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Kuratowski convergence on compacta

and Hausdorff metric convergence on compacta

P. Brandi, R. Ceppitelli, L’. Holá

Abstract. This paper completes and improves results of [10]. Let (X, d
X
), (Y, d

Y
) be

two metric spaces and G be the space of all Y -valued continuous functions whose domain
is a closed subset of X. If X is a locally compact metric space, then the Kuratowski

convergence τ
K
and the Kuratowski convergence on compacta τc

K
coincide on G. Thus

if X and Y are boundedly compact metric spaces we have the equivalence of the con-
vergence in the Attouch-Wets topology τ

AW
(generated by the box metric of d

X
and

d
Y
) and τc

K
convergence on G, which improves the main result of [10]. In the second

part of paper we extend the definition of Hausdorff metric convergence on compacta for
general metric spaces X and Y and we show that if X is locally compact metric space,
then also τ -convergence and Hausdorff metric convergence on compacta coincide in G.

Keywords: Kuratowski convergence, Attouch-Wets convergence, τ -convergence, Kura-
towski convergence on compacta and Hausdorff metric convergence on compacta

Classification: 54B20, 54C35

1. Introduction

Topologies and convergences of graph spaces (spaces of functions identified
with their graphs or epigraphs) has been applied to different fields of mathemat-
ics, including differential equations, convex analysis, optimization, mathematical
economics, programming models, calculus of variation, etc.
The problem of continuous dependence on the data for the solutions of func-

tional differential equations led to the problem of defining a suitable notion of
convergence in the space of continuous functions with moving domains; in [4] so
called τ -convergence and Hausdorff metric convergence on compacta τ⋆ were in-
troduced and studied for Y = R

m and X a closed connected subset of R; in [5],
[6], [7] τ -convergence was extended for general metric spaces X and Y ; in [10],
[11] the Kuratowski convergence on compacta τc

K
was considered.

In [10] the authors proved that if (X, d
X
), (Y, d

Y
) are locally connected bound-

edly compact metric spaces, then the convergence in the Attouch-Wets topology
τ

AW
(generated by the box metric of d

X
and d

Y
) and τc

K
convergence in G coin-

cide. In our paper we show that the assumption of locally connectedness is useless.
We use here the result of our Theorem 3.1 which claims that if C ∈ CL(X) then
for every B ∈ CL(X) and every ǫ > 0 there is L ∈ CL(X) such that B ⊂ L,
the Hausdorff distance between B and L is smaller than ǫ and L ∩ C = L◦ ∩ C.
Theorem 3.1 improves Proposition 2.4 from [10].
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Moreover we introduce Hausdorff metric convergence on compacta τc
H
for gen-

eral metric spaces X and Y and as a further application of mentioned Theorem
3.1 we prove the coincidence of τc

H
and τ -convergence in G for X locally compact.

2. Notations and definitions

Let (X, d) be a metric space. For basic notions and definitions the reader
is referred to the recent Beer’s monograph [1]. Given two subsets A, B of X ,
the excess or Hausdorff semi-distance of A over B is denoted by ed(A, B) =
supa∈A infb∈B d(a, b) with the convention ed(A, ∅) = +∞ if A 6= ∅ and
ed(∅, B) = 0.

It is well known that Hd(A, B) = max{ed(A, B), ed(B, A)} defines the Hausdorff
distance between A and B.
The gap Dd(A, B) between nonempty subsets A and B is given by Dd(A, B) =

inf{d(a, B) : a ∈ A}, where by d(a, B) we mean inf{d(a, b) : b ∈ B}.

Denote by CL(X) the family of all non-empty closed subsets ofX and by K(X)
the family of all compact sets in CL(X).

The open (resp. closed) ball with center x and radius r > 0 will be denoted
by S(x, r) (resp. B(x, r)). The open (resp. closed) r-enlargement of A is the set
S(A, r) = {x ∈ X : d(x, A) < r} (B(A, r) = {x ∈ X : d(x, A) ≤ r}).

Recall that a net {Cσ : σ ∈ Σ} in CL(X) is Kuratowski convergent to C ∈
CL(X) if LiCσ = LsCσ = C, where LiCσ = {x ∈ X : each nbd of x intersects
Cσ for all σ in some residual subset of Σ} and LsCσ = {x ∈ X : each nbd of x
intersects Cσ for all σ in some cofinal subset of Σ}.
Now let (X, d

X
), (Y, d

Y
) be two metric spaces. Denote by D the box metric of

d
X
and d

Y
and consider X × Y equipped with this metric D.

For every Ω ∈ CL(X), C(Ω, Y ) denotes, as usual, the space of all continuous
functions f : Ω→ Y . If f ∈ C(Ω, Y ) we denote by Γ(f,Ω) = {(ω, f(ω)) : ω ∈ Ω}
the graph of f . Let G = {Γ(f,Ω) : Ω ∈ CL(X), f ∈ C(Ω, Y )} denote the set of
all graphs.

In [10] the following definition was introduced:

Definition 2.1. A net {Γ(fσ,Ωσ) : σ ∈ Σ} in G is said to be Kuratowski conver-
gent on compacta to Γ(f,Ω) (τc

K
-convergent to Γ(f,Ω)) if {Γ(fσ,Ωσ ∩ K) : σ ∈

Σ} Kuratowski converges to Γ(f,Ω ∩ K) for every K ∈ K(X) such that

(⋆) K◦ ∩ Ω = K ∩ Ω.

By A◦ we mean the interior of A, by A the closure of A and by ∂A the boundary
of A.

3. Main result

In the first part of our paper we are interested in the property (⋆). We greatly
improve Proposition 2.4 in [10] by proving that if C ∈ CL(X) is fixed then for
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every B ∈ CL(X) we can find arbitrarily close to B (with respect to the Hausdorff
metric) a set L ∈ CL(X) such that L ⊃ B and L has the property (⋆) with respect
to C; i.e. L◦ ∩ C = L ∩ C.
Theorem 3.1. Let (X, d) be a metric space and C ∈ CL(X). For every B ∈
CL(X) and every ǫ > 0 there is L ∈ CL(X) such that B ⊂ L◦, L ∩ C = L◦ ∩ C
and Hd(B, L) < ǫ.

Proof: Let B ∈ CL(X) and ǫ > 0. If B ∩ C = ∅, then the normality of X
implies that there is an open set V such that B ⊂ V ⊂ V ⊂ X \ C. Then the set

L = V ∩ S(B, ǫ/2) does the job.
Now suppose that B ∩ C 6= ∅. Put V0 = S(B, ǫ/4) and B0 = V0. Then

Hd(B0, B) ≤ ǫ/4.
Now put V1 =

⋃
{S(x, ǫ/22+1) : x ∈ (V0 \ V0) ∩ C} and put B1 = B0 ∪ V1.

Then B0 ∩ C ⊂ B◦
1 , Hd(B1, B0) = ed(B1, B0) = ed(V1, B0) =

sup
x∈(V0\V0)∩C

ed(S(x, ǫ/22+1), B0) ≤ ǫ/22+1 and Hd(B1, B) ≤ Hd(B1, B0) +

Hd(B0, B) ≤ ǫ/22+1 + ǫ/22.
Let V2 =

⋃
{S(x, ǫ/22+2) : x ∈ (V1 \ V1) ∩ C} and put B2 = B1 ∪ V2.

Then B1 ∩ C ⊂ B◦
2 , Hd(B2, B1) = ed(B2, B1) = ed(V2, B1) ≤ ǫ/22+2 and

Hd(B2, B) ≤ Hd(B2, B1) +Hd(B1, B) ≤ ǫ/22+2 + ǫ/22+1 + ǫ/22.
Suppose now, we defined open sets V1, . . . , Vn and closed sets B1, . . . , Bn such

that Vi =
⋃
{S(x, ǫ/22+i) : x ∈ (Vi−1 \ Vi−1) ∩ C} and Bi = Bi−1 ∪ Vi,

Bi−1 ∩ C ⊂ B◦
i , Hd(Bi, B) ≤

∑i
j=0 ǫ/22+j , for every i = 1, . . . n.

We will define now Vn+1 and Bn+1.
Put Vn+1 =

⋃
{S(x, ǫ/22+n+1) : x ∈ (Vn \ Vn) ∩ C} and Bn+1 = Bn ∪ Vn+1.

Then Bn ∩ C ⊂ B◦
n+1 as Bn ∩ C = (Bn−1 ∪ Vn) ∩ C = (Bn−1 ∩ C) ∪ (Vn \ Vn) ∩

C ∪ (Vn ∩ C) ⊂ B◦
n ∪ Vn+1 ∪ Vn ⊂ B◦

n+1.

Moreover, since Hd(Bn+1, Bn) = ed(Bn+1, Bn) = ed(Vn+1, Bn) ≤ ǫ/22+n+1,
thus Hd(Bn+1, B) ≤ Hd(Bn+1, Bn) + Hd(Bn, B) ≤ ǫ/22+n+1 +

∑n
i=0 ǫ/22+i =

∑n+1
i=0 ǫ/22+i.

Put L = ∪{Bn : n = 0, 1, 2, . . .}. ThenB ⊂ L◦ andHd(L, B) = ed(
⋃

Bn, B) =
supn ed(Bn, B) ≤ supn

∑n
i=0 ǫ/22+i =

∑∞
i=0 ǫ/22+i = ǫ/4(

∑∞
i=0 1/2

i) = 2ǫ/4 =
ǫ/2.
Now we show that L ∩ C = L◦ ∩ C. Let z ∈ L ∩ C and suppose there is

n ∈ Z+such that z ∈ Bn. By above Bn ∩ C ⊂ B◦
n+1 ⊂ L◦ thus z ∈ L◦ ∩ C.

Suppose now there is no n ∈ Z+with z ∈ Bn. Let η > 0. We must show
that S(z, η) ∩ (L◦ ∩ C) 6= ∅. Let k ∈ Z+ be such that ǫ/22+k < η/4. Let Hz

be an open nbd of z such that Hz ⊂ (X \ Bk) ∩ S(z, η/4). Thus there must
exist m > k with zm ∈ Hz ∩ Bm. Without loss of generality we can suppose
that m is such that zm ∈ Bm \ Bm−1. Thus by the assumption zm ∈ Vm, where
Vm =

⋃
{S(x, ǫ/22+m) : x ∈ (Vm−1 \ Vm−1) ∩ C}. Thus there is vm ∈ Hz ∩ Vm

with vm ∈ S(v, ǫ/22+m), where v ∈ C. Clearly S(v, ǫ/22+m) ⊂ S(z, η) and
v ∈ Vm ∩ C ⊂ B◦

m ∩ C ⊂ L◦ ∩ C. �
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Remark 3.2. Let (X, d) be a locally compact metric space. Then for every
compact set K and every ǫ > 0 there is a compact set L such that K ⊂ L◦,
L ∩ C = L◦ ∩ C and Hd(K, L) < ǫ.

Remark 3.3. Let (X, d) be a metric space and C ∈ CL(X). If L1, L2, . . . , Ln

is a finite family of closed subsets satisfying property (⋆) with respect to C, then
also

⋃n
i=1 Li has property (⋆) with respect to C (Lemma 2.2 in [10]).

The following example shows that if L1, L2, . . . , Ln, . . . is an infinite family of
closed sets satisfying property (⋆) with respect to C then ∪∞

n=1Ln can fail to have
property (⋆).

Example 3.4. Let X be the set of reals with the usual metric and Q+ be the
set of positive rationals. Let {q1, q2, . . . , qn, . . . } be an enumeration of Q+. Put
C = (−∞, 0] and Ln = {qn} for every n ∈ Z+. It is easy to verify that every
Ln has property (⋆) with respect to C, since Ln ∩ C = ∅ for every n ∈ Z+. But
∪∞

n=1Ln fails to have property (⋆) with respect to C.

4. Applications to Kuratowski convergence

In this part we apply Theorem 3.1 to prove a coincidence of Kuratowski and
Kuratowski convergence on compacta τc

K
in G.

By using of the following proposition we give a shorter and better proof of the
main result of [10].

Proposition 4.1. Let (X, d
X
) and (Y, d

Y
) be metric spaces. The following are

equivalent:

(1) X is locally compact;
(2) the Kuratowski convergence and the τc

K
-convergence in G coincide.

Proof: (2) ⇒ (1). Suppose X is not locally compact. There is a point x ∈ X
which has no compact nbd. Denote by U(x) the family of all open nbds of x. For
every U ∈ U(x) and every K ∈ K(X) there is a point x

U,K
∈ U \ K.

Consider the following directions on U(x) and K(X): if U, V ∈ U(x) then
U ≥ V ⇔ U ⊂ V and if B, C ∈ K(X) then B ≥ C ⇔ B ⊃ C. Let U(x) × K(X)
be equipped with the natural direction induced by the above ones.
For every (U, K) ∈ U(x) × K(X) put Ω

U,K
= {x

U,K
, z}, where z is a point in

X different from x (such a point z exists, otherwise x has a compact nbd). Define
f

U,K
on Ω

U,K
as f

U,K
(z) = f

U,K
(x

U,K
) = 0. Let further Ω = {z} and f is defined

on Ω as f(z) = 0.
Then {Γ(f

U,K
,Ω

U,K
) : (U, K) ∈ U(x)×K(X)} fails to Kuratowski converge to

Γ(f,Ω), since (x, 0) ∈ LiΓ(f
U,K

,Ω
U,K
) \ Γ(f,Ω).

Now we show that {Γ(f
U,K

,Ω
U,K
) : (U, K) ∈ U(x) × K(X)} τc

K
-converges to

Γ(f,Ω).
Let C ∈ K(X) be such that C ∩ Ω = C◦ ∩ Ω.
If C ∩ Ω = ∅, then for every K ⊃ C and every U ∈ U(x) we have also

C ∩ Ω
U,K
= ∅, so we are done.
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If C ∩ Ω 6= ∅, then {z} = C ∩ Ω and for every K ⊃ C and every U ∈ U(x) we
have C∩Ω

U,K
= {z}, since x

U,K
∈ Kc ⊂ Cc. Thus {Γ(f

U,K
,Ω

U,K
∩ C) : (U, K) ∈

U(x) ×K(X)} Kuratowski converges to Γ(f,Ω ∩ C).

(1) ⇒ (2). Suppose first that {Γ(fσ,Ωσ) : σ ∈ Σ} Kuratowski converges to
Γ(f,Ω). Let K ∈ K(X) be such that K ∩ Ω = K◦ ∩ Ω.
We must show that {Γ(fσ,Ωσ ∩ K):σ ∈ Σ} Kuratowski converges to Γ(f,Ω ∩ K).
First, we show that Γ(f,Ω ∩ K) ⊂ LiΓ(fσ,Ωσ ∩ K).
Let (x, f(x)) ∈ Γ(f,Ω ∩ K) and Ox × Of(x) be a nbd of (x, f(x)). We must

find σ0 ∈ Σ with Γ(fσ,Ωσ ∩ K) ∩ Ox × Of(x) 6= ∅ for every σ ≥ σ0.

The continuity of f at x implies there is an open set U such that U ⊂ Ox,
x ∈ U and f(U ∩ K) ⊂ Of(x).

Moreover, the point x belongs to K◦ ∩ Ω, i.e. there is z ∈ K◦ ∩ Ω ∩ U .
Let V be an open set such that z ∈ V ⊂ U ∩K◦. Since (z, f(z)) ∈ LiΓ(fσ,Ωσ)

and V ×Of(x) is a nbd of (z, f(z)) there is σ0 ∈ Σ such that Γ(fσ,Ωσ)∩V ×Of(x) 6=

∅ for every σ ≥ σ0.
So for every σ ≥ σ0 there is (zσ, fσ(zσ)) ∈ V × Of(x) ⊂ K◦ × Of(x). Thus for

every σ ≥ σ0, Γ(fσ,Ωσ ∩ K) ∩ Ox × Of(x) 6= ∅.

Now we show that LsΓ(fσ,Ωσ) ⊆ Γ(f,Ω ∩ K). Clearly LsΓ(fσ,Ωσ ∩ K) ⊆
LsΓ(fσ,Ωσ) ⊆ Γ(f,Ω).
Let (x, y) ∈ LsΓ(fσ,Ωσ ∩ K). So (x, y) ∈ Γ(f,Ω) and it is easy to verify that
x ∈ K. So x ∈ Ω ∩ K and thus (x, y) ∈ Γ(f,Ω ∩ K), we are done.
Suppose now that a net {Γ(fσ,Ωσ) : σ ∈ Σ} τc

K
-converges to Γ(f,Ω). We prove

LsΓ(fσ,Ωσ) ⊂ Γ(f,Ω) ⊂ LiΓ(fσ,Ωσ).
Concerning the first inclusion, let (x, y) ∈ LsΓ(fσ,Ωσ) and suppose (x, y) /∈

Γ(f,Ω). Then x ∈ Ω, otherwise x /∈ Ω implies that there is a compact ball B(x, δ)

such that B(x, δ) ∩Ω = ∅ = B(x, δ)◦ ∩ Ω. Then (x, y) ∈ LsΓ(fσ,Ωσ ∩ B(x, δ)) ⊂
Γ(f,Ω ∩ B(x, δ)) = ∅, a contradiction. Thus x ∈ Ω.
By Remark 3.2 there is a compact set C such that x ∈ C◦ and C∩Ω = C◦ ∩ Ω. It
is easy to verify that (x, y) ∈ LsΓ(fσ,Ωσ ∩ C) ⊂ Γ(f,Ω ∩ C) by the assumption.
Thus (x, y) ∈ Γ(f,Ω).
To prove Γ(f,Ω) ⊂ LiΓ(fσ,Ωσ), let (x, f(x)) ∈ Γ(f,Ω). Let C be a compact

nbd of x such that C∩Ω = C◦ ∩ Ω (Remark 3.2). Then (x, f(x)) ∈ Γ(f,Ω ∩ C) ⊂
LiΓ(fσ,Ωσ ∩ C) ⊂ LiΓ(fσ,Ωσ). �

Corollary 4.2. From the proof (1)⇒ (2) in the previous proposition we can see
that the Kuratowski convergence always implies τc

K
-convergence and also that the

Kuratowski convergence of {Γ(fσ,Ωσ) : σ ∈ Σ} to Γ(f,Ω) implies Kuratowski
convergence of {Γ(fσ,Ωσ ∩ B) : σ ∈ Σ} to Γ(f,Ω ∩ B) for every B ∈ CL(X) such
that B ∩Ω = B◦ ∩ Ω (without a locally compactness assumption) (see also [11]).

Corollary 4.3. Let X be a locally compact metric space. Let {Cσ : σ ∈ Σ} and
C ∈ CL(X). Then {Cσ : σ ∈ Σ} Kuratowski converges to C if and only if for
every K ∈ K(X) with K ∩C = K◦ ∩ C, {Cσ ∩K : σ ∈ Σ} Kuratowski converges
to C ∩ K.



314 P.Brandi, R.Ceppitelli, L’. Holá

The following corollary improves the main result of [10].

Corollary 4.4. Let (X, d
X
) and (Y, d

Y
) be boundedly compact metric spaces,

D be the box metric of d
X
and d

Y
. Then τc

K
-convergence and the Attouch-Wets

convergence generated by D in G coincide.

Proof: By the previous proposition τc
K
-convergence and Kuratowski convergence

coincide in G. It is a well-known result that the Kuratowski convergence and the
Attouch-Wets convergence coincide in boundedly compact metric spaces ([1]).

�

For X and Y locally connected boundedly compact spaces, Corollary 4.4 was
proved in [10].
Notice here that the Attouch-Wets topology on graphs and epigraphs of func-

tions with the same domain has been studied in literature (see [1], [9]).

5. Applications to τ-convergence

The definition of a new graph topology τ was motivated by concrete problems
in the theory of hereditary differential equations.
In [2], [3], [8], the authors studied a Cauchy problem (P ) for ordinary differen-

tial equations with delay. By virtue of the generality of the hereditary structure,
the solutions of problem (P ) are elements of the graph set G (where X = E is
a closed interval of R and Y = R

m). To study problem (P ), the authors intro-
duced the topology τ⋆ in G ([4]); it arose as a localization on compact sets of
the Hausdorff metric topology; the connection between τ⋆ and Hausdorff metric
topology is the same as that between the compact-open topology τ

CO
and the

uniform convergence topology in C(E, Rm).

Definition ([4, Definition 2]). A sequence (Γ(xn,Ωn))n, Γ(xn,Ωn) ∈ G is said to
be convergent to Γ(f0,Ω0) ∈ G according to the Hausdorff metric on the compact
subsets (or more simply, τ⋆-convergent to Γ(f0,Ω0)) if for every K⋆ ∈ KΩ0 the
sequence Γ(xn,Ωn ∩ K⋆) HD-converges to Γ(x0,Ω0 ∩ K⋆),
where K

Ω
is the family of compact intervals with the properties

(i) cl(]a, b[∩Ω) = [a, b] ∩Ω 6= ∅, for every [a, b] ∈ KΩ;
(ii) for every K ∈ K(X) there exists an interval [a, b] ∈ KΩ such that K ⊂
[a, b].

The peculiar property of τ⋆, which makes it useful in applications to heredi-
tary differential equations, is the homeomorphism between the topological space
(G, τ⋆) and the quotient space [(CL(E), τ

F
) × (C(E, Rm), τ

CO
)]/R with respect

to a suitable equivalence relation, where τ
F
is the Fell topology. In force of this

homeomorphism, the theory of hereditary differential equations in G has been
reduced to the classical theory in C(E, Rm).
In [4] the proof of the homeomorphic property was constructive, and the choice
of compact intervals K⋆ ⊂ R was an important tool.
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This definition is not operative to put it in its proper place in the literature.
To this aim, the authors introduced in [4] an equivalent definition of τ⋆, called τ -
convergence, they proved that this convergence is topological and found relations
between τ and other known topologies.
In [5], [6] the authors extended the τ -topology over the graphs of functions

defined on subsets of a metric space X , preserving its main properties. The aim
is to introduce the same general hereditary structure in the theory of partial
differential equations. The existence of the homeomorphism was proved in locally
compact separable metric spaces by using the Dugundji’s continuous extension
and Michael’s continuous selection theorem.

Given two elements Γ(f,Ω), Γ(g,∆) in G and a set K ∈ K(X), we define

ρK(Γ(f,Ω),Γ(g,∆)) =

= max{eD(Γ(f,Ω ∩ K),Γ(g,∆)), eD(Γ(g,∆ ∩ K),Γ(f,Ω))}.

Remark 5.1. Note that ρK is non decreasing with respect to K, i.e. if K1 ⊂ K2
then ρK1(·, ·) ≤ ρK2(·, ·). We also have that ρK(·, ·) ≤ HD(·, ·).
Moreover, we have

eD(Γ(f,Ω ∩ K),Γ(g,∆)) = eD(Γ(f,Ω ∩ K),Γ(g,∆ ∩ B(K, r)))

for every number r > eD(Γ(f,Ω ∩ K),Γ(g,∆)).

Definition 5.2. Let (X, d
X
) and (Y, d

Y
) be metric spaces. A net {Γ(fσ,Ωσ) :

σ ∈ Σ} in G is said to be τ -convergent to Γ(f,Ω) if for every K ∈ K(X) the
numerical net {ρK(Γ(f,Ω),Γ(fσ,Ωσ)) : σ ∈ Σ} converges to zero.

It is natural to ask whether also in general metric spaces we can describe τ
convergence as Hausdorff metric convergence on compacta (in similar way as in
[4]). In this section we use the result of our Theorem 3.1 to show that in locally
compact metric spaces it is possible.

Definition 5.3. A net {Γ(fσ,Ωσ) : σ ∈ Σ} in G is said to be τc
H
-convergent to

Γ(f,Ω) in G if {Γ(fσ,Ωσ ∩ K) : σ ∈ Σ} converges in the Hausdorff metric HD to

Γ(f,Ω ∩ K) for every K ∈ K(X) such that K◦ ∩Ω = K ∩ Ω.

Of course, a more “natural” generalization of τ⋆-convergence would be that one
where compact connected sets with the nonempty intersection with the domain
of the limit function are taken instead of compact sets (compare [4, Definition 2]);
but to guarantee such a description of τ -convergence we need to work in spaces
with an additional structure; more precisely in locally connected locally compact
spaces in which every compact set can be covered by a compact connected set.
However, the homeomorphism result holds in locally compact separable metric
spaces [6], so we found a reasonable generalization of τ⋆-convergence for this class
of spaces.
The question of nonempty intersection with the domain of the limit function is
solved in the following remark.
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Remark 5.4. Let (X, d
X
) be a locally compact metric space, (Y, d

Y
) be a metric

space, Γ(f,Ω) ∈ G and {Γ(fσ,Ωσ) : σ ∈ Σ} be a net in G.
If {HD(Γ(fσ,Ωσ ∩ K),Γ(f,Ω ∩ K)) : σ ∈ Σ} → 0 for every K ∈ K(X) with
K ∩ Ω = K◦ ∩ Ω 6= ∅ then {Γ(fσ,Ωσ) : σ ∈ Σ} τc

H
-converges to Γ(f,Ω).

Proof: It is sufficient to show that if K∩Ω = ∅ then also K∩Ωσ = ∅ eventually.
Suppose this is not true, thus K ∩ Ωσ 6= ∅ frequently. There is ǫ > 0 such

that S(K, ǫ) ∩ S(Ω, ǫ) = ∅. Take x ∈ Ω. By Remark 3.2 there is a compact set
L such that {x} ∪ K ⊂ L◦, Hd

X
({x} ∪ K, L) < ǫ and L ∩ Ω = L◦ ∩ Ω 6= ∅.

By the assumption there is σ0 ∈ Σ such that HD(Γ(fσ,Ωσ ∩ L),Γ(f,Ω ∩ L)) < ǫ
for every σ ≤ σ0. Let σ > σ0 be such that K ∩ Ωσ 6= ∅. Let zσ ∈ K ∩ Ωσ.
Since D((zσ, fσ(zσ)),Γ(f,Ω ∩ L)) ≤ HD(Γ(fσ,Ωσ ∩ L),Γ(f,Ω ∩ L)) < ǫ there
must exist z ∈ Ω ∩ L with d

X
(zσ, z) < ǫ, a contradiction. �

Notice that if a metric space (X, d
X
) is not locally compact, then the above

property always fails as the following argument shows.
Let x ∈ X be a point which has no compact nbd. Put Ω = {x} and for every

C ∈ K(X) put Ω
C
= C. Consider the natural direction on K(X). Put further

f(x) = 0 and f
C
(z) = 0 for every z ∈ C.

Then ρK(Γ(f,Ω),Γ(f
C

,Ω
C
))→ 0 for every K ∈ K(X) with K ∩Ω = K◦ ∩ Ω 6= ∅

since there is no such K ∈ K(X) (otherwise x ∈ K◦).
Now let K ∈ K(X) be such that K ∩ Ω = ∅. For every C ≥ K we have

HD(Γ(f,Ω ∩ K),Γ(f
C

,Ω
C
∩ K)) = ∞, thus {Γ(f

C
,Ω

C
) : C ∈ K(X)} fails to

τc
H
-converge to Γ(f,Ω).

Lemma 5.5. Let (X, d
X
) be a locally compact metric space and (Y, d

Y
) be a met-

ric space. Let Ω ∈ CL(X) and K ∈ K(X) be such that K ∩Ω = K◦ ∩ Ω 6= ∅. For
every ǫ > 0 there is 0 < δ < ǫ such that whenever η < δ and (Γ(f,Ω),Γ(g,∆)) ∈
G × G with ρ

K
(Γ(f,Ω),Γ(g,∆)) < η, then HD(Γ(f,Ω ∩ K),Γ(g,∆ ∩ K)) <

η + max{ǫ, ω(ǫ)}, where ω is the modulus of continuity of f in the compact
set Ω ∩ B(K, η).

Proof: Let ǫ > 0. Let 0 < γ < ǫ be such that B(K, γ) is compact. We divide
the proof in two steps.

1. First we show there is 0 < δ < ǫ such that if η < δ and ρ
K
(Γ(f,Ω),Γ(g,∆))

< η, then
eD(Γ(f,Ω ∩ K),Γ(g,∆ ∩ K)) < η +max{ǫ, ω(ǫ)}.

If ∂K ∩ Ω = ∅, then K ∩ Ω ⊂ K◦. There is α < γ with S(K ∩ Ω, α) ⊂ K◦.
With δ = α we are done.
If ∂K ∩Ω 6= ∅, for ǫ/3 there are w1, w2, . . . , wn ∈ ∂K ∩Ω such that ∂K ∩Ω ⊂

∪n
i=1S(wi, ǫ/3). For every i = 1, 2, . . . , n let zi ∈ S(wi, ǫ/3) ∩ K◦ ∩ Ω.
Put π = Dd

X
({z1, . . . , zn}, ∂K ∩ Ω) and L = K \ S(∂K ∩ Ω, π/2). Then L ∈

CL(X), zi ∈ L for every i = 1, 2, . . . , n and Ω ∩ L ⊂ K◦.
There exists µ > 0 such that µ < γ and S(Ω∩L, µ) ⊂ K◦. Put δ = µ. If η < δ and
ρ

K
(Γ(f,Ω),Γ(g,∆)) < η, then ∆ ∩ K 6= ∅ and eD(Γ(f,Ω ∩ L),Γ(g,∆ ∩ K)) < η.
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To estimate eD(Γ(f,Ω ∩ K),Γ(f,Ω ∩ L)) we show that for every z ∈ (Ω∩K)\L,
there is v ∈ Ω ∩ L such that d

X
(z, v) < ǫ.

In fact (Ω ∩ K) \ L ⊂ Ω ∩ K ∩ S(∂K ∩Ω, π/2), thus there is u ∈ S(∂K ∩Ω, π/2)
with d

X
(u, z) < π/2 < ǫ/3. There is wi ∈ ∂K ∩Ω with d

X
(u, wi) < ǫ/3. Now we

have d
X
(z, zi) ≤ d

X
(z, u) + d

X
(u, wi) + d

X
(wi, zi) < ǫ and zi ∈ L ∩ Ω.

Thus

eD(Γ(f,Ω ∩ K),Γ(g,∆ ∩ K)) ≤ eD(Γ(f,Ω ∩ K),Γ(f,Ω ∩ L))+

+ eD(Γ(f,Ω ∩ L),Γ(g,∆ ∩ K)) < max{ǫ, ω(ǫ)}+ η.

2. Second we show that there is 0 < δ < ǫ such that if η < δ and
ρ

K
(Γ(f,Ω),Γ(g,∆)) < η, then eD(Γ(g,∆ ∩ K),Γ(f,Ω ∩ K)) < η +max{ǫ, ω(ǫ)}.
If Ω ⊂ Ω ∩ K, we are done.
Otherwise there is 0 < α < γ with Ω\S(K∩Ω, α/2) 6= ∅. Put δ0 = Dd

X
(K,Ω\

S(K ∩ Ω, α/2)) and put δ = min{δ0/2, ǫ/2, γ/2}.
Let η < δ and ρ

K
(Γ(f,Ω),Γ(g,∆)) < η. Then

eD(Γ(g,∆ ∩ K),Γ(f,Ω ∩ K)) ≤ eD(Γ(g,∆ ∩ K),Γ(f,Ω ∩ B(K, η)))+

+ eD(Γ(f,Ω ∩ B(K, η)),Γ(f,Ω ∩ K)) < η +max{ǫ, ω(ǫ)},

since every z ∈ Ω ∩ B(K, η) belongs to S(Ω ∩ K, α/2).
(If z /∈ S(Ω ∩ K, α/2), d

X
(z, K) ≥ δ0 > δ > η a contradiction). �

Theorem 5.6. Let (X, d
X
) and (Y, d

Y
) be metric spaces. The following are

equivalent:

(1) X is locally compact;
(2) τ -convergence and τc

H
-convergence in G coincide.

Proof: (2) ⇒ (1). Suppose X is not locally compact. There is a point x ∈ X
which has no compact nbd. Denote by U(x) the family of all open nbds of x. For
every U ∈ U(x) and every K ∈ K(X) there is a point x

U,K
∈ U \ K. Consider

the same directions on U(x) and K(X) as above and equip U(x) × K(X) with
the natural product direction. For every (U, K) ∈ U(x) × K(X) put Ω

U,K
=

{x
U,K

}, and define f
U,K
on Ω

U,K
by f

U,K
(x

U,K
) = 1. Let further Ω = {x} and

f be the function defined on Ω by f(x) = 0. It is easy to verify that the net
{Γ(f

U,K
,Ω

U,K
) : (U, K) ∈ U(x) × K(X)} fails to τ -converge to Γ(f,Ω), since

ρ{x}(Γ(fU,K
,Ω

U,K
),Γ(f,Ω)) = 1 eventually.

Now we show that {Γ(f
U,K

,Ω
U,K
) : (U, K) ∈ U(x) × K(X)} τc

H
-converges

to Γ(f,Ω). Let K ∈ K(X) be such that K ∩ Ω = K◦ ∩ Ω. Then K ∩ Ω = ∅,
otherwise x ∈ K◦. For every C ≥ K and U ∈ U(x) we have K ∩ Ω

U,C
= ∅, thus

HD(Γ(f,Ω ∩ K),Γ(f
U,C

,Ω
U,C

∩ K)) = 0 for every C ≥ K and U ∈ U(x).

(1) ⇒ (2). Suppose first that {Γ(fσ,Ωσ) : σ ∈ Σ} τc
H
-converges to Γ(f,Ω).

To prove τ -convergence of {Γ(fσ,Ωσ) : σ ∈ Σ} to Γ(f,Ω), let K ∈ K(X).
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By Remark 3.2 there is A ∈ K(X) such that A ⊃ K and A ∩ Ω = A◦ ∩ Ω 6= ∅.
Then we have ρ

K
(Γ(fσ,Ωσ),Γ(f,Ω)) ≤ ρ

A
(Γ(fσ,Ωσ),Γ(f,Ω)) ≤

HD(Γ(fσ,Ωσ ∩ A),Γ(f,Ω ∩ A)).
Thus τc

H
-convergence implies τ -convergence.

The equivalence of two convergences is an immediate consequence of
Lemma 5.5. �

If X is a closed connected subset of R and Y = R
m, then (1) implies (2) from

the above theorem was proved in [4] for a special subclass of K(X).
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