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Kuratowski convergence on compacta
and Hausdorff metric convergence on compacta

P. Branpi, R. CEPPITELLI, L’. HOLA

Abstract. This paper completes and improves results of [10]. Let (X,dy ), (Y,d, ) be
two metric spaces and G be the space of all Y-valued continuous functions whose domain
is a closed subset of X. If X is a locally compact metric space, then the Kuratowski
convergence T, and the Kuratowski convergence on compacta 7 coincide on G. Thus
if X and Y are boundedly compact metric spaces we have the equivalence of the con-
vergence in the Attouch-Wets topology 7,y (generated by the box metric of d and
d, ) and 75, convergence on G, which improves the main result of [10]. In the second
part of paper we extend the definition of Hausdorff metric convergence on compacta for
general metric spaces X and Y and we show that if X is locally compact metric space,
then also 7-convergence and Hausdorff metric convergence on compacta coincide in G.

Keywords: Kuratowski convergence, Attouch-Wets convergence, T-convergence, Kura-
towski convergence on compacta and Hausdorff metric convergence on compacta

Classification: 54B20, 54C35

1. Introduction

Topologies and convergences of graph spaces (spaces of functions identified
with their graphs or epigraphs) has been applied to different fields of mathemat-
ics, including differential equations, convex analysis, optimization, mathematical
economics, programming models, calculus of variation, etc.

The problem of continuous dependence on the data for the solutions of func-
tional differential equations led to the problem of defining a suitable notion of
convergence in the space of continuous functions with moving domains; in [4] so
called 7-convergence and Hausdorff metric convergence on compacta 7* were in-
troduced and studied for Y = R and X a closed connected subset of R; in [5],
[6], [7] T-convergence was extended for general metric spaces X and Y in [10],
[11] the Kuratowski convergence on compacta 7. was considered.

In [10] the authors proved that if (X, dy ), (Y, d; ) are locally connected bound-
edly compact metric spaces, then the convergence in the Attouch-Wets topology
Taw (generated by the box metric of d, and d, ) and 75, convergence in G coin-
cide. In our paper we show that the assumption of locally connectedness is useless.
We use here the result of our Theorem 3.1 which claims that if C' € CL(X) then
for every B € CL(X) and every € > 0 there is L € CL(X) such that B C L,
the Hausdorff distance between B and L is smaller than e and LNC = L°NC.
Theorem 3.1 improves Proposition 2.4 from [10].
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Moreover we introduce Hausdorff metric convergence on compacta 77, for gen-
eral metric spaces X and Y and as a further application of mentioned Theorem
3.1 we prove the coincidence of 7, and 7-convergence in G for X locally compact.

2. Notations and definitions

Let (X,d) be a metric space. For basic notions and definitions the reader
is referred to the recent Beer’s monograph [1]. Given two subsets A, B of X,
the excess or Hausdorff semi-distance of A over B is denoted by e4(A, B) =
SUpgea infpep d(a,b) with the convention ey(A,0) = +oo if A # 0 and
eq(0, B) = 0.

It is well known that Hy(A, B) = max{e (4, B),eq(B, A)} defines the Hausdorff
distance between A and B.

The gap D4(A, B) between nonempty subsets A and B is given by Dy(A, B) =
inf{d(a, B) : a € A}, where by d(a, B) we mean inf{d(a,b) : b € B}.

Denote by CL(X) the family of all non-empty closed subsets of X and by K(X)
the family of all compact sets in CL(X).

The open (resp. closed) ball with center x and radius » > 0 will be denoted
by S(z,r) (resp. B(x,r)). The open (resp. closed) r-enlargement of A is the set
S(A,r) ={ze X :d(z, A) <r} (B(Ar)={zeX:d(z, A <r}).

Recall that a net {Cy : 0 € ¥} in CL(X) is Kuratowski convergent to C' €
CL(X) if LiCy = LsCy = C, where LiCy; = {z € X : each nbd of x intersects
Cy for all o in some residual subset of ¥} and LsCy = {2 € X : each nbd of =
intersects Cy for all o in some cofinal subset of ¥}.

Now let (X,d, ), (Y,d, ) be two metric spaces. Denote by D the box metric of
dy and d,, and consider X x Y equipped with this metric D.

For every Q € CL(X), C(Q,Y) denotes, as usual, the space of all continuous
functions f: Q@ =Y. If f € C(R,Y) we denote by I'(f,Q) = {(w, f(w)) : w € O}
the graph of f. Let G = {I'(f,Q) : Q € CL(X), f € C(R,Y)} denote the set of
all graphs.

In [10] the following definition was introduced:

Definition 2.1. A net {I'(fs,Q) : 0 € £} in G is said to be Kuratowski conver-
gent on compacta to I'(f, Q) (7, -convergent to I'(f,(2)) if {I'(f5,Q NK) :0 €
Y} Kuratowski converges to I'(f,Q N K) for every K € K(X) such that

(%) KenQ=KnQ.

By A° we mean the interior of A, by A the closure of A and by A the boundary
of A.

3. Main result

In the first part of our paper we are interested in the property (x). We greatly
improve Proposition 2.4 in [10] by proving that if C € CL(X) is fixed then for
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every B € CL(X) we can find arbitrarily close to B (with respect to the Hausdorff
metric) aset L € CL(X) such that L D B and L has the property (x) with respect
toC;ie. L°NC=LNC.

Theorem 3.1. Let (X,d) be a metric space and C € CL(X). For every B €
CL(X) and every ¢ > 0 there is L € CL(X) such that B C L°, LNC =L°NC
and Hy(B,L) <e.

PrOOF: Let B € CL(X) and ¢ > 0. If BN C = (), then the normality of X
implies that there is an open set V such that B C V C V C X \ C. Then the set
L=V N S(B,e/2) does the job.

Now suppose that BN C # (). Put Vo = S(B,¢/4) and By = Vy. Then
Hy(By,B) <e¢/4.

Now put Vi = J{S(z,¢/22t1) : 2 € (Vp \ Vo) N C} and put By = By U V].
Then By N C C BY, Hg(B1,By) = eq(B1,By) = eq(V1,By) =
SUD,, ¢ (77\ Vo )nC eq(S(x,e/2%1), By) < €/22T1 and Hy(By,B) < Hy(By, By) +
Hy(Bg, B) < ¢/22H1 4 ¢/22,

Let Vo = J{S(z,¢/2272) : 2 € (V1 \ V1) N C} and put By = By U V.

Then By N C C B, Hy(B2,B1) = eq(B2,B1) = eq(Va,B1) < ¢/2%72 and
Hy(Ba, B) < Hy(Bs, By) + Hy(By, B) < €/2212 4 ¢/2211 1 ¢/22,

Suppose now, we defined open sets V7, ..., V, and closed sets Bq,..., By such
that V; = J{S(2,¢/22%") : 2 € (V;Z1\ Vi—1) N C} and B; = B;_1 UV},
B,_1NC C By, Hy(B;,B) < Zé':o /2217 for every i =1,...n.

We will define now V41 and By 1.

Put Vjy1 = U{S(z, /22T ) : 0 € (V;, \ Vi) N C} and Bpy1 = By U V11
Then B, NC C By, as ByNC = (Bp_1UVp)NC = (Bpo1 NC)U (Vi \ Vi) N
CU(WVpanC)CByuVp1 UV, C By L.

Moreover, since Hy(Bpi1,Bn) = eq(Bni1, Bn) = eq(Vpi1, Bn) < e/22tn+L
thus Hy(Bp+1, B) < Hg(Bp+1, Bn) + Ha(Bp, B) < /22101 4 370 (/21 =
Sl e/2%t,

PuwL =U{B,:n=0,1,2,...}. Then B C L° and Hy(L, B) = e4(J Bn, B) =
supy, €4(Bn, B) < sup, Yiq €/2°T = 3770 /22T = ¢/4(3072 1/2) = 2¢/4 =
€/2.

Now we show that LN C = L°NC. Let z € L N C and suppose there is

n € ZTsuch that z € B,,. By above B, NC C By CL° thus z € L°N C.

Suppose now there is no n € Ztwith z € B,,. Let n > 0. We must show
that S(z,n) N (L°NC) # 0. Let ke ZT be such that €/227% < 5/4. Let H,
be an open nbd of z such that H, C (X \ Bg) N S(z,n/4). Thus there must
exist m > k with z,, € H, N B;,. Without loss of generality we can suppose
that m is such that zy, € By, \ Bm—1. Thus by the assumption z, € Vim, where
Vin = U{S(z,¢/227™) : x € (Vju_1 \ Vin_1) N C}. Thus there is vy, € H, NV,
with vy, € S(v,€e/22T™), where v € C. Clearly S(v,e/22t™) C S(z,n) and
veVy,NCCB,y,NCcCL°NC. O
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Remark 3.2. Let (X,d) be a locally compact metric space. Then for every
compact set K and every € > 0 there is a compact set L such that K C L°,
LNC=L°NCand Hy(K,L) < e.

Remark 3.3. Let (X,d) be a metric space and C € CL(X). If L1, Lo,..., Ly
is a finite family of closed subsets satisfying property (x) with respect to C, then
also |Ji; L; has property (x) with respect to C' (Lemma 2.2 in [10]).

The following example shows that if Ly, Lo, ..., Ly, ... is an infinite family of

closed sets satisfying property (x) with respect to C' then U2 ; Ly, can fail to have
property (%).
Example 3.4. Let X be the set of reals with the usual metric and QT be the
set of positive rationals. Let {q1,q2,...,¢qn,...} be an enumeration of Q. Put
C = (—00,0] and Ly, = {qn} for every n € ZT. It is easy to verify that every
Ly, has property () with respect to C, since L, N C = () for every n € ZT. But
USC_; Ly, fails to have property (x) with respect to C.

4. Applications to Kuratowski convergence

In this part we apply Theorem 3.1 to prove a coincidence of Kuratowski and
Kuratowski convergence on compacta 7¢ in G.

By using of the following proposition we give a shorter and better proof of the
main result of [10].

Proposition 4.1. Let (X,d,) and (Y, d, ) be metric spaces. The following are
equivalent:

(1) X is locally compact;

(2) the Kuratowski convergence and the Ty, -convergence in G coincide.
PROOF: (2) = (1). Suppose X is not locally compact. There is a point z € X
which has no compact nbd. Denote by U(z) the family of all open nbds of z. For
every U € U(x) and every K € K(X) there is a point z,, ,, € U\ K.

Consider the following directions on U(x) and K(X): if U,V € U(z) then
U>V&UcCVandif B,C € K(X) then B> C < B> C. Let U(z) x K(X)
be equipped with the natural direction induced by the above ones.

For every (U, K) € U(z) x K(X) put Q, , = {z,, «,2}, where z is a point in
X different from x (such a point z exists, otherwise x has a compact nbd). Define
fuox on Qp as fi  (2) = fi (7 ) = 0. Let further & = {2} and f is defined
on Q as f(z) =0.

Then {T'(fy ., k) : (U, K) € U(x) x K(X)} fails to Kuratowski converge to

L'(f,8), since (x,0) € Lil'(fy 1, Q) \T(f, ).
Now we show that {I'(f; x, UK) (U,K) € U(x) x K(X)} 7 -converges to
I'(f,9).

Let C € K(X) be such that CNQ =C°NQ.

If CNQ = 0, then for every K D C and every U € U(xz) we have also
CNQy =0, so we are done.
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IfCNQ#Q, then {z} = CNQ and for every K D C and every U € U(x) we
have CNQy, , = {z}, since x, ,, € K¢ C C° Thus {T'(f, ., NC) : (U,K) €
U(z) x K(X)} Kuratowski converges to I'(f, 2N C).

(1) = (2). Suppose first that {I'(fs,Qs) : 0 € 3} Kuratowski converges to
I'(f,9Q). Let K € K(X) be such that K N Q = K°NAQ.

We must show that {I'(fs, Qs N K): 0 € X} Kuratowski converges to I'(f, 2 N K).
First, we show that I'(f, QN K) C Lil'(f5, Qs N K).

Let (z, f(z)) € I(f,Q@NK) and Oz X Of(;) be a nbd of (z, f(z)). We must
find o¢ € ¥ with I'(fs, Qs N K) N Oy X Of(x) # () for every o > oy.

The continuity of f at x implies there is an open set U such that U C O,
xz € U and f(UﬂK) - Of(x)

Moreover, the point = belongs to K° N, i.e. thereis z € K°NQNU.

Let V be an open set such that z € V' C UNKP®. Since (z, f(2)) € Lil'(fs, )
and V' x Oy, isanbd of (z, f(z)) there is o9 € ¥ such that I'(fo, Qo)N\V X O () #
() for every o > oy.

So for every o > o¢ there is (20, fo(20)) € V X Ofp) C K° X Of(y). Thus for
every o > 00, I'(fo,Q NEK)N Oz x Ofyy # 0.

Now we show that LsI'(fs,Qs) C I'(f,QNK). Clearly LsI'(fs, Qe NK) C
LsT(fs,90) C T(f, ).

Let (x,y) € LsI'(fs, Q% NK). So (x,y) € T'(f,Q) and it is easy to verify that
x € K. Sox € QN K and thus (z,y) € I'(f,2N K), we are done.

Suppose now that a net {I'(f5,Qs) : 0 € X} 7¢ -converges to I'(f, ). We prove
LsT(fr, Q) C T(f, Q) C LiT(f0, Qo).

Concerning the first inclusion, let (z,y) € LsI'(fs, Q) and suppose (z,y) ¢
I'(f,€). Then z € , otherwise « ¢ Q2 implies that there is a compact ball B(z,d)
such that B(z,0) NQ =0 = B(x,0)° N Q. Then (z,y) € LsT'(fs, Qe N B(z,d)) C
I(f,Q2N B(x,d)) = 0, a contradiction. Thus z € Q.

By Remark 3.2 there is a compact set C such that x € C° and CNQ = C° N Q. It
is easy to verify that (z,y) € LsI'(fs, Qs NC) C T(f,2N C) by the assumption.
Thus (z,y) € T'(f, Q).

To prove I'(f, Q) C Lil'(fs, Qs), let (z, f(z)) € T(f,Q). Let C be a compact
nbd of z such that CNQ = C° N Q (Remark 3.2). Then (z, f(x)) e T(f,Q2NC) C
LiT'(fo, Q% NC) C LiT(f5, Qo). O
Corollary 4.2. From the proof (1) = (2) in the previous proposition we can see
that the Kuratowski convergence always implies T -convergence and also that the
Kuratowski convergence of {I'(fs,Q0) : 0 € X} to I'(f,Q) implies Kuratowski
convergence of {I'(fo,Qs N B) : 0 € L} toT'(f,Q2 N B) for every B € CL(X) such
that BN Q = B° N Q (without a locally compactness assumption) (see also [11]).

Corollary 4.3. Let X be a locally compact metric space. Let {Cy : 0 € ¥} and
C € CL(X). Then {Cy, : 0 € ¥} Kuratowski converges to C' if and only if for
every K € K(X) with KNC =K°nNC, {CsNK : 0 € ¥} Kuratowski converges
toCNK.
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The following corollary improves the main result of [10].

Corollary 4.4. Let (X,d,) and (Y,d, ) be boundedly compact metric spaces,
D be the box metric of d and d, . Then 7 -convergence and the Attouch-Wets
convergence generated by D in G coincide.

PROOF: By the previous proposition 7, -convergence and Kuratowski convergence
coincide in G. It is a well-known result that the Kuratowski convergence and the

Attouch-Wets convergence coincide in boundedly compact metric spaces ([1]).
(]

For X and Y locally connected boundedly compact spaces, Corollary 4.4 was
proved in [10].

Notice here that the Attouch-Wets topology on graphs and epigraphs of func-
tions with the same domain has been studied in literature (see [1], [9]).

5. Applications to 7-convergence

The definition of a new graph topology 7 was motivated by concrete problems
in the theory of hereditary differential equations.

In [2], [3], [8], the authors studied a Cauchy problem (P) for ordinary differen-
tial equations with delay. By virtue of the generality of the hereditary structure,
the solutions of problem (P) are elements of the graph set G (where X = E is
a closed interval of R and Y = R™). To study problem (P), the authors intro-
duced the topology 7* in G ([4]); it arose as a localization on compact sets of
the Hausdorff metric topology; the connection between 7* and Hausdorff metric
topology is the same as that between the compact-open topology 7., and the
uniform convergence topology in C(E,R™).

Definition ([4, Definition 2]). A sequence (I'(zy, 2n))n, T'(zn, Q) € G is said to
be convergent to I'( fo, Qo) € G according to the Hausdorff metric on the compact
subsets (or more simply, T*-convergent to I'(fo,€)) if for every K* € Kgq, the
sequence T'(zy, Qy N K*) Hp-converges to I'(xg, Qo N K*),
where K, is the family of compact intervals with the properties

(1) cl(Ja,bNQ) = [a,b] NQ # O, for every [a,b] € Kq;

(ii) for every K € K(X) there exists an interval [a,b] € Kq such that K C

[a, b].

The peculiar property of 7*, which makes it useful in applications to heredi-
tary differential equations, is the homeomorphism between the topological space
(G,7*) and the quotient space [(CL(E),7,) x (C(E,R™),7,,)]/R with respect
to a suitable equivalence relation, where 7,. is the Fell topology. In force of this
homeomorphism, the theory of hereditary differential equations in G has been
reduced to the classical theory in C(E,R™).

In [4] the proof of the homeomorphic property was constructive, and the choice
of compact intervals K* C R was an important tool.
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This definition is not operative to put it in its proper place in the literature.
To this aim, the authors introduced in [4] an equivalent definition of 7*, called 7-
convergence, they proved that this convergence is topological and found relations
between 7 and other known topologies.

In [5], [6] the authors extended the 7-topology over the graphs of functions
defined on subsets of a metric space X, preserving its main properties. The aim
is to introduce the same general hereditary structure in the theory of partial
differential equations. The existence of the homeomorphism was proved in locally
compact separable metric spaces by using the Dugundji’s continuous extension
and Michael’s continuous selection theorem.

Given two elements I'(f, ), I'(g, A) in G and a set K € K(X), we define

pK(F(fv Q)? F(gv A)) =
=max{ep(['(f,2N K),I'(g,A)),ep(I'(g, AN K),T'(f,2))}.

Remark 5.1. Note that pg is non decreasing with respect to K, i.e. if K1 C Ko
then pr, (+,-) < pr,(+,-). We also have that pg(-,-) < Hp(-,-).
Moreover, we have

ep(I'(f, 2N K),T(g,A)) = ep(T(f, 2N K),I(g, AN B(K,)))
for every number r > ep(T'(f, Q2N K),T'(g,A)).

Definition 5.2. Let (X,dy) and (Y,d; ) be metric spaces. A net {I'(fs,Q0) :
o € ¥} in G is said to be T-convergent to I'(f, ) if for every K € K(X) the
numerical net {p (L(f,Q),T(fs,Qs)): 0 € X} converges to zero.

It is natural to ask whether also in general metric spaces we can describe 7
convergence as Hausdorff metric convergence on compacta (in similar way as in
[4]). In this section we use the result of our Theorem 3.1 to show that in locally
compact metric spaces it is possible.

Definition 5.3. A net {I'(fs,Q) : 0 € X} in G is said to be 7y, -convergent to
I'(f,Q) in G if {T'(fo,Q NK):0 € X} converges in the Hausdorff metric Hp to
I'(f,QNK) for every K € K(X) such that K°NQ =K nNQ.

Of course, a more “natural” generalization of 7*-convergence would be that one
where compact connected sets with the nonempty intersection with the domain
of the limit function are taken instead of compact sets (compare [4, Definition 2|);
but to guarantee such a description of 7-convergence we need to work in spaces
with an additional structure; more precisely in locally connected locally compact
spaces in which every compact set can be covered by a compact connected set.
However, the homeomorphism result holds in locally compact separable metric
spaces [6], so we found a reasonable generalization of 7*-convergence for this class
of spaces.

The question of nonempty intersection with the domain of the limit function is
solved in the following remark.
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Remark 5.4. Let (X, d ) be a locally compact metric space, (Y, d,.) be a metric
space, I'(f,Q) € G and {I'(fs,Q) : 0 € £} be a net in G.

If {HpT(fs, Q% NK),T(f,QNK)):0 € ¥} — 0 for every K € K(X) with
KnQ=K°NQ#0 then {I'(f5,Q0): 0 € B} 7, -converges to I'(f, ).

PRrOOF: It is sufficient to show that if K NQ = @ then also K NQy = 0 eventually.

Suppose this is not true, thus K N Qs # () frequently. There is € > 0 such
that S(K,€) N S(Q,€) = 0. Take z € Q. By Remark 3.2 there is a compact set
L such that {z} UK C L°, de({x} UK,L) <eand LNQ = L°NQ # 0.
By the assumption there is og € ¥ such that Hp(I'(fo, Qe N L), T(f, QN L)) <€
for every o < 0g. Let 0 > og be such that K N Qy # 0. Let 2, € K N Q.
Since D((zg, f5(25)),T(f,QNL)) < Hp(T(fs,Q% NL),I(f,2NL)) < € there
must exist z € QN L with d, (25, 2) < €, a contradiction. O

Notice that if a metric space (X, d ) is not locally compact, then the above
property always fails as the following argument shows.

Let € X be a point which has no compact nbd. Put Q = {2} and for every
C € K(X) put Q. = C. Consider the natural direction on K(X). Put further
f(z) =0 and f,(z) =0 for every z € C.
Then pr (T(f,Q),T(f-,Q.)) — 0 for every K € K(X) with KNQ = K°NQ#0)
since there is no such K € (X)) (otherwise z € K°).

Now let K € K(X) be such that K NQ = 0. For every C > K we have
HpT(f,QNK),I(f,,Q. NK)) = oo, thus {I'(f,,Q.) : C € K(X)} fails to
7y -converge to I'(f, ).

Lemma 5.5. Let (X, d, ) be alocally compact metric space and (Y, d, ) be a met-
ric space. Let Q € CL(X) and K € K(X) be such that KNQ = K°NQ # (. For
every € > 0 there is 0 < § < ¢ such that whenever n < § and (I'(f,Q),T(g,4)) €
G x G with p.(T(f,92),I'(g9,A)) < n, then Hp(T'(f,QNK),I'(¢g,ANK)) <
n + max{e,w(e)}, where w is the modulus of continuity of f in the compact
set QN B(K,n).

PROOF: Let € > 0. Let 0 < v < € be such that B(K,) is compact. We divide
the proof in two steps.

1. First we show there is 0 < § < e such that if n < ¢ and p, (T'(f,©),T'(g,A))

< 7, then
ep(T(f,QNK),I'(g,ANK)) < n+ max{e,w(e)}.

EOKNQ =0, then KNQ C K°. Thereis o < v with S(K NQ,a) C K°.
With 6 = a we are done.

If 0K NQ # 0, for €/3 there are wy,wo, ..., w, € 0K NQ such that 0K NN C
U, S(w;,€/3). For every i =1,2,...,n let z; € S(w;,€/3) N K°NQ.
Put m = Dy ({z1,-.-,2n},0KNQ) and L = K\ S(OK NQ,7/2). Then L €
CL(X), z; € Lforeveryi=1,2,....,nand QNL C K°.
There exists g > 0 such that u < v and S(QNL,u) C K°. Putd = p. If p < 6 and
P T(f,92),T(g,A)) <n, then ANK # 0 and ep(I'(f,QN L), T'(g,ANK)) <n.
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To estimate ep(I'(f, 2N K),T(f, QN L)) we show that for every z € (QANK)\L,
there is v € QN L such that d (z,v) <.
In fact (QNK)\L C QN KNS(OK NN, 7/2), thus there is u € S(OK NQ,7/2)
with dy (u,z) < m/2 < €/3. There is w; € 0K NQ with d, (u, w;) < €¢/3. Now we
have d (2, 2;) < dy(z,u) + dy (u, w;) + dy (w4, 2;) < eand z; € LN

Thus

ep(D(f,QNK),I'(¢9,ANK)) <epT(f,QNK),T'(f, QN L))+
+epT(f,Q2NL),T(g,ANK)) < max{e,w(e)} + 7.

2. Second we show that there is 0 < 0 < € such that if n < § and
P (D(f,),T(g,A)) <n, then ep(I'(g, AN K),I'(f,2N K)) < n+ max{e,w(e)}.

If Q Cc QN K, we are done.

Otherwise there is 0 < o <y with Q\ S(KNQ, a/2) # 0. Put §p = Dg, (K,
S(KNQ,«a/2)) and put 6 = min{dy/2,¢/2,v/2}.

Let n < § and p, (I'(f,9Q),T(g,A)) < n. Then

ep(l'(g, AN K),T'(f,2N K)) <ep(T(9,ANK),I(f,2N B(K,n)))+
+ep(T(f, 2N B(K,n)),I(f,Q2NK)) < n+ max{e, w(e)},

since every z € QN B(K,n) belongs to S(QN K, «/2).
(If 2 ¢ S(ANK,a/2),dy (2, K) > 69 > 6 > n a contradiction). O

Theorem 5.6. Let (X,d,) and (Y,d,) be metric spaces. The following are
equivalent:

(1) X is locally compact;

(2) T-convergence and T, -convergence in G coincide.

PROOF: (2) = (1). Suppose X is not locally compact. There is a point z € X
which has no compact nbd. Denote by U(z) the family of all open nbds of z. For
every U € U(x) and every K € K(X) there is a point z,, ,, € U\ K. Consider
the same directions on U(x) and K(X) as above and equip U(x) x K(X) with
the natural product direction. For every (U, K) € U(z) x K(X) put Q, , =
{7y}, and define f;, . on Q, . by f, (v, ) = 1. Let further Q = {z} and
f be the function defined on Q by f(z) = 0. It is easy to verify that the net
{P(fox: Qi)+ (U K) € U() x K(X)} fails to 7-converge to I'(f, (), since
PLey T (o x> Ry i), T(f, ) = 1 eventually.

Now we show that {T'(f, », Q) @ (U, K) € U(z) x K(X)} 7,-converges
to I'(f, ). Let K € K(X) be such that KN = K°NQ. Then K NQ = 0,
otherwise z € K°. For every C' > K and U € U(x) we have K N, . = 0, thus
Hp((T(f,2NK),I(fy.c:Qye NK)) =0 for every C > K and U € U(x).

(1) = (2). Suppose first that {I'(fs, Q) : 0 € X} 75 -converges to T'(f, ).
To prove 7-convergence of {I'(f5,Qs) : 0 € T} to I'(f,Q), let K € K(X).
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Remark 3.2 there is A € K(X) such that A D K and ANQ = A°NQ # 0.

Then we have pK(F(fO'ng)vr(fv Q)) < pA(F(fO'ng)vr(fv Q)) <
Hp(T(fy, U N A),T(f,QN A)).

Thus 77, -convergence implies T-convergence.
The equivalence of two convergences is an immediate consequence of

Lemma 5.5. O

If X is a closed connected subset of R and ¥ = R™, then (1) implies (2) from

the above theorem was proved in [4] for a special subclass of K(X).
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