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Paley-Wiener theorems for the Schrodinger operator on R

M.N. LAZHARI

Abstract. In this paper we define and study generalized Fourier transforms associated
with some class of Schrodinger operators on R. Next, we establish Paley-Wiener type
theorems which characterize some functional spaces by their generalized Fourier trans-
forms.
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1. Introduction
We consider the symmetric differential operator (L, Dg) defined by
d?u
dx?

where D(R) is the space of C°°-functions on R with compact support and q is a
measurable function satisfying

Dy =DR) and Lu(z) = (z) + qg(z)u(x), ue DR),

+oo
/ (1+ |2))|g(x)| dz < +oo.

— 00

The operator (L, Dg) has a unique self-adjoint extension (L, Dy, ), where (see [3])
Dy ={f € L*>R) : f, f' are absolutely continuous and L(f) € L?(R)}.

On the other hand, for p € CL = {A € C : (Zm(\) > 0) or (Zm(A\) = 0 and
Re(\) > 0)}, the differential equation Lu = p?u possesses two linear independent
solutions F+ (., u) satisfying

lim eTH By (2, ) =1,

r—*+00

which are called generalized eigenfunctions.
We associate with the spectral decomposition of the self-adjoint operator
(L, Dr) two generalized Fourier transforms defined by

Fa(f) () = w% /[R f(2) Ex(z, 1) dz, u€R, f € D(R).
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228 M.N. Lazhari

In this paper we establish Paley-Wiener type theorems for the operator (L, D))
which characterize some functional spaces by their generalized Fourier transforms.
The main difficulty to prove these theorems is the study of the generalized eigen-
functions (existence, analicity, asymptotic behavior, ... ).

This paper is organized as follows.

In the first section, we study the generalized eigenfunctions and we prove that
there exist two kernels K4 such that for all u € C4, we have

. +oo .
Ei(x,pu) = e + Ky(z,s)e™ ds

T

and .
E_(z,p) =e o 4 / K_(z,s) e ds.
—00

We establish, in the second section, that the generalized Fourier transforms
F+ are related to the ordinary Fourier transforms Fg on R by

Fr(f) =Foo (I +"'K£)(f),
where

Folf) () = %27 /]R f(x)e ¥ dz, R, | € DR)

and 'K 4 are the operators defined respectively by
x o
K@ = [ Kl fw e and Ko(P)) = [ K- (w0 du
—o x

and we study the properties of the operators {K 4.
In the third section we study the analyticity of the generalized eigenfunctions
and the Fourier-Plancherel transforms associated with the operator (L, Dy,).
The proof of the Paley-Wiener type theorem is given in the last section.

2. Generalized eigenfunctions and generalized Fourier transforms
associated with the operator (L, Dy)

We consider the symmetric differential operator L defined on R by

d?u
Lu(z) = ——— (@) +q(2)u(z), e DR),

where D(R) is the space of C°°-functions on R, with compact support and ¢ is a
measurable function satisfying

+oo
/_ (1+ |2))|g(x)| dz < +o0.
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Forall p e C4 ={A e C: (Zm(\) > 0) or (Zm(A) = 0 and Re(A) > 0)}, the
differential equation

(2.1) Lu = p2u
possesses two linear independent solutions F+4 (., 1) satisfying (see [1], [3] and [4])

(2.2) lim eTH PRy (2, ) =1,

r—+00

which we call generalized eigenfunctions associated with the differential opera-
tor L.

Proposition 2.1. For all p € C4 and t € R, we have

) 10 gin (s —
(2.3) Belt) = [0 () (s
and
; b sinp(s —
(2.4) E_(t,p) = e 4 /_ S'M(Tt) q(s)E—_(s, ) ds.

In particular, there exist constants C+, independent of u, such that

(2.5) |Ex(t, p)| < Cy eTEmWE,

PrOOF: Let p be in C4. By using the method of the variations of constants and
relations (2.1) and (2.2), we deduce relations (2.3) and (2.4). On the other hand,
we can see that there exists a constant ¢; independent of p such that

+oo
Bt )] < e Pt {1 + 01/ (L+ [sDla(s)| P EL (5, ) dS]
t
We put f(t) = ™MW E, (¢, 1) and g(t) = ¢1(1 + |t])|q(t)], then we have

+oo
flt) <1 +/t f(s)g(s)ds.

Using the Gromwell lemma (see [6]), we obtain relation (2.5) for the function

Ei (., pn) with
+o0

Ct :exp(/_oo g(s)ds).

In the same way, we prove relation (2.5) for the function E_(., p). O
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Theorem 2.2. There exist kernels K+ (t, s) with support respectively in {(t, s) €
R?:t < s} and {(t,s) € R? : t > s} such that

+oo

(2.6) Ei(t,u) = et + K (t,s)e™s ds
t

and

(2.7 E_(t,p) = e "t 4 / PR _(t,s)e” ™ ds.
— 0o

Furthermore these kernels are respectively the unique solution of the following
integral equations:

s—t

(2.8) Ky(t,s) = %[rw q(u) du—/foo [/O D gl —y)Ki(r—y.z+y) dy} dx

tts ths
2 2
and
1 t;s HTS 0
(2.9) K_(t,s)zi/ q(u)du—/ {/ tq(:v—y)K_(:v—y,x—i-y)dy} dx.
oo oo s—t

2

PRrROOF: The proof is a consequence of relations (2.1), (2.2), (2.3) and (2.4),
the assumptions on ¢, the method of the successive approximations, the Fubini
theorem and the injectivity of the ordinary Fourier transform on R. (See [1] and
[3] for more details.)
We put
+o0o t
w0 = [ latwlde o= [l du
—0o0

and

+00 t
er(t) = /t L+ [u)lg(w)] du, e (t) = /_ (1 -+ Jul) ()] du.

Corollary 2.3. For all t and s in R, we have

t+s

Kt 5)] < g0 (50 explesn).

Corollary 2.4. If q is a C™-function, n in N, (respectively C*°-function) on R,
then the kernels K+ are C™1-functions (respectively C*°-functions) on RZ.
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Corollary 2.5. Let a be in R. We have

(1) if the support of q is in | — 00, a], then H's >a= Ky(t,s) =0,

(2) if the support of q is in [a, +0oo[, then t+s <a=K_(ts)=0.
Corollary 2.6. (1) If the support of ¢ is in | — 00,a], a € R, (respectively

in [a,+0o0[), then for all t in R, the solution y — E4(t,u) (respectively p —
E_(t,p)) is analytic on C.

(2) if the support of q is compact, then for all t in R, the solutions i — E+(t, i)
are analytic on C.

Definition 2.7. The generalized Fourier transforms F4 associated with the op-
erator (L, D) are defined on D(R) by

(2.10) Felh) = 7= [ 5@ Beto 5o, pe®

The generalized Fourier transforms Fy are injective (see [4] and [2]) and are
related to the ordinary Fourier transform Fy on R by the relation

(2.11) Fi(f)=Foo (I +'K1)(f), f € D(R),

where

Folf) () = %Q_W /R f(@)e~ " de, jeR, f € DR)

and 'K 4 are the operators defined respectively by

(2.12) KD = [ " Ki(ua)f(u)du, | €DR)
and
(2.13) / K_(u,z)f(u)du, f € D(R).

3. The study of the operators ‘K

In the following we state theorems which characterize some functional spaces on
which the operators I + K4 are bijective.
Let a be in R, n in N and R > 0. We denote by

- C} , the space of C"-functions on R, with support in [-R+a,R+al,
— Dpg,q(R) the space of C°°-functions on R, with support in [-R 4 a, R + a].
Theorem 3.1. We suppose that the support of the function ¢ is in | — 0o, a).
Then the operator I + 'K | is bijective

(i) from C’}l%’ o, onto itself,

(ii) from C’;‘i;l onto itself if ¢ is C™ on R,

(iii) from Dpg 4(R) onto itself if q is C°° on R.

The proof of the previous theorem is a consequence of the following proposi-
tions.
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Proposition 3.2. We suppose that the support of the function q is in | — 00, a].
Then we have
(i) (I + tK.;.)(O}lz’a) C Oll%,a;
(i) if q is C" on R, then (I +'K+)(Ch}) € CRtl;
(i) if g is O on R, then (I + 'K 4)(Dga(R)) € Dra(R)

ProOOF: The proof is a consequence of Corollary 2.4 and the fact that
(*K4)(f)(t)=0,forallt ¢ [-R+a,R+al, and for all fin C% , neN. O

Notation. We put

Nf(s,u): Ky (u,s) if —R+a<u<s<+oo,
0 elsewhere.
We consider the following integral equations:
S
(3.1) he) = )+ [ K9 (w)du
—0o0
and
S
(3.2 hs) = )+ [ N, f(w)du
—0o0

where h is a given function and f is an unknown function.
Proposition 3.3. We suppose that the function h is in C}lz’a. Then
(i) the support of every solution f of (3.2) is in [-R+ a, R + a;
(ii) let f be a function with support in [-R + a, R + al, then f is a solution
of (3.1) if and only if f is a solution of (3.2).
PROOF: Let h be a function in C}% o
(i) It is clear that

VueR, Vs, s>R+a:>Nf(u,s)=0,

hence
VueR, Vs, s¢[-R+a,R+a = NEu,s)=0.

Then we deduce that the support of every solution f of the equation (3.2) is in
[-R+a,R+al.
(ii) Let f be a function with support in [—-R + a, R 4+ a]. We obtain
Vs, s < -Rta=Ky(f)(s) =0,
so that s
Vs eR, tK.;.(f)(s)z/ Nf(u,s)f(u)du.
—o
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Proposition 3.4. Let h be a function in C’}% o Then the integral equation (3.2)
possesses a unique solution f in C}% o

PROOF: The equation (3.2) is a Volterra integral equation, we resolve it by using
the method of successive approximations. We put

S
No(s,u) = Nf(s,u), and for all n>1, Np(s,u) = / Nn_l(s,v)Nf(v,u) dv.
u
We put
S
hae) = (<17 [ Nu(s,uph(u) du
—R+a

m = sup |h(s)],
seR

D=[-R+a,R+a]x[-R+a,R+a],

M = sup {|Nf(s,u)|, (s,u) € D}.
Hence, for all (s,u) € D, we have |Ny(s,u)] < M, and for all n > 1,
(s=w)" _ |1 2R+ )

n! = n! '

Since the support of the kernel N, n > 1, is in D we deduce that the series of
general term Np(s,u) is absolutely and uniformly convergent on R?; and its sum
denoted by H f is with support in D and satisfies

|Hf(s,u)| < M exp[2(R + a)M].
In the same way we prove that the series of general term hy,(s) is absolutely and

uniformly convergent on R; and its sum denoted by >>° ; hy(s) has support in
[-R + a, R + a] and satisfies

[N (s, )] < M

o
] 3 hn(s)’ < mexp2(R + a)M].
n=0
We put

f(s)=h(s) + D hals)
n=0

= h(s)+ /_8R+ Hf(s,u)h(u) du,

so that f is supported in [-R + a, R + a] and it is a solution of equation (3.2).
The uniqueness of the solution is a consequence of relation (2.10) and the fact
that F4 is injective.
The derivability of the solution is a consequence of the derivability of the
kernel K and relation (3.2). O

The proof of the following theorem is analogous to that one given for Theo-
rem 3.1.
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Theorem 3.5. We suppose that the support of the function ¢ is in [a,+o0].
Then the operator I + 'K _ is bijective

(i) from C}, , onto itself,
(ii) from Cﬁ"(;l onto itself if q is C™ on R,
(iii) from Dpg 4(R) onto itself if q is C°° on R.

4. Paley-Wiener type theorems

For all n in N and R > 0, we denote by
- H%‘H the space of analytic functions 9 on C such that

vme€{0,1,...,n+1},3¢m > 0 such that

(4.1) e
Ve, [9()| < em(l+ |u) melImWIE,

— Hp, the space of functions in H%"_l, for all n in N.

Theorem 4.1. Let ¢ be a C*°-function and b in R.
(i) If the support of q is in | — 0o, b], then the transform Fy is bijective from
Dg,p onto e_i“bHR.
(ii) If the support of q is in [b, 400, then the transform F_ is bijective from
Dpry onto e"'i“bHR.
(iii) If the support of q is in [—|b|,|b|], then the transform F+ is bijective from
Dpg,p onto e:Fi“‘b‘HR.

The proof of the previous theorem is a consequence of the following proposition.

Proposition 4.2. Let n be in N, ¢ a C™-function and b in R.
(i) If the support of q is in | — 0o, b], then

(4.2) F(Dryp) C e Mot
and
(4.3) Fil (e WHE c eyt

(ii) If the support of q is in [b,+00[, then
F—(Dpp) C e HE™ and F2HEMHET) C et
(iii) If the support of ¢ is in [—|b|, |b|], then

Fip|b|gm+1 —1/ Fiplblpn+1 n+1
f:t(’DR;Hb‘)Ce HR and .7::|: (6 HR )CCR,:I:‘b"
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PROOF: (i) We begin to prove that 74 (Dgy) C e_i“bH""_l From (2.10) and
Theorem 3.1 we see that it is sufficient to prove that fo(C""H) C e_i“bH%"'l.
Let f be in ngl, then the function

1 — Fo(f)(n) e~ f(t) dt

VQ;./nR+b

is analytic on C. On the other hand, we have

Folf) () = 74 () dt | = e F(fy) (1),

(),

where fp(t) = f(t +b). It is clear that the function Fy(fp) is analytic on C.
Furthermore, by integrating by parts, we deduce that the function Fo(f;) satisfies
relation (4.1).
The proof of the relation (4.3) is a consequence of Theorem 3.1 and the fact
that .
Fo (e " Hp) = Dpy C CRAL.

In the same way we obtain the proof of (ii). The proof of (iii) is a consequence
of (i) and (ii). O

Acknowledgment. I am grateful to Professor H. Chebli and J. Faraut for sug-
gesting the problem and for many valuable discussions.

REFERENCES

[1] Agranovich Z.S., Marchenko V.A., Inverse problem of scattering theory (in Russian), K.G.U.
Karkov, 1960.

[2] Colin de Verdiere Y., La matrice de scattering pour l'operateur de Schrodinger sur la droite
réelle, Séminaire N. Bourbaki, 32e anné, Exposé no. 557, Juin 1980, p. 557-01 & 557-11.

[3] Faddeev L.D., Inverse problem of quantum scattering theory, J. Soviet Math. 5 (1976),
335-395.

[4] Faraut J., Décomposition spectrale de l’opérateur de Schrodinger et matrice de diffusion,
Séminaire d’analyse harmonique de Tunis, Exposé no. 20, Juin 1979.

[5] Pogorzelski W., Integral Equation and their Application, first edition, vol. 1, pp. 8-13, Perg-
amon Press, 1966.

[6] Titchmarch E.C., Eigenfunction Expansion Associated with the Second Order Differential
Equations, Oxford-Clarendon Press, 1948.

DEPARTEMENT DE MATHEMATIQUES, FACULTE DES SCIENCES DE TUNIS, CAMPUS UNIVERSI-
TAIRE, 1060 TUNIS, TUNISIE

(Received October 23,1995, revised August 20, 1997)



		webmaster@dml.cz
	2012-04-30T17:52:19+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




