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A class of pairs of weights related to the
boundedness of the Fractional Integral
Operator between LP and Lipschitz spaces

GLADIS PRADOLINI

Abstract. In [P] we characterize the pairs of weights for which the fractional integral
operator I, of order v from a weighted Lebesgue space into a suitable weighted BMO
and Lipschitz integral space is bounded.

In this paper we consider other weighted Lipschitz integral spaces that contain those
defined in [P], and we obtain results on pairs of weights related to the boundedness of I,
acting from weighted Lebesgue spaces into these spaces. Also, we study the properties
of those classes of weights and compare them with the classes given in [P]. Then, under
additional assumptions on the weights, we obtain necessary and sufficient conditions for
the boundedness of I, between BM O and Lipschitz integral spaces. For the boundedness
between Lipschitz integral spaces we obtain sufficient conditions.

Keywords: two-weighted inequalities, fractional integral, weighted Lebesgue spaces,
weighted Lipschitz spaces, weighted BMO spaces.

Classification: Primary 42B25

1. Introduction and preliminary notation

In harmonic analysis, a question of considerable interest that arises in connec-
tion with the theory of partial differential equations, is to determine the classes of
weights related to the boundedness of certain operators between weighted spaces.
This type of problem was studied by several authors, see [CF], [HL], [MW1],
[MW2], [S], [SWe] and others. For example, in [MW1], B. Muckenhoupt and
R. Wheeden proved that the fractional integral of order v, 0 < v < n, defined by

(L1) L f(x) = / F@)la —y " dy
Rn

satisfies the inequality

(1.2) IIU_IXBHoo% / Iy f(x) = mp (Iyf)| de < Cllf /vy
B

The author was supported by Consejo Nacional de Investigaciones Cientificas y Técnicas de
la Repiblica Argentina.
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if and only if v("/7)" € Ay, where mpf = (1/1B]) [5 f. This inequality may be

viewed as the boundedness of I, from Ly n/y
of functions with bounded mean oscillation.

In the unweighted case, it is well known that I, is a bounded linear operator
from BMO, the space of the function with bounded mean oscillation, into the
classical Lipschitz spaces A(y/n). See for example [Pe].

In 1997, Harboure, Salinas and Viviani in [HSV], gave necessary and sufficient
conditions on the weights for the boundedness of the fractional integral operator
I, from weighted strong and weak LP spaces within the range p > n/y into
weighted versions of BMO and Lipschitz integral spaces. Under an additional
assumption on the weight, they also obtain necessary and sufficient conditions for
the boundedness between weighted Lipschitz spaces.

An extension to the case of two weights can be found in [P], where the author
characterizes the pairs of weights for which I, is bounded from weighted Lebesgue
spaces LY into a weighted version of BMO and Lipschitz integral spaces of pa-
rameter §, with a weight w, called L,,(9) spaces, defined as the locally integrable
functions f such that for every ball B C R™ the inequality

into a weighted version of the space

(1
(1.3) I¢ U/;"}ﬁ?,'@'m/lf —mpf|de < C

holds. For 6 = 0, this space coincides with that one of the weighted bounded
mean oscillation spaces introduced in [MW?2]. The case w = 1 gives the known
Lipschitz integral spaces for 0 < ¢ < 1, and the Morrey spaces given in [Pe], for
—n < § < 0. The work includes a study of the properties of the classes of weights
that arise in connection with the boundedness of I.

Our aim in this work is to give a two weighted characterization for the bound-
edness of the fractional integral operator I,, 0 < v < n, generalizing the one-
weighted results obtained in [HSV]. More precisely, we characterize the pairs of
weights for which I, is bounded from weighted Lebesgue spaces LP into a weighted
version of Lipschitz integral spaces that contain those defined in [P]. Then, we give
necessary and sufficient conditions for the boundedness of I, between weighted
BMO and Lipschitz integral spaces. For the boundedness between Lipschitz
spaces we obtain sufficient conditions. We also deal with the classes of pairs of
weights that arise from these conditions and we determine their properties.

We shall give the basic notation used through this paper. As usual, we say
that w is a weight if it is a nonnegative locally integrable function defined on R".
We also say that w satisfies the doubling condition if there exists a constant C
such that the inequality

0 < w(2B) < Cw(B) < x

holds for every ball B C R™. For a measurable set £ C R", we denote w(E) =
Jpw pw(z)dr. The open ball centered at zp with radius R will be denoted by
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B(xzp, R) and 0B will mean B(xg,6R). By LP we mean the usual strong Lebesgue
space on R”, and we denote by || - ||p, the corresponding norm, that is

1= ([ If(w)lpd:v>1/p-
J

Finally, we denote by L%, the class of functions f such that f/w € LP.

Section 2 of this paper contains the basic properties of the spaces that we
are going to consider and the relations to those defined in [P]. In Section 3 we
introduce the classes of pairs of weights related to the boundedness of I, between
weighted Lebesgue spaces and the spaces given in Section 2. The properties of
such classes of weights are given in Section 5. The proofs of the main results of
this paper can be found in Section 4.

2. On the weighted Lipschitz integral spaces L, (9)

In this section we shall introduce the Lipschitz integral spaces that we are going
to consider in our work.

2.1 Definition. Let w be a weight and 6 € R. We say that a locally integrable
function f belongs to LL,,(8§) if there exists a constant C' such that the inequality

1
(2.2) WB/ |f(x) —mpflde <C

holds for every ball B C R™. The least constant C' with this property will be
denoted by ||| f[llL,, (5)-

It can be seen that, for each §, v and p, the space L£,,(§) defined in [P] as the
set of locally integrable functions f such that for every ball B C R" the inequality

1
(2.3) I¢ gﬁfﬁ,’}m /|f —mpf|dze < C

holds, is contained in L, (4). Moreover, if § = 0, the space Ly, (d) coincides (as
L4,(6)) with one of the weighted bounded mean oscillation spaces, introduced by
Muckenhoupt and Wheeden in [MW2], and for —n < ¢ < 1, this definition agrees
with one of the versions given in [HSV]. For the case w = 1, LLy,(d) is the known
Lipschitz integral space for 0 < § < 1, and the Morrey space for —n < § < 0.

Now we shall establish the relation between L, (d), the space Ly,(4) defined in
[P] and certain pointwise version of Lipschitz spaces.
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2.4 Proposition. Let § € R and let w be a weight, then

(2.5) The space L,(d) is contained in the space L, (). Moreover, if w € Ay,
then both spaces coincide.

(2.6) Let 6 > 0. If w satisfies the doubling condition, then the space Ly (9)
coincides with the pointwise version A" (9) consisting of all the functions f such
that there exists a constant C' satisfying

(2-7)|f(:c)—f(y)|§0< [ &dz)

|z —a|"° 2 —y|"°
B(z,2|lz—yl) B(y,2|lz—yl)

for almost every x and y in R™.
PROOF: Let us show first (2.5). From the inequality
w(B)
|B|

it is clear that £ (0) C Ly(d). The other inclusion is also immediate by our
assumption that w € A;.

In order to prove (2.6), we first check (2.7) for f € Ly (6). Given x and y in
R™ Lebesgue points of f, z # y, take B = B (z,|r — y|) and B’ = B (y, |z — y|).
Then

inf w <
B

|f@) = fW) < |f @) —=mpfl+|f ) —mp fl+|mp f—mpfl|.
We estimate only the first term of the right side. The estimates for the other
terms are similar. Letting B; = 27"'B, i > 0, we get from the assumption

k—1
@)= mpfl <Jim (1 @)= mp f[+ 3 [, f = ms f])

=0

scDBirl/\f(z)—mBiﬂdz
=0 B

< C1F Iy ) D 1Bl w (By)

=0
s w(z)
§C|||f|||Lw(6)Z / mdz
ZZOBi_BiJrl
w(z)
< CN L, o) / mdz
B(x,2p)

for almost all x € R™. Then (2.7) follows.

Conversely, integrating (2.7) over a ball B with respect to both variables, x
and y, and changing the order of integration, we obtain that f belongs to L, (d).
Thus (2.6) is proved. O
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3. Statement of the main results
First, we introduce the classes of pairs of weights that we are going to consider.

3.1 Definition. Let 0 < v <n,d € Rand 1 < p < co. We say that a pair of
weights (w,v) belongs to H(p,,d), if there exists a constant C such that

/

1+(1-6)/n P 1/p’
(3:2) |B|w(3) ( / . Tt D) dy> =0
g (IBY" + g — o)

holds for every ball B C R™, where xp is the center of B. In the casep =1, (3.2)
should be understood as

|B|1+(1—6)/n v .
B (n=y+1) | — 7
CE 181+ e~ ) o
3.3 Remark. Keeping in mind that
1 |B|
1 = >
H( /w)XB”oo inf w = ’LU(B)
reB

it is easy to check that the classes H(p,~,d) defined in [P] are contained in the
classes H(p, v, d) given in the above definition. However, the reciprocal inclusion
is not valid. We postpone the proof of this assertion to Section 5, where we shall
study the properties of the classes H(p,~, ).

Also, if w = v and § = y—n/p, it can be seen that the classes H(p,~, d) coincide
with the classes H(p,~) defined in [HSV].

Now we state the results on the boundedness of the operator I involving the
spaces L,y (d) and the corresponding classes H(p, v, d).

3.4 Theorem. Let 0 < v <n,1 <p < oo, €R and let (w,v) be a pair of
weights. The following statements are equivalent:

(3.5) The operator I is a bounded linear operator from L% into L, ().
(3.6) The pair (w,v) belongs to H(p,~,J).

In the following theorems we state results of boundedness of I acting from
suitable BM O and Lipschitz integral spaces into Lipschitz integral spaces. More
precisely, under additional assumption on the weights, we obtain necessary and
sufficient conditions for the boundedness of I, between BMO and Lipschitz in-
tegral spaces. On the other hand, we obtain sufficient conditions for the bound-
edness of I, between Lipschitz integral spaces. For the one weight case, similar
results have been established in [HSV]. Our results are contained in the following
theorems and the proofs are in Section 4.
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3.7 Theorem. Let 0 < v <1 and (w,v) be a pair of weights. Then

(3.8) the condition H(oo,~,~) is necessary for the boundedness of the operator
I, from Ly, (0) into Ly, (7);

(3.9) if w and v satisfy the doubling condition, and (w, v) belongs to H(co,v,7),
then I, is a bounded linear operator from Ly (0) into Ly (7).

3.10 Theorem. Let~y > 0 andd > 0 be such that 0 < y+6 < 1, and let (w,v) be
a pair of weights that satisfy the doubling condition and such that (w,v) belongs
to H(oo,y+0,v+6). Then, the operator I, is bounded from Ly, (6) into L, (y+46).

We note that Theorem 3.7 generalizes the classical unweighted results on the
boundedness of I, between BMO and Lipschitz spaces A(c). For the one weight
case, E. Harboure, O. Salinas and B. Viviani prove that the spaces Ly, (), 0 <
0 < 1 coincide with the pointwise versions given in Proposition 2.4 because the
weight in the classes they obtain satisfies the doubling condition.

4. Proof of the main results

Now we will restrict our attention to the boundedness of I, from BMO and
Lipschitz integral spaces into Lipschitz integral spaces, the proof of Theorem 3.4
follows similar lines as in [P, Theorem 3.5] and we omit it. First, we shall consider
the following expression for the operator I (since the usual definition, i.e. (1.1),
is not good to deal with LL,,(0) spaces because of convergence problems, as can
be seen in related classical results)

(1) 1@ = [ (s~ ) W

RTL

where zg € R"™ is chosen adequately. It can be proved that, if both integrals (1.1)
and (4.1) converge, then differ by a constant.

The next lemma was proved in [HSV] and we omit its proof here.

4.2 Lemma. Let o € Rt and § > 0 be such that 0 < o+ 6 < 1. Let v be
a weight satisfying the doubling condition. Then there exists a constant C' such
that the inequality

/‘¥gtﬁ@ﬂ@game>/ .
R*"—B

_ o ntl-a _ o ntl—a—48 Yy
R"—B B yl |IB y|

holds for every f € 1L,(6) and every B = B (zg, R) C R™.

Now, we prove the finiteness of (4.1) for every f € Ly ().
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4.3 Lemma. Given v > 0 and § > 0 such that 0 < v+ < 1, let (w,v) be
a pair of weights belonging to H (oo, + §,v + §), with v satisfying the doubling
condition. If zg € R™ is a point such that, for all R € Rt

v (y) w (y)
/ - |n—('y+6) dy < o0 and / o |n_(7+6) dy < oo
B(zo,R) B(zo,R)

hold, and f € L, (6), then (4.1) is finite for almost every x € R™.
PROOF: Since, for every v € Lj,.(R™), R >0 and m € N
v(y) dx
—— —dydx | < ——|d
/ < / |I—y|n_(7+6) Y CC) < / U(y)( / |I—y|n_(7+6)> Y
B(0,m) B(z,R) B(0,R+m) B(0,m)
<Cma) [ wl)dy <o,
B(0,R+m)

we can choose zg and & € R", with x # zg as in the hypotheses of the lemma.
Then we take B = B (zq, |z — 2g|). Since the expression in parentheses of (4.1)
has zero integral over R™ as a function of y, we have

1 1
— d
R/n (|xo—y|"-” |x—y|"ﬂ)f () dy

-/ (m o |x_;n_n,) (F (5) = mpf) dy

R’!L
=1 (2) + Iz (),

(4.4)

where I is the integral over the ball B and I3 is the integral over the complement
of B.

Let us first estimate ;. Setting B = B(z, 2|z — x¢|), we have

|f(y)—me|d . |f(y)—me|d

2o —y[*™7 . [z =y

(11 (2)] <
B

1f) —mpf| /\f Bf|

o —y[*™7 "

+|||f|||LU(5)U(B)|BI n
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Both integrals can be estimated in the same way, so we do only the first one.
Thus, denoting By = 2 kB, ke N, we get

f(y) — mpf] 7
P -Dellay <o Y2 s [ 1F @)= mafl dy
lzo — yl =0
Br—Bgi1
. (o) k 1
<c1BFY MY || /‘f(y)—mij‘ dy
k=0 j=0 B
, & k 5jn—1
< C|flll, 5 1BI= > 278 1B |7 v (By)
k=0 7=0
< CllfllL, s wrv*}jW"é EZf“
k=j
8 Sy A
swwm@wwllzwm”awﬁ)
j—O
Y+
gmwmﬂaw|nl§jwnvé (Bj — Bj41)
<“WWU(/T——F77@
Therefore

(¥) v(y)
43) @) < Ol [ —— Py dit [ —— ).
NS oo =y S o=y =05

Next, let us estimate Is. Applying Lemma 4.2 with v and § and the fact that
(w,v) € H(co,y + 8,7+ J) we get

1 1
@< [ e e V@) el dy
i 10—y y
<ci [ —”ﬂf@]ﬁfﬂ@
e 0=y
(4.6 < Ol 11" 2 o)

Y
o n—y—0+1
e 170 =l

< ClIfllL, ) 1BIOH/" 1w (B)

)
< Cll ey [~ o
O Jeo —yn=OF)
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Then, it follows from the assumptions that I is finite almost everywhere. Finally,
combining (4.5) and (4.6) we get the lemma. O

Now, we are going to prove the theorems that involve the boundedness of I
between Lipschitz spaces, that is, Theorems 3.7 and 3.10.

PROOF OF THEOREM 3.7: Let us first see (3.9). In order to prove the boundedness
of I, we note that, by Proposition 2.4 it is enough to get a pointwise estimate
as in (2.7) for I, instead of f. Given x1 and xo in R™ with z1 # 22 let B =
B (21, |x1 — 2]). Since the kernel of I, has zero integral over R", we have

1 1
L f (21) - I f (22) s/ __ |1 () - mpS dy
= k | P T T LA
=11 + I,

where I is the integral over B and I3 is the integral over R™\B. Thus, with
arguments similar to the one used for (4.5) and (4.6), we get

|y f (21) — Iy f (22)]
<o [ e [ k)
|2 — a1 |2 — a9
B(z1,2|z1—z2]) B(z2,2|x1—x2])

Then, by integrating over a ball with respect to 21 and x2 we obtain the desired
result.

In order to prove (3.8) we observe that, by the assumptions,
——— [ I17() ~ mL ] dz < Cl il
w(B) B )

holds for every B C R™ and f € L,(0), with C independent of f. Following
similar arguments as in the proof of Theorem 3.5 of [P], it can be seen that there
exists a constant C' such that the inequality

Ll o iy < )
w(B) Rn (IJCB -yl + |B|1/n)"—7+1 y_ o

(4.7)

holds for every f € L,(0). Let us show that v € L,(0). In fact

1
llollL, (o) = sup —=+ [ |v(z) — mpv| dx < 2.
=5 (B
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Then taking f = v in (4.7) we have

/ o(y) e o v(B)

n—y+1 ¥y= 1
(B 4 eg —y) B+

so we obtain that (w,v) € H(oco,~,7). O

Proor orF THEOREM 3.10: To obtain the boundedness of I, we proceed as in
the proof of (3.9). Then we have

1 f (21) = Iy a2)]
<Al [ ge [ M)

|Z—$1|n_6 |Z—$2|n_6
B(z1,2|x1—x2]) B(z2,2|x1—x2])

The desired inequality is obtained by integrating over a ball B(z g, R) with respect
to z1 and xs. [l

5. Properties of the classes H(p,~,d)

We begin with technical lemmas that establish some properties of the classes
H(p, v, ).

5.1 Lemma. Let 0 <y <n,1<p<ooanddeR. The condition H(p,~, ) is
equivalent to the existence of a constant C' such that the inequalities

1
|B|(y=9)/n / N >
(5.2) S ([P wa)” <o
B
and
/ 1
|B|1+(1—6)/n / P (y) o
(5:3) w(B) |z — y| (DR dy s¢
R"—B

hold simultaneously for every ball B C R™, where xg is the center of B.

In [P] it is proved that, when § < 1, the condition H(p,~,d) can be reduced
to a condition over a ball B. This is not possible for the condition H(p,~,d). In
fact, we get
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5.4 Lemma. Let p and v be as in Lemma 5.1. There exist nontrivial pairs of
weights (w,v) that satisfy (5.2) but not (5.3) for § in the range
6 < min(1,y —n/p),
excluding the case 6 =1 when v —n/p = 1.
PROOF: Let us first consider § =1 < v — n/p. The pair (w,v) given by
w=1 and ov(z)=|z"/P7H
satisfies (5.2) for every ball B C R™ because, if |xp| < R we have
1
|B|(7_1)/n (/,Up’ (y) dy) v < CR—y—l—an/P—’H-l-i-n/p’ =0,
w(B)

and for |zg| > R we get

e

< CRY-1-n |xB|n/p—’y+1 Rn/p’

< Ry~ 1-ntn/p=y+1ltn/p’
=C.
On the other hand, if B = B (0, R), we obtain
LN ) N / O N
w(B) | —or V)= | Y
R"—B {lyI>R}
1
1 »
= Ton dy) )
( / ly"
{lyI>R}
where the last integral is infinite and, thus, (w,v) does not satisfy (5.3).
Similar estimates can be obtained for the case § <1 <+ —n/p by considering
the pair (w,v) defined by
w(@) =z and wv=1.
The same is true for the case § <~y —n/p <1 and (w,v) defined by
w(z) =2/’ and v(z)= |z
with
a>n/p—y+1 and pf=a+~v-8§—n/p. 0

We have proved that H(p,~,d) cannot be reduced to (5.2). However, if o?'
satisfies the doubling property then H(p,~, d) can be reduced to (5.3). This was
already proved in [HSV] for the case w = v and § = v — n/p, where the condition
imposed to v’ arises naturally.
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5.5 Lemma. Let (w,v) be a pair of weights that satisfy (5.3) such that v?'
satisfies the doubling property for 1 < p < co. Then (w,v) satisfy (5.2).

PRrROOF: Since (5.3) holds and vP satisfies a doubling property, then, given a ball
B (zp, R), we have

S
7

w (B) (1-6)/n / W (y) P
|B| = ClB] e 5 lzg — y|PY Y dy

|B|(1—5)/n
> =
= |B|1+(1—“/)/n

(vp/ (QB)) 1/]7
z |B|1+(6—’y)/n ’

(UP' (2B — B))l/p,

and thus (5.2) holds and, in view of Lemma 5.1, we have (w,v) € H(p,v,d). O

It is important to note that, as distinguished from the case 6 = v —n/p and
w = v, the doubling property of v does not arise naturally from the condition
H(p,~,6). In fact, in Theorem 5.13 of [P] it is proved that the pairs (1,v) with v
any function in LY belong to H(p,~v,y—n) for 1 < p < co. Then, by Remark 3.3,
the same holds for H(p,v,y — n) and it is clear that there exist functions in ¥
that do not satisfy the doubling condition.

Now we shall determine the range of p and ¢ for which the pairs of weights
that satisfy H(p,~, d) are trivial, i.e. v =0 a.c.
5.6 Theorem. Given v € (0,n), we have

(5.7) if 6 > 1 or 6 > v — n/p, the condition H(p,~, ) is satisfied if and only if
v=0a.e xR

(5.8) the same conclusion holds if § =~y —n/p = 1.

PROOF: Let us first show (5.7). In both cases, § > 1 and 6 > v — n/p, the proof
follows similar lines as in (5.7) of Theorem 5.6 given in [P], by observing that the
condition H(p,~,d) is

( P (y) > w(B) . (5-1)/n
/ ; dy | <C——=~|B :
n p'(n—+1) B
i (1BIY" + |zp — y) s

”d\l .

and from this condition it can be deduced that

, 1
v (B) )P W (B) | o (5—y)/nt1/

<(C——<|B v P
("mr)” =crm
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To prove (5.8) we proceed as in (5.8) of Theorem 5.6 of [P], by observing that
the condition H(p,,1) is given by

P’ 1/p B
( () )" <o),
1/n) (=P |B|
g (Jzp -yl + BIY")
that is, the same inequality used in the proof of that theorem. O

5.9 Remark. In Remark 3.3 we proved that H(p,v,d)C H(p,~,d). Let us see
that the reciprocal inclusion is not valid. In fact, let us consider

20y —n/p) -1 <a<y—n/p,
v—n/p—a<dé<min{y—n/pn/p-y+1},
n/y<p<n/(y-1)*
and the pair (w,v) defined by
|| if |z <1 5
w(x) = { |x|a+5 it (o] > 1 and v(z) = |z|°.

It is easy to check that (w,v) does not belong to H(p,~,d). However, we shall
see that (w,v) belongs to H(p,~,0). We use Lemma 5.5 to estimate only (5.3).
Letting B; = 2'B, we have

1-6

(5.10 1B / o (y) d v
10) w (B) |(n=y+ 1)/ 4

wilp 1TB Y
y—0 ,
< C'R - ! /vp
w(B) 2= 2in—+1)

=1

S

i

Let us first consider |zp| < R. Then, from (5.10) we obtain

1-6 /
B / )
w (B) g — |07 Y

3

R»—B
(5.11) <CR’Y+"/P’ s 1
- w(B) — i(n/p—5—v+1)
R/
<(O=-
ST

Thus, since w(B) > C max{R*T", R*T9+"} we obtain that (5.3) holds for this
case.
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Let us now suppose that |zg| > R. Then there exists N1 such that 2V R <
lzg| < 2M1*1R. The right hand side of (5.10) can be divided into S; and So

where
N 1
R0 A 1 P\ 7
S1=C . P
L= Cu®) & 3 < & >
— B
(5.12) s o L
- 1 N\ P
ool S ()
—y+1
w (B) N 2i(n—y+1) i
Let us first estimate Sp. Since ¢ < N7 and n/p — v+ 1 > 0 we have
RY—0+n/p
S <C
T zp

Using that w(B) > C max {|xB|a R", |zg|®T0 R”} we obtain
S <C.

To estimate Ss, first we observe that

RY+n/p

<O
%2507 B

and then we proceed as in the estimate of S7 to obtain that So < C. This
concludes the proof.

Now we give the ranges for which there exist nontrivial pairs of weights that
satisfy H(p,~, ).

5.13 Theorem. Given v € (0,n), there exist pairs of weights with v not iden-
tically equal to zero, that verify the condition H(p,~,d) in the range of p and §
given by

6 < min{l,v—n/p}

excluding the case 6 =1 when v —n/p = 1.

PrOOF: From Remark 3.3 the pairs of weights given in the proof of Theorem 5.13
of [P] satisfy the condition H(p,~,d) for v —n < § < min{l,v — n/p} excluding
the case 6 =1 when v — n/p = 1. However note that both classes H(p,~,0) and
H(p,~,d) do not coincide even for p and § in this range.

Now we give examples of pairs of weights for the case § < v — n. First, we
consider 1 < p < co. We divide the range § < v — n in two regions

) y—n—k<dé<min{y—-n/p—k,y—n—k+1},keN,
(ii) y—n/p—k—-1<d<~y—n—k, keNp.
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For (i) we consider the pairs (w, v) given by
w(z) = |z|F and v (z) = ||t /PmrHOTR
with
y—n—k<d<min{y—-n/p—k,y—-—n—-k+1}, ke N

Since v?" satisfies the doubling condition, we use Lemma 5.5 to estimate only (5.3).
First we let |zg| < R and B; = 2'B. Then

S
7

1-6 /
B J L —, L
w (B) lzg —y|(PYHIP
R"—B

S5 p/
b Z( / - (Ely_) +1) ,dty)
gyl =y 0TI

R S
i—1

Rn+1-6 X (2iR)"/P—’Y+5+k+n/P'

<C Rn+k P (2Z-R)n—'y+1

[e.e]

1
:OZW

=1
and since d + k <y —n+ 1 < 1, the last sum is finite.

Now let |xg| > R. Then there exists N such that ‘x—}’g‘ >~ 2N On the other
hand we have

B o (y) 7
(5.14) “w(B) ( / (n—y+1)p’ dy>
w e p 1TB

’yénoo 1/p
Y g ()
=1 B

|IB

The last term in (5.14) can be divided into S and Se where S is the sum up to
the Ni-th term and S3 is the sum of the remaining terms. We first estimate S

R’Y—5—n Ny |IB|n/p—’y+5+k (QiR)"/P/

pas (27)"

< CORY 9~ "Z
=1

N1 1
- Cz; 2i(1-3)
1=

(ZZR) n/p—y+6+n/p’

@y
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and the last sum is finite because § < 1.
For S we have

Ry—6-n (QiR)n—“{—HH-k

k
lzB| i=Nj+1
o0

Rk 1
=C > @)

k .
|z i=N1+1 (22

k
Since ¢ + k < 1, the last term of (5.15) is less than or equal to C (‘x—};) ,

which is bounded by a constant.
Let us now consider (ii). For

y—n/p—k—-1<d<~v—-n—-k, keNy
we consider the pair (w,v) defined by
w(z) = |z and v(z) = |=|?
with
a=y—n/p—k—26 and B=—k—29.

Since vP’ satisfies the doubling condition, by Lemma 5.5 we only need to esti-
mate (5.3). Let us take B = B(zpg, R) with |zg| < R. Then, if B; = 2'B we

have
|B|1+¥( / ) )
w (B) o lxg — y| P 4
(5.16) < B ! ( vp’)”l'
W) &R\
= 1
— ORl-9—a+B—n/pty-1 Z; cyre—c R
i—

Noting that
1-0—a+f8-n/p+y—-1=0 and n/p—y+1>0,

it is immediate that the last sum in (5.16) is bounded by a constant independent
of B.
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Let us now consider |xg| > R. As in the case (i), we obtain
L
p/

(5.17) I / )
' w (B) |z — y| (Y 4

R”»—B
_ RTL+1—5 i 1 </ p'>
= - — v
|xB|04 Rn gt (ZZR)TL 7+1

%

”d\l -

and then we divide the last term of the above inequality into S7 and S2, in similar
way as in that case.
To estimate S7, since i < N1, we have

gnt1-0 M1 1 o 1/p'
ol (/)
o X

i

s N ; !
(5.15) R el (2R)"
= leplT R & (2ig)n

R1-6 N1 1

el P = (@iR) T

Since § < y—n/pand |zg| > 2'R we have that the last sum in the above inequality

is bounded by
N1

Z 1—
2i(1-4
=1 i )
which is finite since § < 1.

For S we have

- Rnt1-0 i 1 </ o 1/p
2S T @ pn T\ Y
lesl” B, {7 (2°R) B,

1-6 0 27,R B+n/p’

e e
Bl N (2°R)

B R1-6+8-n/p+y—1 X 1

=Nl (Zi)n/p—'y-l-l_ﬁ .

lzp|*

Now, since l =6+ 8 —n/p+~v—1=caand n/p—~v+1— 3 >0 we obtain

(7
Sy<C (i)
|z 5]
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which is bounded because o > 0 and |zp| > R. This concludes the proof of (ii).

For the case p =1 and § < v —n we set
w(z) =|z[™° and w(z) = |z"77.

We shall see that (w,v) € H(1,v,d). From Lemma 5.1, we have to estimate the
first terms of the two inequalities (5.2) and (5.3). Let us first see (5.2). Given
B = B(zp, R), with |zg| < R, we obtain

|Bﬁv—5ﬂn RY—0+n—y
o (B IxBYlls < C—Ffns— =€
and if |zg| > R then
|B|(r=9)/n
w (B)

R0 |ap[" Y
| ~° R"
_ OR«/—&—n |xB|n—'y+5 ,

IxBvllew <€

which is bounded because v —d —n > 0 and |zg| > R.
We shall now estimate (5.3). First we consider |zp| < R. Then

B2
|B| XR"—BU ‘
w (B) (|B|1/"+|:EB—-|)("_7+1) o
1-5
BEEE
w(B) ; (2iR)n—~/+1 ||XBiv||oo

RrH1I-0 2 (20R)"TT
< Rn—90 i p\n—7+1
i-1 (2'R)

21
:cz;?:c.
1=

On the other hand, if |zg| > R we proceed as in the case p > 1 to obtain that
the first term of the above inequality is bounded by S1 and S where

R N Ixav s
|xB|_6 Rn — (2iR)n—’y+1’

1-5  ©o©
S=0 Y HXB+U_H~,°$1
lzpl™" ;N1 (2'R)

S1=C
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To estimate St, since |zg| > 2'R for i < N1, we have

N —
B
— n—y+1
|xB i— 1 2ZR

SCRPY o— n|xB|5+n 'y,

which is bounded by a constant. .
For So we have ¢ > Nj and thus |zg| < 2'R. Then we obtain

= (2R)"TT

R1—5 Z
S2<C—=5 1
lzp|™" 2 N1+1( )n i

—o(m) 3

|z |

and since 6 <y —n < 0 and |zg| > R, the last term is bounded by a constant.
This proves that (w,v) € H(1,~,d) and concludes the proof of the theorem. O

In Theorem 5.25 of [P], we prove that 6 = v —n/p is a necessary condition for
the case w = v in condition H(p,,d). The same is true for the classes H(p,~,9).
The above assertion is proved in the following theorem.

5.19 Theorem. Let 0 <y <nand1l<p<oo. If (w,v) € H(p,7,d) and w = v
then 6 =~y —n/p.

ProoOF: The proof follows by arguments similar to those from Theorem 5.25
of [P], replacing ||(1/w)xBllcc by |B|/w(B), and we omit it. O

In the next theorem we prove that, as in the case of the classes H(p, v, d) given
n [P], the classes H(p,~,d) are not open in the parameter p.

5.20 Theorem. Given 0 < v < n, and 1 < p < oo, there exist pairs of weights
(w,v) belonging to H(p,~,d) such that (w,v) does not belong to H((p'r),~,d)
for any r > 0, with r # 1.

PROOF: We only need to prove the statement of the theorem for the case p =1
and 0 < v — n since the other cases are the same as in Theorem (5.27) of [P].
Then, let p =1 and § < 7 — n, and consider the pair

w(z) =lz|™° and v(z)=|z["?
given in Theorem 5.13. We proved there that (w,v) belongs to H(1,~,d). Let us
see that (w,v) does not belong to H(1 + ¢,~,d) for any € > 0. From Lemma 5.1
it is enough to show that (w,v) does not satisfy condition (5.2) with p = 1 + €.
In fact, if B = B(0, R), we get
|B|(y=9)/n

n/(1+e)’
WH’UXB”(].-"-E)/ > gr/(1+9)

and the last expression tends to oo when R tends to co. We are done. (Il
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