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Dual renormings of Banach spaces

PETR HAJEK

Abstract. We prove that a Banach space admitting an equivalent WUR norm is an
Asplund space. Some related dual renormings are also presented.

Keywords: Asplund space, weakly uniformly rotund norms, James spaces
Classification: 46B03, 46B20

It is a well-known result that a Banach space whose dual norm is Fréchet
differentiable is reflexive. Also if the third dual norm is Gateaux differentiable
the space is reflexive. For these results see e.g. [2, p. 33].

Similarly, by the result of [9], if the second dual norm is Gateaux differentiable
the space is an Asplund space.

The main result of this note answers a question posed by Troyanski. It claims
that a space that admits an equivalent weakly uniformly rotund (WUR) norm is
an Asplund space. By the well known dual characterization of WUR norms (see
[1]) it is equivalent to the dual norm being uniformly Géateaux differentiable (UG).
In fact, the existence of an equivalent (not necessarily dual) UG norm on the dual
space is sufficient. This follows from the dual characterization of UG norms as
norms the dual of which is weak-star uniformly rotund (W*UR). The restriction
of a W*UR norm of the second dual space to the original space is easily shown
to be WUR. Let us point out that by our Theorem 4 merely dual Gateaux norm
does not imply, in general, that the space is Asplund.

In the remaining part of the paper we strive to improve our knowledge of the
higher dual norms of separable spaces.

We show that the space J of James admits a dual norm that is WUR. In
particular, spaces whose second dual norm is UG do not necessarily have to be
reflexive.

Let us recall that by a classical result [8] duals of separable spaces containing
an isomorphic copy of #1 contain an isomorphic copy of ¢1(¢). As a consequence,
these duals do not have an equivalent Gateaux smooth renorming. Therefore the
second dual norm of these spaces cannot be rotund. In contrast, spaces with
separable dual admit a WUR norm whose second dual is W*UR. We investigate
the existence of the second dual rotund norm on the classical James tree space
(JT) and Hagler space (JH). These spaces do not contain an isomorphic copy
of /1, but their dual is nonseparable. In Theorem 4 we construct an equivalent
norm on the James tree space whose second dual is uniformly rotund in every
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direction (URED). On the other hand we prove that the space JH of Hagler has
no equivalent norm whose second dual is rotund.

Altogether, the class of separable Banach spaces that admit a norm whose
second dual is rotund lies strictly between spaces with separable dual and spaces
not containing an isomorphic copy of /7.

In line of these results it seems natural to ask whether duals of separable Banach
spaces not containing a copy of ¢1 always admit a dual Gateaux smooth norm,
thus giving a renorming characterization of these spaces.

Let us start with the definitions of the less standard notions of rotundity.

Definition. The norm || - || on a Banach space X is said to be weakly uniformly
rotund (WUR) if lim (zn, —yn) = 0 in the weak topology whenever zy,, yn, € Sy,
n—od
n € N are such that lim |z, + yn| = 2.
n—oo
The dual norm || - ||* on a dual Banach space X* is said to be weak-star uni-
formly rotund (W*UR) if lim (2, —yn) = 0 in the weak-star topology whenever
n—oo

Tn,Yn € Sx» are such that lim ||z, + yp|* = 2.
n—oo

The norm || - || on a Banach space X is said to be uniformly rotund in every

direction (URED) if lim ||z, — yn| = 0 whenever z,,y, € Sx are such that
n—oo

lim ||zy, + yn|| = 2 and there is z € X such that z,, — y, € span(z) for every
n—oo
n € N.

The norm || - || on a Banach space X is said to be uniformly Géteaux if for
every h € Sy

th|| —

ol ehl] = o]
t—0 t

exists and is uniform in z € Sx.

Note that the condition lim ||y, 4+ yn|| = 2 in the above definitions may be
replaced by an equivalent condition 2||zn |2 + 2[|yn[|? — [|n + ynl|* — 0, which is
very useful for constructions of rotund norms.

It can be shown (see e.g. [1]) that the norm || - || is WUR (resp. UG) if and
only if its dual norm || - ||* on X* is UG (resp. W*UR).

Theorem 1. A Banach space that admits an equivalent WUR norm is an As-
plund space.

PRrROOF: It is well-known that a space is an Asplund space if and only if every
separable subspace has a separable dual. Thus it is enough to prove the statement
for separable spaces. Let us therefore assume by contradiction that (X, || - ||) is
separable, || - || is WUR and X* is nonseparable. Let us first define a partially
ordered set (T, >), usually called a binary tree. Put T'= {(n,i),n =0,1,...;0 <
i < 2™}. We partially order T' by putting (m,j) > (n,i) if m > n and there
exist integers ig = 7,%1,...,9; = J with k = m —n and 41 € {24,2i + 1},i0 €
{241,2i1 + 1},..., i € {2ig_1,2ip_1 + 1}. By a segment (¢1,t2) we mean a set
of the form {t,t1 < t < t9;t1,t2 € T}. By a branch starting at ¢ € T we mean
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a maximal linearly ordered subset of T' whose minimal element is ¢. If ¢ = (0,0)
we speak simply of a branch. We denote by T" the set of all branches (starting at
(0,0)).

According to the result of Stegall from [10], as presented in [2, p. 239], for every
e > 0 there exists a weak™ compact set A C By« with a Haar system {C}};cr of
relatively clopen subsets of A and a sequence {xt}ier C (14 ¢)Bx such that the
following hold:

2" —1
A= U Ch,i forevery n=0,1,...
=0
Cy, NCy, = Cyy if t1 > 2o,
Ct, N Ct, = 0 otherwise
and [f (2 (1)) — X0 ()] < g for f € A.
Choose for every b € T' an element fj, € (| Cy # 0.

teb
For the rest of the proof, let us fix ¢ > 0 and the corresponding {z};c7 and

{Ct}ter as above.

Claim 2. Let § > 0. For every branch b starting at ty there exist t, < r, € b
and two vectors ||zp|, lypl] < 1+ e+ 9:

Ty = E axy, Y = E By,
t<t<ty tp<t<rp

where |ay|, |G| <1land > ay= >, (=1, such that:
1 <t<ty tp<t<ry

2|y 1% + 2lysl® — Ny + pll* < 6.

PrOOF OF CLAIM 2: Define a real function M} on b by formula:
My(tg) = inf{||:1:|\, x = Z vizy where t9€b, || <1, Z Y= 1},
to<t<tO to<t<t0

for tg € b.

It follows from the properties of vectors z; that My(tg) < 1+ e. The function
M;p(t) is clearly nondecreasing on b. For every g > 0 there exists ¢, € b satisfying
| My(to) — sup My(t)| < 0. Choose ty, 1, € b, ty,, 1 > t, and vectors xp, yp in the

teb

required form and such that:

My(to) > llwpll — 0 s My(to) > llynll — 20
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Necessarily ||%T+yb|| > My(t,). Thus for p small enough we obtain

2ap]* + 2llysl1* — Ny + woll* < 6.

The claim is proved.

Let 6, \, 0. For some fixed b! € I starting at (0,0) by t1,71,21,y1 we denote
the 1,731, 251,y from Claim 2 corresponding to b and 4.

We construct by induction a system of sequences ¢;,7; € T, z;,y; € X and
branches b® starting at t;_1 as follows:

Suppose we have constructed ti,ri,xi,yi,bi for i < k. We choose b**1 that
starts at tg, b¥T1 N (8, rp) = 0.

Tt 1> Tht1s Tht 1, Ykt 1 L€ Epkt1, Tpkt1, Tpk+1, Ypk+1 corresponding to b1 and
di+1- Denote by b9 the branch starting at (0,0) and containing the sequence
{tk}ren. By Claim 2:

2l|zx® + 2llykl? = |k + yxll* — 0,

Yet,
folwe—w) = > atfple) — Y, Bifyolar) >
b1 <t<tp 1 <t<rg
€ €
> Y oeapl-gr) - Y g zl-de
tp—1<(n,9) <ty tp<(n,i)<rg
a contradiction. O

We now proceed by renorming the James space J by a dual WUR norm. Let
us recall that the James space J is a separable Banach space with a boundedly
complete basis {ey }nen, and its predual basis { fp }nen (that is, en(fim) = 65) in
the unique (see [1, p.117]) predual Ji so that the canonical norm on J is given
by:

m;

(1) = s (S0(Y w2,

ni<mi<na<... ieN j=n;

This norm is easily seen to be a dual norm on J = (Ji)*. Indeed, every z; = f;(x)
is a w*-lower semicontinuous function on J. Thus || - || is a supremum of w*-
lower semicontinuous functions, so it is itself w*-lower semicontinuous. That is
equivalent to being a dual norm. It can be shown that dim(J*/.J.) = 1. For more
details on the space J we refer to [4].

Proposition 3. The space J admits an equivalent dual WUR norm.
PROOF: Let us define an equivalent norm ||| - ||| on J as follows:
m Mit1—1

@ el =P Y s (Y e+ Y b
m=1 n=1

n1<ng<--<Nm+1 =1 j=ng
- —



Dual renormings of Banach spaces

where the suprema (for a fixed m) are taken over all choices of 1 < -+ < nypy1.

We claim that ||| - ||| is a dual W*UR norm on J.
2 1.2 _ 142 mo sty s 2
Indeed, | - 2, gra? = e /2@) and 35( 3 a2 = 32( 50 fy(a))? are
i=1 j=n; i1 j=n,

w*-lower semicontinuous on J, as f, € Jx. Since ||| - |||* results from taking

uniform limits and suprema of w*-lower semicontinuous functions, it is a w*-
lower semicontinuous function itself. The convexity and positive homogeneity of
Il - ]| together with the equivalence of ||| - ||| and || - || are obvious. Thus ||| - ||| is
a dual equivalent norm on J. To show that ||| - ||| is W*UR, recall that whenever
z",y"™ € S(|-|) are such that 2012112 + 2lly™ (17 = [[|=™ + y™|||? — 0, it follows
that

2l|z"|1% + 2lly"||* - [lz" + 3" — 0,

m Mi+1—1 m Mi+1—1

2 swp (DY @M +2 osw (DY v

ny<-<Nm+41 i=1 j=n; ny<-<Nm+41 i=1 j=n;
- — It - — It

m Mi+1—1

—  sup (Z( Z x;‘+y§z)2)—>0 as m — 00

ny<-<Nm41 R —
- — 1"

for every j € N. This is a standard fact that follows from the convexity of the
participating functions and may be found in [1]. In particular, from the last limit
we obtain lim f;(2™ —y™) = 0 for every j € N. Because span{ f;} is dense in .Jx
n—oo
and {z"}, {y"} are bounded, w* — lim (2™ — y™) = 0. The claim is established.
n—oo

As dim(J* \ Ji) = 1, in order to show that ||| - ||| is WUR it is enough to prove
that whenever 2™, y™ € J satisfy [|="|||, ly" || <1 and

3) 2[|lz" I + 2lly" 1> = =" +y"lI* = 0 as n — oo

we have f(z" —y™) — 0, where f(-) = § fi(-) € J*\ Js. Suppose contrary, i.e.
(by passing to a subsequence etc.) =

(4) [f(z™ —y™)| > be >0 for every n € N.

Choose an integer K > i—ﬁ. From (2) and (3) it follows that:

K nit1—1 K nit1—1

2 sup 33T a4z sw (3 -
n1<n2<--<ngi1;_ j=n; n1<nz<--<NK41 ;4 j=n;
()

K nip1—1
- sup Z( Z arg‘+y;")2—>0 as n — oo.

ni<ne<--<ng+1 ;7] j=n;
- — 1"
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By standard arguments from renorming theory, to be found in [1, p.42], this
condition is equivalent to:

K mnit1—1 K mni+1—1

(6) 4 sup Z( Z :1:;?)2— sup Z Z x?%—y?)Q—»O

nyp<ng<-- <1’LK+1Z 1 j=n; n1<ngz<--<ngii i=1 j=n;
— It 1

as n — 00, and

K njp1—1 K njp1—1

(7) 4 sup Z( Z y?)Q— sup Z Z IS‘L+?J§L)2_’O

ni<na<--<nE41 57 ni<ne<-<nK4i ;

j=n; =1 j=n;
as n — o0.
Choose a system of finite sequences {mf,...,mi | }nen such that:
K niy1— K Ml
sup Z Z xy +y] Z( Z x?+y?)2—>0 as n — oo.
M<n2<-<RK41 Jj=n; i=1 j=ml
It follows from (5) that:
K mit—1 miy—1 miy—1
2 2 2
8) Y (20 Y. @420 D>, ) -( D, af+y})?) =0 as n— oo
i=1 j=m7p j=mp} j=m}

From the fact that the canonical norm on a finitely dimensional Hilbert space Eé(
is uniformly convex we derive:

1
m;+1—1

n n
Z rj—y; —0 as n—o0

Jj=m7
for every i, 1 <i < K. Thus

n
mK+1—1

Z zi —yj — 0 as n— oo

j=my

This together with (4) implies that for n large enough at least one of the following

expressions:
mp—1
DI
j=1

o0 o0
DI NI

n_

n
> )
=1 J=Mpe g J=ME
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is larger then . We may assume without loss of generality that it is the first one

and moreover (by passing to a subsequence) that this occurs for every n € N.
m?+1_1

Among the numbers {‘ >

— n
Jj=m;

1 < < K} at least one, corresponding to

some i is smaller than %, otherwise from (1) and the choice of K we get ||z"| > 1.
We have:

K ni+1—1

sup DY e

np<n2<--<Ngi1 i=1  j—n;
= =n;

n _
mp—1 io—1 m?ﬂ—l M, 42 1 K mgt -1

(2 AP+ (D P+ > AP+ 3 (3 4z
i=1 ‘ i—i ;

n

j=1 j=m] j=mg i=ig+2 j=m;]
K mip—1 2 K mip—1 2
2 2 2
DI COEDY o)+ 5
=1 j=m} =1 j=m}
This is a contradiction with (6) and (8). O

As we mentioned in the introduction, separable Banach spaces with separable
dual admit an equivalent WUR renorming. On the other hand, separable Banach
spaces containing an isomorphic copy of ¢; do not admit a renorming the second
dual of which is rotund. It is therefore natural in this context to investigate
the spaces not containing ¢1, but having nonseparable dual. The first example
of a separable Banach space not containing ¢; but with nonseparable dual was
constructed by James in [5]. In [6], this space was denoted by JT (James tree)
and thoroughly investigated. It is shown there that JT is a dual space to JT,
JT*/JTs = £5(T) and JT** = JT @ £(T"). We will use [6] as our main reference
to JT.

In our next theorem we show that there exists an equivalent (dual) norm on
the James tree space JT whose second dual norm is URED. Spaces JTx and JT
are defined as certain spaces of functions on an infinite tree (T, <) introduced in
the proof of Theorem 1. The space JT consists of all real functions on 7" such

that .

]l = sup (D (D x(8))?)

Jj=1 teS;

=

< 00,

where the supremum is taken over all choices of pairwise disjoint segments Si,
Sa, ..y Sk

It can be shown that the vectors e, ;) = X(n ;) in the lexicographic ordering
form a boundedly complete basis of JT'. The functions f(,, ;) = X(n,;) in the lexi-
cographic ordering can also be viewed as the Schauder basis of JTx. The notation
and properties concerning the space JT used in the following come from [6].
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Theorem 4. The space JT admits an equivalent dual norm whose second dual
is URED.

PROOF: Let us extend the definition of < to the set T"UT where T is the set of
all branches of T. We put t < v fort € T, v € I' iff t € v and elements in I' are
incomparable. By Theorem 1 of [6] and its proof the spaces JT* and JT™** are
isomorphic to spaces of functions on T'UT" as follows: Let f € JT*. If t € T, then
f(t) = f(et) where ey is a basis vector in JT corresponding to the index t = (n, ).
We know from the theory of Schauder basis (see [7]) that:

oo 2"—1
f=w"—lim Z Z f(e(n,z))f(n,z)
n=0 i=0
Fory € I'we put f(v) = lm f(e@q))-
01

For elements F' € JT™* there exist Fp € JT and Fp € (3(T) such that F' =
Fp + Fr (using our representation of F', Fp, Fr as functions defined on TUT).

| - |I** is then equivalent to |F| = (|| Fr|| + HFFH%)% In this setting we have:

JTy ={f € JT*, f(y) =0 for vy€T},
JT ={F e JT*™ F(y)=0 for y€T}.

For arbitrary f € JT* and arbitrary finitely supported (on TUT) F € JT** we

have:
F(f)= Y F®f@).
teTul
Let us recall that the canonical norm || - || on J7 is defined as:
k 1
9) lzll = sup (D (D (8)?)?,
j=1 teS;

where the supremum is taken over all choices of pairwise disjoint segments Sy, .. .,
Sk of T.

Since z(t) = fi(x), || - || is a dual norm on JT'. We define an equivalent norm
Il - Il on JT' as follows:

(10) Nl = lll1® + > s (t)?,
teT
where ¢, ¢ > 0 and

(11) Z O(nyi) <€ng 0 as mg — oo.

n>ng
0<i<2™—1
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As in the proof of Proposition 3, it is easily observed that ||| - ||| is a dual norm
that is W*UR, (as §; > 0). We claim that the definition of ||| - ||| extends naturally
onto JT** as follows:

k
(12) IFI™ = (sup (D (D F(0)%) + D 6uF(8)?)2,

7j=1 tESj teT

N =

where the supremum is taken over all choices of pairwise disjoint segments Sy, .. .,
Sp of TUT, that is S; = {t e TUT, t; <t <t;, wheret; ,t;, € TUI}. Once
this is established, the rest of the proof is a standard verification (in the spirit of
[1, p.62]) that (JT**,||| - |||**) is URED.

To prove this claim, we list some elementary observations without proof:

(i) Let x € JT, (n,i) =tg € T. Put z'® € JT to be

0 t>t
zho =
x(t) otherwise.

Then [[a’[| < (1+ 3= o).
t>to

(ii) Similarly to (i) we have: Let x € JT', S C {t = (n,i), n >ng}. Put
0 t>s for seS
23 (t) = -
x(t) otherwise.
Then |||z]]] < (1 + en) |||l
(iii) Let x € JT, tg € T tg € v € I be such that: z(t) =0 for t > g, t ¢ v. Put:
2o n(to) = D alt),
tev,t>to
Ito,'y(tO) =0 for t>tg,t €,
Tto,y(to) = x(t) otherwise.
Then [[lzto 4[| < (14 > ) [[l]l-
t>to
(iv) Applying the previous statements, we obtain the following:

Let z € JT, t1 = (ng,i1), t2 = (no,42),...,tx = (no,ig) and t1 € y1,...,tk € Vg,
where 7; € T'. Put S = {t = (n,j), n > ng,t ¢ v1,...,t ¢ v }. Then for

Y= (- (@)am)tane) -t we have [yl < (1+ 2eng) 2]l

Now we prove the formula (12). We may assume that F is finitely supported
on T'UT by {t1 = (n1,i1),t2 = (n2,42),... .ty = (ng, i)} U{n,...,n}. Forn
large enough we define F}, € JT a finitely supported vector as:

F,(t) =F(t) for t = (m,1),m <mn,
Fn((n,i)) = F(y;) where (n,i) €7,
F,(t) =0 otherwise.

249
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Obviously F, Y F asn — oo and

1
i IR = (s (325 FOP) + Sard)? = 1,

Jj=1 teS; teT

To prove the opposite inequality, find for every Fy, an element fy, € JT*, || fnlll*
< 1+ep, fn(Fn) > |||Fnl||- It follows from (ii) that the finite dimensional projec-
tions Qn : (JT. || -[Il) — (JT. |- [[|) onto span{e,, ;, m < n} have norm bounded

by 1+&p. Therefore we have for gn, = Q7 o fn: ||lgnlll* < 1+ 3en, gn(Fn) > ||| Fnl|l-
Define h,, € JT* as follows:

hn(t) = gn(t) for t= (m,i),m <n,
hn(t) = gn((n,1)) for (n,i) <t €,
hn(t) =0 otherwise.
An easy argument using (iv) yields:
hmll* < 1+ 1265,

However, F'(hy) = Fy(hy). This proves the opposite inequality.
To prove that || - [[|** is URED, suppose F", G™ € S(yp== |.||)»

2[E™ "2 + 2 G I2 — IE™ + G2 — 0 where F" —G" = A, F.

For every t € T, lim F"(t) — G™(t) = im A\, F(t) = 0. So if F(t) # 0 for some
t € T, we are done. Suppose F(t) = 0 for every t € T. For every w > 0, n € N,
there exists a system {5 ‘}9?:1 of pairwise disjoint segments such that

Z ZF" t)+G"(t >supz Zf” )+ G ()2 —w,

j= 1tES =1 teSy,

where the supremum is taken over all pairwise disjoint systems of segments. Con-
sequently,

k
2| F™ (12 + 2 G™I*2 = | F™ + G2 = 2) (D GM(1)*+
i=1 tes;

k
+) . FPM 4G - (D26 + AF () —w >

. i=1 tes,

k
S YRR -er Y CRreR s e -

J=lteS;nr ter\Uk_, S;

Since w is arbitrary, A, — 0 and ||| - |||** is URED.
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Remark 5. The space JT has an equivalent norm whose second dual norm is
URED. However, it does not have a norm (necessarily WUR) whose second dual is
W*UR. The space JT** = JT @ {5(T") admits an equivalent UG (not necessarily
dual) norm. Therefore JT* has an equivalent WUR norm and JT** has an
equivalent dual UG norm. Yet, due to [9], there is no equivalent and dual WUR
norm on J7T*.

In our next theorem we prove the impossibility of certain renorming of the
space J H of Hagler.

Let us recall the definition of JH and some of its properties. JH consists of
real functions z(-) on T'UT such that z(vy) =0 for v € I" and

k
e = sup (S7(S" w()?)7,
=1

n<m 1eS;

=

where the supremum is taken over all systems of pairwise disjoint segments S;
such that S; = {t € T,(n,j;) <t < (m,k;)}. JH is a separable space not
containing an isomorphic copy of ¢1. Its dual is nonseparable. The dual space
JH* consists of certain functions f on TUT for which f|p € ¢o(T'). In particular,
the set {v € T, f(y) # 0} is countable. Another important thing about JH is the
fact that for every v € I' the subspace of JH consisting of vectors supported by
elements from 7T belonging to ~ is isomorphic to ¢y, and the system {x¢,t € v}
with the ordering as in 7" forms its summing basis. Let us recall that the summing

n
basis of ¢g consists of the vectors up, = > e; = (1,...,1,0,...) where e; are the
1=1
canonical basic vectors. It is easy to verify that {u,} form a Schauder basis
00 k2
of cop and || > anznlls = sup | Y. an| is equivalent norm on ¢g. Note that
n=1 ki1<k2 n=kp

the summing basis of ¢g is not shrinking. In fact, the biorthogonal functionals
{v"}>2 are given by V" = f,, — fn41 where {fp} is the canonical basis of /1.
Thus

spam{o" o2y = {f € 4, S ) = 0}.
n=1

For more details we refer the reader to [3].

Theorem 6. The space JH admits no equivalent norm whose second dual is
rotund.

PROOF: We proceed by contradiction. Let ||| - ||| be such that ||| - [||** is rotund. As
JH is separable, there exists a 1-norming countable subset S of By« ||.|+)- By

the above remarks about JH*, card( |J supp(f)) = wg. Since I is uncountable,
fes

there exists v € I such that f(v) = 0 for every f € S. Consider the subspace F

of JH (isomorphic to ¢g) consisting of functions supported by elements from ~

251
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(isomorphic to the summing basis). The restrictions gy = f|y for f € S form a
1-norming subset of E*. By passing to the canonical basis of F & ¢y we finally
arrive at the following: There exists an equivalent norm ||| - ||| on ¢ such that the

[e.e)
set M = B, .- N {f € €1, - f(i) = 0} is I-norming and ||| - [[[** on £ is
i=1

rotund. We show that this leads to a contradiction.
Let £ \, 0, by I* we denote an element of ¢g such that Ik(z) =1 fori < k,
I k(z) = 0 otherwise. We construct by induction a system of sequences of integers

{nitkens {mitken, {n}teen and {m}}ren, of vectors {z*}ren, {y¥}ren from
co and {f*}ren, {9 }wen from M such that:

ng < nj, <my <mj, <ngyp for k€N,
supp(z®) C [1,n], supp(y*) C [1,my],
0<zF@) <1 and —1<yP@4) <0 fork,ieN,
supp(f*) C [1,n}], supp(g") C [1,my),
FFER) > (2% = e, g*WF) > 17N — ex
(:Ck - I";c)(i) = yk(z) for i <nj,

L) = (yF + I (i) for i < ml,

Ny®ll > sup{lllylll, v € co, —1 < y(i) <0 for i€ N,

y(i) = (zF — I";c)(i) for i <mnj}— ey,

Ilz* Y| > sup{||lz|l|, z € 0,0 < x(i) <1 for i€ N,
z(i) = (y* — Imgc)(i) for i <mj} —ep.
It follows easily that fE(@*) = fF(2?) = f*(y?) for i > k and analogously ¢* (z*) =
g* () = gF(y") for i > k+1.
We put z,y € { to be

r=w" — lima®

y =w* —limy.
From the above observation one gets

. . T4y
Jim fFa) = tim fFy) =zl =yl = | I,
—00 k—oo 2

a contradiction.
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