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Abstract. Two nontrivial solutions are obtained for nonhomogeneous semilinear Schro-
dinger equations.
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1. Introduction

The main purpose of this work is to investigate the existence of multiple solu-
tions of the semilinear Schrodinger equation

(1.1) —Au+q(z)u = Mu+g(z,u) + f in RV,

where f € L2(RY), N > 3.
Throughout this paper we assume that
(A1) g € L®(RY) is periodic;
(A2) X is in the spectral gap of the operator (—A + q).
It is well known that the spectrum o(T) of Schrédinger operator T = —A + ¢
is purely continuous. We denote by E the Sobolev space H(RN). For A € G, a

spectral gap of T', we may decompose E corresponding to the spectral gap G into
E = E* @ E~ such that the quadratic form

Q) = [ (v + o~ 3 do

associated with T—\I, X € G, is positive and negative on ET and E~ respectively.
Both ET and E~ are infinite dimensional, so the operator —A + g — X is strongly
indefinite. There are many existence results for the case f = 0 and we refer to
the papers [BJ], [CY], [PP] and references therein. Such a problem is usually
resolved by the Linking theorem ([R]), it only yields one solution in general. The
nonhomogeneous term f plays a role that the associated functional of (1.1) is no
longer even, so the multiple solutions of (1.1) cannot be obtained in a direct way.
There are obtained in [CZ] and [J] some multiplicity results for ¢ = 0 and A < 0.
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736 Xiaochun Liu, Jianfu Yang

In this case, the operator T'— Al is positive definite. Our problem is different and
more involved. We assume further that

(G1) g(z,t) is C'—function and g}(x,t) > 0 on RN x R,
2N
(G2) there exists K € LL(RY) 1 L¥-2 (RY) such that |g(z, )] < K(2)(1+ [t]"),

N +2

—), N >3
AREWEE

(G3) g(z,t) = o(|t|) as t — 0 uniformly in = € R,
(G4) there is a constant § > 2 such that

where p € (1,

0 < BG(,t) < tg(.t)

t
for all t # 0 and 2 € R, where G(z,t) = / g(x,s)ds.
0

lim 9(z?)
t—=o0 t
reminds one of a type of Ambrosetti-Prodi problem in bounded domains [AP], [F]
and [FY]. These Ambrosetti-Prodi type of problems can be viewed as a question of
characterizing the range of a perturbation of a linear operator by some nonlinear
operator.

In this paper, we obtain two solutions for problem (1.1). The solutions of
problem (1.1) will be found as critical points of the functional

Therefore, the limits g+ = = o0 uniformly forz € @ cc RV, It

(1.2)  J(u) = 1 / (IVul? + qu? — M?) dx — G(z,u)dx — fudz.
2 RN RN RN

First we reduce the problem by the Lyapunov-Schmidt reduction to a problem in
E™, and then using variational method, we obtain the following result.

Theorem A. Assume (A1)-(A2) and (G1)~(G4). If || f|| 2(r ) is small, problem
(1.1) possesses at least two solutions.

Section 2 is dealt with Lyapunov-Schmidt reduction, existence result is proved
in Section 3.
2. Lyapunov-Schmidt reduction

Let E = ET @ E~ and the quadratic form @ be defined as in Section 1. It is
known that @ is positive on ET and negative on E~. We can define a new scalar
product (-,-)g on E with the corresponding norm || - || g such that

Q(u) = —|[u]|3 for ue E- and Q(u) = ||lullf for ue ET.

The norm || - || is equivalent to the original norm on E, see [PP] for details.
Let PT : E — ET and P~ : E — E~ be orthogonal projections of E onto E+
and E~ respectively. With the aid of these projections, we can write @ in the
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form Q(u) = ||P+u|\2E - ||P_u||% One may verify that the functional J defined
in (1.2) is well defined and C! on E. To eliminate the effect of indefinite property,
we consider the functional

(2:0) L(w) = Jo+w) = 5ol lel})- [ G orw)de- [ forw)ds
RN RN

defined on E~ for fixed v € ET. By (A2), (G4) and Holder’s inequality, we have

(22)  Io(w) < 5(IolE — lwllE) +elwllf + Cell fl72 + 1] L2 llvll e

DN =

Choose € > 0 sufficiently small in (2.2), then for any fixed v € ET, I,,(w) — —o0
as ||w||g — oo. It implies that I, (w) is bounded above on E~. Set

(2.3) M = sup I(w).
weE~

Lemma 2.1. Let K (z) be as in (G2). If u, — u weakly in E, then a subsequence
of {un}, still denoted by {uy}, satisfies

lim K (z)|un — u’p-"_ldgc = 0.
n—oo JpN

The conclusion follows by the fact that K decays uniformly in “average” sense
at infinity. For a proof we refer to [L].

Lemma 2.2. M is attained by some wg € E~. Furthermore, wq satisfies

(2.4) —Awy + qug = Awg + g(z,v +wp) + f in (E7)*.

ProOOF: We follow some ideas from [BJS]. By Ekeland’s variational principle [E],
we may find a maximizing sequence {w,} C E~ of problem (2.3) such that

1
(25) 5010l — lanly) = [ Glavotun)do— [ o+ wn)da =M +0(1),

(2.6) / (anV<P+qwn<P—)\wn80)d~’C—/ g(x,v+wn)<ﬂdz—/ fodz
RN RN RN
=o(l)|¢lle, VYeecE™.

Taking ¢ = —wy, in (2.6), we obtain

1) ualy+ [ geotwwade+ [ fwndo = oft)wnllp.
RN RN
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Therefore

funll+ [ o0+ wn)(w + wa) do

< /RN 9(x, v+ wp)vde + O f| L2 |lwallg + o(1) lwnl -
By (G1)—(G4), we have
lg(x,t)|? < Ctg(x,t) if |t <1 and z e RV,
|g(w,t)|% < Ctg(x,t) if [t >1 and zeRY
for some constant C' > 0. It follows

|/ g(x, v+ wy)v dz|
RN

1
<O l9(z, v+ wa)[* da) 3 ||| 2
{lotwn|<1}

ptl _p_
+C( ot o1} g9(z, v +wn)| P dz) P [v]| Lpr
(2.8) viwn|2

([ |+ wgle,o+ wn) o) ol
R
+C([ | @+ wagle,v+ ) o) oo
R
< [ w0+ wn) o+ Cellolly + o1,

As a result, we obtain
lwnllp < C

by choosing & > 0 sufficiently small. Therefore we may assume that w, — wg in

2N
E and w, — wyq in LT (RN)for2 <r<2*:= N _3 and we have wg € £~

satisfying (2.4). Hence
29) [ (9w~ un) 7o+ alun — wohp ~ Aun ~ wo)el da
= [ Jote.vun) = gtov b uollpde +oVlel, Vo€ B
Let ¢ = —(wp — wp) in (2.9). Then

Jan = wolly + [ loGo. v+ w0) = w0) .0+ wo) s~ wo)] da

= o(1)[lwn — wol -
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By (G2), Hélder’s inequality and Lemma 2.1 we obtain

(2.10) /]RN gz, v + wp ) (wp, — wg) dr —= 0,
(2.11) /]RN g, v + wo) (wp, — wp) dz —= 0.

Actually, by (G2)

|/ g(x, v+ wp)(wpy, — wp) dz|

]RN

(2.12) < C/NK(CL')(|U+wn|+|U+wn|p)|wn ~ wo|do
R

<C [ K@) = w0+ an — wol ) de

since {wy} is bounded in E. (2.12) and Lemma 2.1 imply (2.10). (2.11) can be
obtained in the same way. Consequently,

wp, — wg strongly in E.

The assertion follows. O

Lemma 2.3. There exists h € C1(E1, E7) such that
Jw+w) < J(w+h(@), Ywe E- and w # h(v).

Moreover, h(v) satisfies (2.4).

PrOOF: Following arguments in [BJS], we let
k(v,w) = =Aw+ quw — Mw — P~ (g(x,v + w) + f),
where v is fixed, w € E~. By Lemma 2.2 we have
k(v,wg) = 0.

For all z € E~, z # 0, we deduce by (G1) that

(Duk(v, wo)z, =) — / (7 2+ ¢2% — A% do /
]RN

on g{g(x, v+ w0)22 dx

2
< —llzllz <O.

Hence Dy k(v,wp) is bounded in E*, we conclude that its inverse exists and is
bounded. The Implicit Function Theorem yields that there exists h € C1(E+, E7)
such that wg = h(v). O
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3. Existence results

In this section we prove Theorem A. The first solution is obtained as a local
minimum of a functional in a small ball, the second one is found by the Mountain
Pass Theorem ([AR]). Let

F(w)=Jw+h(), Yve ET.

Then F € C1(E1,R). By (2.4) we know that

— | fh0)dx = / h(0)g(z, h(0)) dz + ||1(0)|%-
RN RN
Using (G4) we obtain
| / fh(0) da| > [|h(0)]I%-
RN

I [[P™ fll L2 (ravy small, the inequality implies ||h(0)||z small. Consequently, F(0)
is small provided that [P~ f||p2(gn) is small.

Lemma 3.1. If ||P_fHL2(RN) is small, there exist a,, v > 0 such that

(3.1) F(v)>a>F(0), Yve ET, |v|g=r
PrOOF: By (G2), (G3), Lemma 2.3 and Holder’s inequality, we have

1
(3.2) F(o) 2 J(0) 2 (5 - o)leld = Celoll™ + 17122).
On the other hand,
(3.3) F(0) < Ol £l 2117 (0) || -

Thus, from (3.2) and (3.3) we obtain (3.1) for ||v||g and || f||z2 small. O
Lemma 3.2. For anyv € ET, |[F'(v)| g« = ||/ (v + h(v))|| =
PROOF: See the proof of Lemma 2.2 in [BJS]. O

A sequence {vy,} is said to be the Palais-Smale sequence for F' ((PS)-sequence
for short) if |F(vy)| < C uniformly in n and F'(v,) — 0 in (E1)*. We say
that F satisfies the Palais-Smale condition ((PS) condition for short) if every
(PS)-sequence of F is relatively compact in ET.
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Lemma 3.3. F satisfies (PS) condition.

PROOF: Let v, C ET be a (PS)-sequence of F. We may assume that
F(vp) == ¢, F'(v) = 0.
By Lemma 3.2 we have

(3.4) J(vn + h(vn)) == ¢, J (v + h(vyp)) = 0.

<c+o(1)|unllg + o(1).
By (G4)

(3.5) (% - %) /RN g(x, up)up dr < ¢+ o(1)||un||g + o(1).

Since h(vy,) satisfies (2.4),

Qb)) = [

RN g(x, up)h(vy) de + /]RN fh(vg) de.

Hence as (2.9) we deduce
2 p+1 _b_
(3.6) |[h(vn)llz < (/RN lg(@,un)| 7 dar) P [ (v )| pota
1
+ C(/RN lg(a, un)|? dz) 2 [h(vn) | L2 + CILfll 22| h(wn) | -

(3.5) and (3.6) imply ||h(vy)| g is uniformly bounded in n. In the same way, we
infer from

(I (un),vn) = o(1)|[on| &
that

(3.7) lonll% < C + C/RN 9(x, un)un dz + o(1)||vn | p-

So ||vn|| g is also uniformly bounded. Consequently,

unlle < C.
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We may assume
n n .
Up, — g, wp — wg in K

and vg € ET, wy € E~ and
Un = ug =vo+wo in E,up —up in LT (RY), 2<r<2%.

We remark that ug is a weak solution of problem (1.1). Therefore

[ 5= 10) 7+ gt = w0) = A = )¢l da

- [ ot = g(o.wo)lpds = oDl . Vo € E.

Let ¢ = v, — vg, then

w0l [ gtevua)(wn=vo)do— [ gla,uo)(on—10)do = o(1)on—v0]
RN RN
By Holder’s inequality and Lemma 2.1 again, we infer that
[vn = vollz = 0.

The proof is completed. (I
Let
m= inf F(v),
UEBT
where B, = {v € E* | ||v|g < r} and r is determined in Lemma 3.1.

Proposition 3.4. If ||f||;2 is small, m is attained by some vy € E*, and vy +
h(v1) is a solution of (1.1).

PROOF: Again by the Ekeland’s variational principle, we have a minimizing se-
quence {v,} satisfying

F(on) = m, F'(vy) == 0 and |lva|p < 7.

From Lemma 3.3 we know that there exists a subsequence of {v,} convergent
strongly in E. Denote by vy the limit function, then |jvi]|gp < r. Lemma 3.1
implies ||v1|| < 7, so v1 is a critical point of F. By Lemma 3.2, v; + h(v1) is a
solution of (1.1). O

Next, we use the Mountain Pass Theorem to obtain the second solution.
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Lemma 3.5. There exists v € ET, v ¢ By(0) such that F(v) < 0.

PROOF: By assumptions (G1) and (G4), there exists a function I(z) > 0, V& €
R such that
G(x,1) > I(x)[t)

provided that |t| > o for some o > 0. Choosing v € ET and ||v||g = 1, we claim
that

(3.8) F(tv) <0
for t > 0 large.
Let {tn} be a sequence of positive numbers, t, -, 50. Denote Up = tpv +

h(tpv), and w, = . We may assume that wy, X w=wt+w™ in E, where

n
wt e BEE.
We distinguish two cases:

GO

in
h(t
n
In the first case, by (G4) and Holder’s inequality, we deduce
F(tpv) = J(tnv + h(typv))

— k > 0, where k is a constant.

1
<5 [EllelE = [1AE)IE] + Clfll2ltnv + h(tnv)| 2
t2 1 C C
39) <l - Flhta)|E + =l flrellvle + 1 Fllz2l(tno)ll 5]
n n n
t%

1
< 2 [lvl - 2= Atn)L + Cell fll72 + Cl N 2 lloll ]
n

Choosing € > 0 sufficiently small, we obtain

F(tpv) —» —oc0
as n — oo.
In the second case, if || h(tnv)||g/tn — k > 0, then we may assume h(t,v)/t, —
h
h1, it follows that w = Lll # 0. In fact, were it not the case, we would
(1+k2)z

have v = —hy, it would yield
0=Q(v.h1) = Qv,~v) = ~[lv|[%

a contradiction to the choice of v. By Lemma 2.1

lim 1(z)|wn|? do = / 1(z)|w]® da.
RN

n—oo JpN
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The limit is positive.
For n large we have ||lun||p > tn > 1. Let w, = {z € RN : |tyv(z) +
h(tpv(z))| > o}. We estimate by (G2)
/ G(z,thv + h(tpv))de < C
RN /wp,

and
/ l(a:)’tnv + h(tnv)’ﬁ dz < C,
RN Jwp,

where C' > 0 is independent of n. Hence we deduce

/ G(z, thv + h(tyv)) dzx
RN

= G(z,thv + h(tyv)) dz + / G(z,tpv + h(tyv)) dzx

wn RN Jwp,
(3.10) > / 1(z) [tgv + h(tn0)|? da — C
Wn
5/ tnv + h(tpv) 5
> ||u l(z)| ——— -1
lenlls foo "N s |

> tg(/RN I(z)|w|? dx + o(1)) — C1.

It concludes by (3.10) that

(3.11)

2 1
F(tpv) < 5" [lvl|%; — t_g(]- —&)|[h(tn)|E + Cell 132 + Cll fll 2 vl ]

—tg(/RN 1(@)w| dz + o(1)) — C < 0

for n large.
If |h(tnv)||g/tn — 0, then ||uyp| g/tn — 1. By Sobolev embedding, we have
h(tnv)/tn, — 0 a.e. in RN, Tt results

t h(t

/ 1(z)] D nt £ h(tn) |? dw _>/ (z)[v|® dz > 0.
RN lunll &

Then we may argue as before. The conclusion follows. O

PROOF OF THEOREM A: By Lemma 3.5, there exists e € ET, e ¢ B, such that
F(e) <0. Let

L ={y€C(0,1],ET) | 7(0) = v1,7(1) = e},
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where vy is the minimum point of m obtained in Proposition 3.4. Define

¢ = inf max F(v).
yel' vey

Lemma 3.3 and the Mountain Pass Theorem imply c is a critical value of F, and
by Lemma 3.2, corresponding critical point ve gives second solution ve + h(vg)

of (1.

1). O
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