 t2 “
SO )b (21 o(3(e.y))
2 OO Sy b /1 R T I
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since ¢(s/b2) > C min(1, 1/b§¢)¢(s) for all s > 0. From definition (6.30) and the
above inequalities then (6.31) follows. O

As an immediate consequence of the previous lemma we have
$(8(z,y))
d(z,y)

Lemma 6.2. If ¢(t) is of upper type sy < 1 then d is a quasi-metric equivalent
to 4.

PROOF: Since s4 < 1, from (6.31) and ¢ ~ ¢ it follows that

(6.34) 0< Ky(z,y) <C

 35(.y) _ B0slen) ., do(x.y)
(6.:35) Sy = o) by

Nevertheless, since ¢ (t) = t/@(t) is increasing and invertible and its inverse func-
tion is of finite upper type, it follows that

CYo(z,y) < 64(z,y) < CYS(z,y).

Clearly, from the above equivalence turns out that d4 is a quasi-metric. O

The next two lemmas state smoothness and cancellation properties of K.
Lemma 6.3. Let ¢ be of upper type s4 < 1. Then

5<w,w'>)9 $(8(z, 1))
6(z,y) 6(z,y)

(6.36) K y(z,) — Kol )] < C <

whenever §(x,y) > 2A8(z,2’).
PROOF: Let a = bl_1 min{d(x,y),d(x’,y)} where by is that defined in (2.18). From
(6.30), it follows that

|K¢(:E,y) - K¢(I/,y)| < /OO %

From the smoothness property (2.19) of s; it follows that

|St($,y) - St($/,y)| dt.

00 /\0
o(t) 6(z, ")
(6.37) |K¢(£C, y) - K(;ﬁ(x,’ y)l < A t 146 dt.
Since s4 < 1, Proposition 5.1 says that @(t)/t is quasi-decreasing and then,
¢(a)
(6.38) |Kg(z,y) — K¢(:v',y)| < 05(58795,)0 Q10

Since §(z,y) > 2A6(x,2’) then §(x,y) < 245(x',y) and thus, 6(z,y) < 24bia.
But, since ¢(t)/ t! is quasi-decreasing whenever | > 54, it follows that

/ / o(z,
K y(e,y) - Kple! p)] < C3(a,c )9%

which is our statement. O
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Lemma 6.4. Let ¢ be of upper type sg4 < 6. Then
(6.3 [ Koler) = Kot )l i) = 0

for every x and 2’ € X.

PRrROOF: First notice that the integral in (6.39) is absolutely convergent. Indeed,
(6.30), (2.17) and (2.18) yield to

// ) 1y, ) — sl )] b dpy)

SO/O @/uw D+ st ) < [ A

dt < oo

Moreover, from (2.19) it follows that

//OO¢ st (z,y) — se(2,y)| dt du(y)

<ciwa) [T 55

<o)’ [ Zﬁgdt

/ du(y) dt
(6.41) §(w,y)<bitve(a! y)<bit

NV 1
Therefore, (6.39) is obtained by Fubini’s theorem and (2.20). O

Consider now a quasi-increasing function ¢ of finite upper type and the function
¢, as given by Corollary 5.2. We then define 6 /4 : X x X — R such that 6 4 (z,y)
is the unique solution of the equation

1
dt if d
(6.42) ¢(51/¢(:1: Y))81 4 (, / 201 (r,y)dt if x#y, an

61/¢(z,y ):O it z=y.

Hence we have that

1
Ki/p(z,y) = = for = #y.
e (61 /9(. )01 4 (2. y

When ¢(t) = %, 0 < o < 1, choosing ¢ = ¢ it turns out that d_g := 04—a is the
quasi-metric associated to D, defined in (1.2).

The following results are obtained in an analogous way to the case of I; and
their proof is omitted for the sake of briefness. The first one states that K7 /4(, y)

is equivalent to 1/(¢(6(x,y))d(z,v)).
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Lemma 6.5. If ¢ is quasi-increasing then there are positive constants C1 and
Cy such that

1 1 1
(6.43) 1 < = < Cy

$(0(,¥)0(x.y) = (0 /4(2, )0y gz y) — 0@ y)i(wy)

Moreover, 4, /¢ 1 a quasi-metric equivalent to d.

From the above lemma, the size estimate immediately follows

1
¢(6(z,y))d(x,y)

Lemma 6.6. If ¢ is a quasi-increasing function of finite upper type then

(6.44) 0 < Ky/p(z,y) <C

Ky g (2,y) = Ky g(a, )| + K1/ (9, 2) — Kq/(y,2)]

(6.45) 5z, ')\’ 1
=¢ ( 5 v) ) 56093 (.)

for 6(z,y) > 2A58(x,2").

7. Proof of Theorems 4.1 and 4.2

PROOF OF THEOREM 4.1: Let us first see that I f(x) is absolutely convergent
for every z € X. From (6.30), it follows that

/|K¢xy||f< )| diu(y <c/ OO 9), 107 du(y).

= M _
¢ </5(:v7y)<1 +/5(x7y)>1> 3(z, y) |f()| duly) = I1 + I.

Applying (5.28) since i, > 0, and the fact that £ is quasi-increasing it follows that

o $(0(z.1))
d(z,y)<1 6(z,y)

< C|fle / . %du@)

+ Olf (@) / oot y” duy)
73/

CEMIfle + 1/ I)I)
SC(|f|g+|f( z)|)-

(7.46)

(£ (@) = f@) + 1f(@)]) duly)

(7.47)
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Furthermore, since s < 1, ¢(t)/t is quasi-decreasing and

(7.48) L<cC OO@ ), 107 du(y) < O £l
d(z,y)>1 6(z,y)

Inequalities (7.47) and (7.48) lead to the bound

(7.49) [ f(z)] < /X|K¢>(I,y)||f(y)ldu(y) < C(flg + £ @)+ [ f]11),

for every z € X.

In order to prove that f¢ is well defined we follow the idea of the above proof.
In fact, using (5.28) for é(x,y) < 2A5(x,z) and, on the other hand, (6.36), the
fact that sy + 3 < 0, and (5.29) for d(x,y) > 2A6(x, xg), it is not hard to prove
that

/X Ky (2,y) — Kg(zo,y)l|f (W) duly) < Co(d(z, 20))(E(0(z, 20))|fle + | (@)]),

for every z,zg € X.

To prove that |Iflse < C|f]¢ and |I~¢f|¢§ < C|fl¢ it is enough to consider
x1,x9 € X, 21 # x9, set r = §(x1,x2) and to show that there is a constant C' > 0
such that

(7.50) Isf(z2) — Ipf(21)] = |Isf(z2) — Ipf(21)| < C|f|e€(r)o(r),

where it must be understood that f € A$ for f¢ and f € AN L for Iy. By

Lemma 6.4 we can write
Isf(xa) = Ipf(21) = Ig f(x2) — Iof (21)
= [ ) = a2 (a2 9) = Kylor, ) duty)

and the right hand side in the above equalities is bounded by

5(y,:1:2)

(b(é(yv 1‘1))
(751) * /5(y,m2)§2A7" 5(y7$1)

" /5(y,xz)>2Ar |Ky(z2,y) — Kg(z1,9)|1f(y) — f(x2)] dpu(y)

=J1+Jo+ Js.

/ GOW:v2) 0y )| dpy)
0(y,x2)<2Ar

|f(y) = f(w2)| du(y)
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Denote B = B(z2,2Ar) and B¢ its complement. From the smoothness condition
of f and since £¢ is of positive lower type it holds that

¢ ywz))

(7.52) J1 < C|fle
y 502

— - 5(0(y, x2)) duly) < Clfle E(r)o(r).

On the other, since B C B(z1,A(2A + 1)r), £ is quasi-increasing and ¢ is of
positive lower type, it holds that

¢ ywl))

7.53 Jo < C
(7.53) p |f|§ 50y, 77)

———E€(0(y, z2)) du(y) < C|f[e&(r)o(r).

Finally, the smoothness conditions on the kernel and on f, the condition S+s4 < 6
and Proposition 5.3 are used to get

£, 72)

y x2)1+0

(154)  Jy < C|f]er”? / Ut u(y) < C|FIeE(r)o(r).

O

Remarks 7.1. From inequality (7.49) it also follows that I is a linear continuous

operator from M(P1:1) ¢o (M(ﬁ2’72))/, for every (31,71, B2 and 2 > 0. More pre-
cisely, there is a finite constant C' such that |(I4f, )| < C||fll y;51.40 1191 as(82.72) 5

for every pair f € MP1") and g € M(B272) and, moreover, it holds that

(155 (Lofo) = i log) = [ [ Kolwn) fw)o(e) duty) duto).

PROOF OF THEOREM 4.2: By (6.43) we have

|f(y) = f(2)]
K - d C DI g
- /X| e f () = f(@)] duly) < /6(:(:,y)<1 5. g)i .y M)
' |f(y) = f(2)]
C LTI quly) = I + L.
T ot 90w )i,y WY =T
Since sy < a, from (5.28) it follows that
£0(x,y))
(7.57) n<clfle [ s Tty ) < Ol
Furthermore, since iy > 0 and f € L>, (5.29) leads to
(7.58) I <20|f| / ST ) <l
' ? * Jstoy>1 0@y, y) =TI
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and thus, from (7.57) and (7.58),

(7.5) /X 1Ko )1 () — F@)] dis(y) < Clfe for every = € X,
which implies that
(7.60) 1D fllow < ClIflle for s <o

To show that D¢f(:1:) is absolutely convergent for f € A¢ and |D¢f|€/¢ =
|Dgfle/p < C|flg, it is enough to prove that

[ Kol ) () = 1) = Kol ) (1) = Fa0))| du)

< Vi aoy

Firstly, if y € B = B(z,2A4(x,x0)) then 6(y,z9) < A(24 + 1)d(z,zp), and
proceeding as in (7.57), since sy < a, we have

(7.61)
for every x,xq9 € X.

/B 1Ko 0) (F@) — £(@)) — K1 o0, 9)(f () — £(20))] dp(y)

£(6(x, z0)
(6(x, z0)

(7.62)

)
<C|f|5¢ -

Moreover, by reordering the integrand, it follows that

[, Kol ) = £@)) = Kys(a0.9)(F ) = Fao)) | duty)
103 < [ Kigolwali(eo) = @) duto)

[ 170 = F@y o) = Kol )l du) = Ty + T
From (5.29) and iy > 0 it follows that
£(6(x, z0))
= e G5 20))

On the other hand, Proposition 6.45, the facts that if y € B¢ then (y,zg) <
Cé(x,y), & is quasi-increasing and finally, inequality (5.29), since 3 < 0 + iy, lead
to the bound
£0(z,y)) £(6(x,20))
Ja < C1fleda.w0)” | duly) < O|fle 02 20)).
o2 | S o) MY = VGG z)

We then arrived to inequality (7.61). O
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Remarks 7.2. Let §; be a function of lower type «; and upper type (3; fori = 1,2
and let sy < aj. Then

(764)  (Dof.g) /way (v) — F(2)a(z) du(z) du(y),

for any f € ASt N L™ and g € L.
Furthermore, if f € AStn LN Lt g e A2 N L®°NLL and S < g then

(7.65) (Dyf,9) = (Dgg, f)-

Indeed, by (7.60), if f € A5t ML, with s5 < a1, then Dy f € L and (D f, g)
is well defined for g € L! and the left side of (7.64) is absolutely convergent. The
identity then follows from Fubini’s theorem.

Moreover, we have that [(Dyf, g)| < C||fll¢llgllz-

Furthermore, if f € AS'NL®NLY, g e AS2NL®NLL, and 8¢ < ag, the previous
argument also leads to the identity

(160 (Dog )= [ [ Kyple o) - o) @) dusa) dity).
Therefore,

(Dgf,g) — (Dgg, f)
ron = [ Kot G @at) ~ Fgto) dite) duts) =0

since the integrand h(z,y) satisfies the condition h(z,y) = —h(y,«) and
[ h(z,y) du(x) du(y) is absolutely convergent.

Remarks 7.3. Since M) < AP LN L, for any 3 and v > 0, from
Remark 7.2 follows that Dy is a linear continuous operator from M (Brm) jn
(M(52’72))/, for sy < 31, 71,72 > 0 and (2 > 0. Moreover, if also s4 < (32 then

(Dyf:9) = (Dgg, ).
8. Lemmas needed to prove Theorems 4.3, 4.4, 4.5 and 4.6

Seeking for the continuity of the operator I, on the generalized Besov and
Triebel-Lizorkin spaces, a representation of the operator I in terms of the Cal-
derén-type reproduction formulas is needed.

Let consider an approximation to the identity {Sj}rcz of order € < 6 and the
family {Dj, = Sy — Sp_1}rez. Given f e MBL11) | with 0 < 81 < 1 and 41 > 0,
by Theorem 5.1 it follows that

(8.68) f=Jim > D;D;f,

m .
l7|<M
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where the series converges in M (") for every 3 < 31 and 7/ < 71. Moreover,
by Remark 7.1 I is a linear continuous operator from M) into (MB"A)Y,

for every 8” > 0 and 4" > 0. Then, for g € M(ﬁZ"Y?), 0< Py <1andy >0,it
holds that

(8.69) (Isf,g) = lim (IsD;D;f,g).

M—oo
lil<M

Choosing 3" < 32 and 7 < 9 and now applying Theorem 5.2 it follows that

(Isf.g)= lim Tim 37 > (DpDplsD;D;f,g)
[k[<N|jl<M

= 1 i (D D*a).
Jim gm0 Y (Dl D;(D; ), Dig)
|k|<N|j|I<M

It is easy to check that the kernel associated to the operator Iy ; = DplyDj is
defined by

Ky rj(z,y) = (Di(z,.), 14 D; (., y))

(8.70) _ / Dy(w, 2) K (2, u) Dj(u, y) du(w) dp(z),

and it satisfies
(8.71) Ky j(z,y) = Ky ji(y,x), forevery x,y € X and k,j€Z.

In an analogous way, Remark 7.3 yields a representation of Dy in terms of the
Calderén-type reproduction formulas. Indeed, we get that

(Dof.g) = Jim lim > % (DpDpDyD;D;f,9)
[k[<N|jl<M

= 1 i (D )%
Jim gm0 Y (DpDyD;(D;f), Dig),
|k|<N|j|I<M

for every pair of functions f € MBm) and g € MBP272) | with s¢ < 1 and
52,71,72 > 0. The kernel associated to the operator Dy p; = DpDyDj is given
Yy

K1 9) = (DD ), Dyl )
- / Di(, 2)K (2 0) (D () — D (2,)) dpa(w) dp(2),

which is well defined by Remark 7.2. Moreover, since the kernels Dy(z,z) and
Dj(u,y) are symmetric, from (7.65) it follows that

(8.73) K¢ 15 y) = Ky/¢ k(Y ).

A sharp bound for Ky j;(x,y) will be obtained in the following lemma.

(8.72)
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Lemma 8.1. If ¢ is of positive lower type and of upper type sy < € < ¢ then
the kernel K j; satisfies the inequality
(24)~(+Va)(e=s0)
((24)~®N7) + 5(z,y) T E0)

where a V b = max(a,b) and a A b = min(a, b).

(8.74) |Kg1j(x,y)| < Co((24)~*V9))

PROOF: It is enough to consider the case k > j since the other immediately follows
from this by (8.71). From (8.70) and as Dj has null mean in each variable, the
kernel can be rewritten in the form

(6.79)  Konsle) = [ [ Dula2)lo(e ) ~ Kol )D; ) du(u) di(2).

Let first consider the case §(z,y) < 4A%2C(2A)7J. Defining n(t) € A€, with
n(t) = 1if |[t| < A and n(t) = 0 if |t| > 442, by Lemma 6.4 it holds that

Ky pj(r,y) = / Dy(z, z) (Kd)(z,u) — K¢(x,u))

0(z,u)
(24)~F

-|-/ Dy(z, 2) (K¢(z,u) - K¢(x, u)) (Dj(u,y) — Dj(x,y))

x (Dj(u,y) = Dj(z,y)) n( ) dp(u) dp(z)

< (1= mGg)) dntw) duts) = D+ B.

The first term D satisfies
D= [ 1D | Kol ) — Koy, )
8(zu)<(24) 7k +2
x |Dj(u,y) — Dj(x,y)| dp(u) dp(z)
<024y [ Dy | (K(z.m)
S(z,u)<C(24)~k

+ Kg(w,u))o(x, u) du(u) du(z),
but if §(x,2) < C(24)7% and §(z,u) < C(24)7%, then 6(z,u) < C(24)7F+1,
Moreover, since ¢ is of positive lower type, inequality (5.28) and the size condition
(6.34) can be used to get

D] < C24)/ (24)” =)

(8.76) ><</ Ky(x,u) d,u(u)—!—/ Ky(z,u) du(u))
5(z,u)<C(2A)~F 5(z,u)<C(24)~k

< C(24)) 24)~(k=Deg((24)7F).



744 S.I. Hartzstein, B.E. Viviani

On the other hand,
|B| <

// Dy (2, 2)[[Kg (2, u) = Ky (=, w)||Dj (u, y) = Dj(2,y)| dp(u) dpu(z)
5(z,u)>A(2A)~F

<//C(2A —k+t1<§(z,u)<C(24) I+ /w/é(m,u)EC(ZA)J#l)

|Di(x, 2)[|[ Ky (2, u) — Ky (@, u)||Dj(u,y) — Dj(x, y)| du(u) du(z)
= B1 + Bs.

As §(z,u) > 2A6(x,z) for u in the domain of By and By, Lemma 6.3 can be
applied. Moreover, denoting C; = {C(24)7F+ < §(z,u) < C(24)~F+itl},
i=1,2,..., since s, > 0 and ¢(t)/t is quasi-decreasing and € < 6 then

. k=g
21 0AYH [ 1040 3 [ 1Roteru) = Kool ) ) ()

C(24)70+¢) /|Dk;v 2) |Z/ d(z, 2) ))) dp(u) dp(z)

k—
C(2A)1 (1) (2 4) ke Z:J o((24) k)
i=1 .
C(24) ¢((24)7F)(24) (B9 3™ (2.4)is
i=1
< C(24) ¢((2A4)7F)(24)~(k=i)(e=s0)

On the other side, since sy < ¢ < 0, from (5.29) and (6.36) it follows that

By < C(24)) / Dy (i, 2)|

X

/ [ (2) — gl )| da(u) d(2)
§(z,u)>C(2A)—I+1

- <c@ay [ 1Dy

X

§(xz,2)¢ (6 (:C,u))d

(

/5(% )>C(24)-i+1 6(x,u)¢ d(z,u) pu(u) dp(z)
= cled (
)~

< ) (2 24)7)
C(24) ¢((24)7")(24

()kje

(k=5)(e=s¢)
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Nevertheless, since t¢ < €75 for ¢ < 1 and (24)7(1Te=s¢) < C/((24)7 +
8(z,y)) 1T for 6(x,y) < 44%(24)77, inequality (8.74) follows from (8.76),
(8.77) and an estimate for Bj.

Let now consider the case d(z, y) > 442C(24) 7. If Dj(u, y) # 0 then §(u,y) <
C(2A)77 and thus, §(z,u) > 2AC(24)~7 > 2A5(x, z), moreover, the equivalence
§(z,u) ~ (2A4)77 + §(x,y) holds. Therefore, using Lemma 6.3 and (5.26), from
(8.75) it follows that

0z, 2)° (u U z
SC/|Dk(IaZ)| u)<C(24) W¢(5($au))|D]( )| dp(u) dp(z)
8(z, 2)c 5

5(u,y)<C(24)~I §(z,u)tte=so 9(0(z,2))|D;(u, y)l dp(u) dpu(z)

(2A)—k(e—s¢)
((2A) 7 + 8z, y)Fese

<C [ IDylz2)

< o ((aa) )

The next lemma follows easily from Lemma 8.1.

Lemma 8.2. If ¢ is of positive lower type and of upper type sy < € then
[ 1Knsteplduta)+ [ 1Kol dutw) < Co((2a) (VD)) =il

An estimate of I ;; in terms of the Hardy-Littlewood maximal operator follows
from Lemma 8.1.

Lemma 8.3. If ¢ is of positive lower type and of upper type sg < € then
(878)  [Iyxshl)| < Oo((24)” ")) s p h| (@),

where M denotes the Hardy-Littlewood maximal operator.

PROOF: As in the proof of Lemma 8.1, it is enough to consider the case k > j.
From that lemma it follows that

/ 1K g (2, 0) [B(9) | dp)

< O(b((ZA)_k) <((2A)—k(e—s¢))(2A)j(e—s¢+1) /6( )<4A20(2A) . |h(y)| du(y)
z,y)< -J

(2A)—k(e—s¢)

+ ———|h(y)|d =1+ 1.
/é(m,y)>4A20(2A)j 5(w,y)(6_5¢)+1| W)l My)) b
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Clearly,
Iy < Co((24)7F)((24) = k=9e=s0)y 01 (|h|) ().

Finally, defining the sets Q; = {y : C(24)"7 < §(z,y) < C(2A)F177}, i =
2,3,..., since sy < € we have

Iy < Co((24)~ Z/ T%Ih( y)l du(y)

<[ o ) du(y)
§(z,y)<C(2A)1t1-J

< Og((24) %) (24) = F=De=s0) M |h|(2).
O

Corresponding results are obtained for the kernel K ki and the operator
Dy ; in the following lemmas.

Lemma 8.4. Let ¢ be of lower type iy > 0 and upper type s4 < €. Then, there
is a constant C' > 0 such that

1 (24)~(kVi)e
¢((24)~WVD) ((24)=(AI) 4 6(x, y)) e

|K1/gkj(xy)l < C

where a V b = max(a,b) and a A b = min(a, b).

PROOF: It is enough to consider the case k > j since the other one immediately
follows from this by (8.73). Let first consider the case §(x,y) < 44%(2A)77. Since
D, has null mean in the z variable, the kernel defined in (8.72) can be rewritten
as

K o5 @) = [ [ Dal2) {10 (D (0,) = D (2.9)
— Ky (2, u)(Dj(u, y) = Dj(z,y))] du(u) du(z)-
Fix n(t) € AG(R), such that n(t) = 1 for [t < A and 1 = 0, for [t > 2A. Then,
K167, y)

/Dkzzrz

% (K j(z w)(Dj(,y) = Dj(2,9) = Kol w)(D () = Dj(e,)))
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0(x,u)

X n((ZA)_k)du(U) du(z)

+/ Dk(xvz)

< (Kol ) (D3 n,9) = Dy(2.0)) — Ko, )(Dy () — D))
(1= 0 5 0) dn(u) () = D+ B

First notice that if 8(z,z) < C(24)~F and 6(z,u) < C(24)~F, then 6(z,u) <
CA(2A)7F. Therefore, from (2.10), applied to Dj, and (5.28) it follows that
(8.79)

D= [Ioate2) [ 1Ky o) 2AYO+O5(z. ) dau) d(2)
§(z,u)<CA(2A)~F

T, T,U A6 § (2, w)€ d(u z
+ [ 1Dstea)] [ <oy Ko 0I5, di) (e

(4o (24)7F
< O e

On the other hand, it holds that

1B| < / / Dy 2)]
§(z,u)>(2A)—k+1

% (K162 w) = Ky g, )l Dy, y) = Dy(a,v)

K1 g2, 0)| Dy, y) = D ()| ) du(u) dp(=) = By + Ba.

A)7F+1 then 6(z,u) > C(24)~F. Moreover,

But, if Di(x,2) # 0 and §(z,u) > (2
and (5.29), we deduce that

since iy > 0, from (6.44), (2.10)

By < A1+ [ |Dy(a.2)

G SR
><jﬁ@10>CX2A ¢ 500, w))0(e, ) (W) dulz)
(8.50) < C(24 24)" 9 [ |Dy(a )
1

" /é(z,u)zcm) W dpu(u) dp(2)

(24)7(1+€) (2.4)—k
o((24)7F)

<C

747



748 S.I. Hartzstein, B.E. Viviani

We now split By in the form

B < ( /] o )
(2A)~k+1<§(z,u)<(24) I+ §(z,u)>(24)—i+1

X | Dy, 2)|| K1 (2, w) = Ky (@, u)|| D (u, y) = Dy, y)| dp(u) du(z)
= B11+ By
Since d(z,z) < C(24)7F and §(z,u) > 2A48(z, z), smoothness conditions (6.45)

and (2.10), (5.29) and, also, (2.3) lead to the bound
(8.81)

By < C(24)11+0) / Dy (=)
y / bz 1
(24) ~F+1 <5(,u) < (24) 741 O, u)+e §(6(x, u))

BN, R
< C(24)(24) ’ ~/(2A)k+1S5(x,u) P(8(z, u))d(x, u) )

o(z,u) dp(u) dp(z)

(24)7 (24)~ (k=d)e
- o((24)7F)

On the other hand, using (6.45), (2.9), (5.29) and the fact that ¢ is quasi-
increasing, we obtain

(8.82)

‘ o(x,2)° 1
B19 < C(24 J/ Dy(z, /
1,2 (24) | Dy (2, 2)| S(w,u)>(24) 5 +1 §(z,u)tte ¢(8(z,u))

1 . (e 1
eaTaEa ) < C@A T Sy

From inequalities (8.79), (8.80), (8.81) and (8.82), we conclude that
if §(z,y) < 4A2%(2A)77 then

dp(u) dp(z)

< C24y (24) 7

1
#((24)7F)
- (24) ke 1
T (@A) +a(my) e p((24)7F)
To finish the proof, we consider the case §(z,y) > C4A%(24)7.
Notice that if §(z,z) < C(24)~F then d(z,y) > CA(2A)~7 and therefore

Dj(z,y) = 0. Moreover, the condition [ Dy (x,z)du(z) = 0 enables us to rewrite
the kernel in (8.72) in the form

K kg(av) = [ Dae2) [0 = K gl u) D () dia) d(o)

K1 .05 (2, )| < C2AY 1F9) (24) 7K
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But, also, since §(u,y) < C(24)77 then 6(x,u) > C(2A)1 > C(2A)7F >
246(z, z) and 0(z,u) > C(0(z,y) + (2A)77). Therefore, from (6.45) and the
fact that ¢(t) is quasi-increasing, we deduce that

| K1 /6,15 (25 )]
S, 2)1D;(,9)
< [ 1D '/ <2 T 200, ) ) ()
(24 1
< O [k [ 10,0 ) )
(2A) ke 1
= A7+ 5 ) @A)

O

The proofs of the following two lemmas are similar to those given for the
integral of order ¢ and so they will be omitted.

Lemma 8.5. If ¢ is of lower type iy > 0 and upper type sy < €, then there is a
constant C' > 0 such that

—|k—jle
859 [ 1Kyeastenldnte) + [ 1o nlan) < CoE8 =

Lemma 8.6. If ¢ is of lower type ig > 0 and upper type sy < €, then there is a
constant C' > 0 such that

(24)~lk=ile

(8.84) [Dg,kh(x)] < CW

M|hl(x),

where M denotes the Hardy-Littlewood maximal operator.

9. Proof of Theorems 4.3, 4.4, 4.5, and 4.6

If max(s1,s2) < € then the space M(©9) is dense in F;b,q and B;)b,q and hence,
in all the theorems, it is enough to prove the boundedness of the operators on
such molecules.

PROOF OF THEOREM 4.3: For f € M(©9) by using (8.69) we obtain

1/q

1 q
|Dkf¢f|)

Hodligea = H 12 (¢<<2A>—k>¢<<2A>—k>

p
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. a\ 1/q
- - |DylyDj(D; f)]
(k ((b((?A) F)w((24) k)z Y ))

JEZ.
(k

IN

m
N

p

IN

1 a\ 1/q
7 ((b((?A)_k)w((ZA)—k) ]2 |I¢7kj(Djf)|) )

a\ 1/a
1 A
’ (Z (¢((2A)—’f)w((2A)—k) 2 |I¢,k,j(Djf)|) )

keZ >k

m

= [S1 + Sallp-
p

First notice that as 19 is quasi-increasing and 1 is of upper-type s1, for k > j it
holds that
(9.85)
1 Pa((24)7%) (k)2 2((24)77) (24) k==
= < C(24 781 < = —
wea® nean =PV T Caea )

Also, since 17 is quasi-increasing and g is of upper-type so then, for k < j,
(9.86)

L a(2A)7h)
((24)7F)  1((24)7F)

< O(2A)0- P27 _ @A)z

$1((24)77) »((24)77)
Therefore, applying (8.78) and then (9.85) it follows that

(24)~h=D)e=sg=s1) a\ 1/a
S1(x) < Z Z WA ) M|D;f|(x)

kez \j<k

1/q
2 A)—J(e—sp—s1) R !
= (Z (Z W——Us—j))M|D’f—jf|(x)) ) .

keZ \j>0

(9.87)

On the other hand, using (8.78), (9.86) and inequality
(9.88) #((24)77) < C(24)" U= g((24)7F), for j >k,
it follows that

—(j—k)(e—spt+ip—s2) R o\ M
(9.89)  So(z) < (Z (Z(ZA) ;((QA)_j) - MlefI(:E)) ) .

keZ \ j>k
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From Minkowski’s inequality and the hypothesis sy + s1 < ¢ for (9.87), and
54 —ig + s2 < € for (9.89), it follows that

. q\ /4
(9.90) S1(x) + Sa(z) < C (Z (%) )

keZ

for every x € X. Since 1 < p,q < oo, we are able to apply the Fefferman-Stein
vector valued maximal inequality to get that

5 q\ /4
[S1+ S|, < C| (Z (%) ) lp < Cllfll p-a-

keZ

PROOF OF THEOREM 4.4: For f € M%), by (8.69), it holds that

q\ 1/q
gl oo < (Z (q&((zA)—’f)lw((M)—’f) > ||Dkf¢Dj(f)jf)||p) )

keZ jez

a\ 1/q
1 .
- (é (¢((2A)_k)¢((2A)—k) j§§k: III¢,k,jllp,pl<Djf>llp) )

a\ 1/q
1 .
+ (k% ( A A 2 :||I¢,k,j||p,p|<Djf>||p> )

>k
=51+ 5o,

where ||T'||p,p denotes ||T||zr—r»-
Nevertheless, from Lemma 8.2, it follows that

(9-91) s llpp < Co((24)~RVA)) (2.4) ~Ih=il(e=s50),

In fact, for 1 < p < oo, it holds that

lraastl < ([ ([ osste-oiiany) )"

(9.92) < ( /(/ |K¢,kj<x,y>|du<y>>p/p,

X (/|K¢,kj(£v,y)||h(y)|p du(y)) dM(x)) 1/p;
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and, for p =1,

(9.93) Mg ashll < / / 1K g 1 (0, 9) 1) i) ().

Then applying Lemma 8.2 in (9.92) and (9.93), it follows that

gaghly < € (8((24)~0¥9) 24y Hillemsn)) 7

1/
x ( [ 1Kasste. vl auty) du<x>> ’

< Op((24) =RV (24) ~Ik=il(e=sa)| ||,
for 1 < p < o0, and

150l < Co((24)~*VI))(24)~Ik=ile=s0) / h(y)| du(y)

= O¢((24)~ VD)) (24)~Ik=dlle=sa)| .

for p = 1. Thus inequality (9.91) follows. Substituting it in S7 and using (9.85),
it follows that

. Qo /g
—(k—j)(e—sp—s1 ”(Df)H
(9.94) S1<C (Z (Z(ZA) (k=) (e=s¢ )w((2f4)_f)) )

keZ \j<k
On the other hand, using (9.91), (9.85) and (9.88) it follows that

. Qo /g
—(J—k)(e—sp+is—s2 ”(Df)H
(9.95) S < C (Z (Z(QA) (j—k)(e—sg+iep )w((2i4)—f)) )

kez \j>k

For 1 < ¢ < oo, Minkowski’s inequality and conditions s4 + s1 < € for (9.94) and
54 —ig + s2 < € for (9.95) lead to the bound

S1+ 52 < Clfl gy.a- O

PRrROOF OF THEOREM 4.5: For f € M(E’E), proceeding as in the above proofs and
applying (8.72) it follows that

q\ 1/q
$((24)7) -
=D Dy ki (D)

(I;Z (1/)((2/1) k)z o, kj\ g ) )

Dol gy roa <

i<k
o((24)°F) "\
n HCAT) S~ b (D56)
(%(d)((m ’f)g PRI )) ,

= [151(2) + S2(2)llp-
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Using (8.84) and (9.85) it follows that

. 1/q
. M|\D; fl(x
(9.96) Si(z) < C % gﬂ(m)—(k—ﬂ)(ﬁ—sﬂ%
On the other side, again using (8.84) and inequalities (9.86) and
$((24)7F) < C(24)UR%0g((24)77), for k < j,
we conclude
1/q

e sams) MIDSTI(2)
(9.97) Sy(x) < C % ];(QA) (G—k)(e—s4 )W

From Minkowski’s inequality and the hypothesis s1 < e for (9.96) and s, + 52 < ¢
for (9.97) it follows that

1/q

M|Dif|() )"
S1(x) + S2(x) < C ,;Z (W)

From the Fefferman-Stein vector valued maximal inequality, for 1 < p, ¢ < oo, it
follows that

1/q

Defl(z) )
|51+ Sallp < C|| ;é% (&RZEZSZES> llp < C”Lf”ﬁgq-

Since the proof of Theorem 4.6 is similar to the previous ones, it is omitted.
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