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On the cardinality of functionally Hausdorff spaces

ALESSANDRO FEDELI

Abstract. In this paper two new cardinal functions are introduced and investigated. In
particular the following two theorems are proved:

(i) If X is a functionally Hausdorff space then |X| < 2/s(X)%-(X),

(ii) Let X be a functionally Hausdorff space with fs(X) < k. Then there is a subset S
of X such that |S| < 2% and X = [J{cl,¢(A) : A € [S]=F}.
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A space X is said to be functionally Hausdorff if whenever x # y in X there is a
continuous real valued function f defined on X such that f(z) =0 and f(y) = 1.

In the last years many results involving cardinal functions related to s (spread)
have been obtained by several authors (see e.g. [8], [9], [10], [12]).

In this paper we give a result on the bound of the cardinality of functionally
Hausdorff spaces using two new cardinal functions fs and v; related to s and
1) respectively. Moreover we prove, for functionally Hausdorff spaces, a variant
of a well-known result on spread due to Shapirovskii ([11, Theorem 3], [4, Theo-
rem 5.1]).

We refer the reader to [1], [4] and [7] for notations and definitions not explicitly
given. x(X), s(X) and 9(X) denote respectively the character, the spread and
the pseudocharacter of a space X.

Let A be a subset of a space X:

(i) ([5], [6]) The T-closure of A, denoted by cl-(A), is the set of all points z € X
such that any cozero-set neighbourhood of x intersects A.

(i1) ([2]) The 76-closure of A, denoted by cl-9(A), is the set of all points z € X
such that ¢l (V)N A # 0 for every open neighbourhood V of x.

For every X and every A C X we have A C cl4(A) C clr(A). It is clear that
if X is completely regular then A = ¢l g(A) = cl(A) for every A C X.

Definition 1. Let X be a space. The functional spread of X, denoted by fs(X),
is the smallest infinite cardinal number x such that for every open family U of
X and every A C JU there exist a V € [U]S" and a B € [A]SF such that
A Celg(B)UU{cl-(V):V € V}.
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Remark 2. Let I be an open cover of a space X, let s(X) < k. By a well-known
result of Shapirovskii it follows that there are a V € [U]=F and a A € [X]=" such
that X = AUJV. Since s(Y) < s(X) for every subspace Y of X it easily follows
that fs(X) < s(X). However the above inequality can be proper as the following
example shows. For every x € R let B, = {{z}U B(x, %) NQ:ne€ N}andlet X
be R with the topology generated by the neighbourhood system {B;},cr. Then
X is a functionally Hausdorff space such that fs(X) = w < s(X).

Definition 3. Let X be a functionally Hausdorff space and let z € X. A family
of open neighbourhoods of z is said to be a T-pseudobase for = if ({cl-(U) :
U e U} = {z}. Let ¢¥r(z,X)= min {JU| : U is a 7-pseudobase for =} + w, the
7-pseudocharacter of X is defined as follows: (X )= sup {¢7(z,X) : x € X}.

Remark 4. It is obvious that for every Tychonoff space X we have ¢, (X) =
P(X). Moreover ¢, (X) < x(X) for every functionally Hausdorff space X. In fact
let x € X and let B, be alocal base at z, we claim that ({cl-(B) : B € B} = {z}.
Let us consider a point y € X \ {z}, since X is functionally Hausdorff there is a
continuous mapping f : X — I such that f(z) = 0 and f(y) = 1. Let B € B;
such that B C f71([0, 3)), then cl-(B) C f~1([0,4]). Hence y ¢ cl,(B).

The above inequality can be proper. Let 7 be the euclidean topology on R and
let X be R with the topology 0 ={V\C:V € 7,C C R and |C| < w}. Then X
is a functionally Hausdorff space such that 1+ (X) = w < x(X).

A relation between 1, and fs is given in the following
Proposition 5. If X is a functionally Hausdorff space then (X)) < 2fs(X).

PROOF: Let fs(X) =k and € X. Since X is functionally Hausdorff then for
every y € X \ {z} there are open sets U, and Vj, such that z € Uy, y € V}, and
clr(Uy) Nelr(Vy) = 0. Since fs(X) = x we can find A, B € [X \ {z}]S" such
that X \ {z} C clg(A) UU{cl+(Vy) : y € B}. Let C = {C C A:z ¢ cl-(C)},
for every C € C take a cozero-set G(C) such that z € G(C) and cl-(G(C)) C
X\cr(C). Set A={G(C):CeC},B={Uy:y e Bandld = AUB.
Clearly || < 27. We claim that the family I/ of open neighbourhoods of x is a
T-pseudobase for z. Let us take z € X \ {z}. If z € U{cl+(V}) : vy € B} then
there is an y € B such that z ¢ cl-(Uy) D ({cl-(U) : U € U}. If z € clg(A)
let B, = {B) : A € A} be the family of all open neighbourhoods of z, choose a
point xy € cl-(ByNV;)NA for every By € B, and set C = {z) : A € A}. Clearly
C CA zecdyC)Cdcr(C) Ccr(V;) and x ¢ clr(C). Therefore C € C and
z ¢ cr(G(C)) D (- (U) : U e U}. Hence {cl-(U): U e} = {z}. O

Theorem 6. If X is a functionally Hausdorff space then | X| < 2/3(X)¥r(X),

PROOF: Let fs(X)yr(X) = &, and for each x € X let V, be a 7-pseudobase for
x with [Vz| < k. Construct a sequence {Ay : @ < KT} of subsets of X and a
sequence of open collections {Vq : 0 < @ < 7} such that:
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(i) |Aq| < 2F for every a < kT;
(i) Va ={V:V €Vp,z € Ug4p}, 0<a< kT
(i) If W is a family of < k elements of V, and Ky, A < &, are subsets of
Up<a Ap with [K)| <k and X # Uy, clro(Kx) UU{cl (W) : W € W}

then A cg(Ky) Ul {cl;(W): W eW 0.
t A= 5 <>J(rU OC.TG t ié)enoLljléh EE) sl)low that ):#X . Suppose not and let

z€ X\ A Let V, ={Vy : XA € A}, |A| < &, since {z} = [{clr (V) : A € A} it
follows that X \ {z} = U{X \ (V) : X € A}

For every A € Alet Sy = AN (X \ cl~(Vy)), and for every y € Sy let Uy € Vy
such that z ¢ cl;(Uy). Since fs(X) < k there are By,Cy € [S\]S" such that
Sx Celrg(Cx) UU{clr(Uy) : y € Br}.

Let B = |U{By) : A € A}, hence A = [J{S) : A € A} C U{cl4(Cy) : X €
AYUU{clr(Uy) : y € B} and z ¢ (J{clo(Cy) : A € Ay U U{cl-(Uy) : y € B}
( clearly z ¢ (J{cl+(Uy) : y € B}, moreover for every A € A V) is an open
neighbourhood of z such that cl-(Vy) NCy =0, so z ¢ J{cl9(Cy) : A € A}).

Choose o € x such that BUJ{Cy : A € A} € U{Ag : B € a}. Now
X # Ufelyg(Cy) : A € A} U ULl (Ty) < y € BY, 50 by (iil) Aa \ (U{clrp(C) -
Ae Ay U U{clr(Uy) :y € B}) # 0. Since A C U{cl9(Cy) : A € AL UU{cl+(Uy) :
y € B} we have a contradiction. O

Remark 7. The above theorem can be proved using elementary submodels (our
approach follows that of [13], [14], [3]). Let x = fs(X)¥-(X) and let 7 and G be
the topology on X and the family of all cozero sets of X respectively. For every
x € X let By be a 7-pseudobase for z such that |Bz| < k and let ¢ : X — P(7)
be the map defined by ¢ (z) = B for every z € X. Let M be an elementary
submodel such that M| = 2% X 7, G ¢ € M and M is closed under k-sequences.
Observe that for every x € X N M it follows that B, € M. We claim that
X C M (and hence |X| < 2%). Suppose not, choose a point z € X \ M and
let B, = {B) : A € A}, |A| < k. Since {z} = N{cl+(By) : A € A} it follows
that X \ {z} = U{X \ clr(By) : A € A}. Let S) = X N MnN (X \ cr(By))
for every A € A. For every y € S let Uy € M such that y € Uy and z ¢
clr(Uy). {Uy : y € Sy} is a family of open subsets of X such that Sy C (J{Uy :
y € S\}. Since fs(X) < r there are Ay € [Sy]S" and Vy € [Uy]S" such that
Sy C elrg(Ax) U U{cl- (V) : V € V)}. Let V) = U{cl-(V) : V € V)}, observe
that V = {Vy : A € A}, A = {cl9(A)) : A € A} € M and M is closed under
k-sequences so V, A € M. Set V =[]V and A = |J A, by elementarity it follows
that AUV € M. Now z € X\ (AUV) so by elementarity there is some z € X N M
such that ¢ AUV. Since X N M C AUV we have a contradiction.

Remark 8. The w-compactness degree of a space X, denoted by wcd(X), is
the smallest infinite cardinal x such that for every open cover U of X there
is a V € [U]S" such that X = U{cl-(V) : V € V}. In [2] it is shown that
|X| < qued(X)x(X) for every functionally Hausdorff space X. It is worth noting
that Theorem 6 can give a better bound than the above result. The space X
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in Remark 4 is a functionally Hausdorff space such that |X| = 2/s(X)¥-(X) <
qued(X)x(X)

A fundamental result of Shapirovskii on spread says that if X is a Hausdorff
space with s(X) < k then there is a subset S of X such that |S| < 2% and
X =U{A: Ac[S]=F}.

We conclude this paper with the following

Theorem 9. Let X be a functionally Hausdorff space with fs(X) < k. Then
there is a subset S of X such that |S| < 2% and X = |J{cl,¢(A) : A € [S]=F}.

PRrROOF: By Proposition 5 it follows that -(X) < 2%, so for every z € X there
is a 7-pseudobase B, for z such that B; < 2%. Let 7 and G be the topology on X
and the family of all cozero-sets of X respectively. Moreover let ¢ : X — P(7) be
the map defined by v (z) = By, for every x € X. Take an elementary submodel M
of cardinality 2" such that X, 7, G, ¢ € M and which is closed under x-sequences.
X N M is a subset of X with the required properties. Let x € X, we may assume
that ¢ X N M. We claim that there is a subset A of X such that |4| < x and
x € clrg(A). Observe that B, C M for every y € XNM. Now for every y € XNM
take a By € By (so By € M) such that x ¢ cl;(By). Since fs(X) < & it follows
that there are A, B € [XNM]=* such that XNM C clg(A)UU{cl-(By) : y € B}.
Since A € [M]=* and M is closed under k-sequences it follows that A € M
and hence cl,g(A) € M. Moreover {cl-(By) : y € B} € [M]SF and again
{cl+(By) : y € B} € M. Therefore cl y(A) U|J{cl+(By) : y € B} € M, hence
X =clg(A) U U{cl+(By) : y € B} and = € cl9(A). O
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