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INEQUALITY BETWEEN SIDES AND DIAGONALS OF A SPACE
n-GON AND ITS INTEGRAL ANALOG

PaveL PecH, Ceské Budgjovice
(Received October 18, 1988)

Summary. The inequality between sides and diagonals of a closed space n-gon in EV is estab-
lished. This inequality is generalized to the integral inequality. These inequalities imply the
well-known discrete and integral Wirtinger’s inequalities.
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1. INTRODUCTION

In 1980 L. Gerber [1] proved the following statement:
Let of = Ag, Ay, ..., A,—, be a closed space n-gon in a Euclidean space EY
of arbitrary dimension N. Then

n—1 7tn—l
Z lAvAv+2|2 é 4COS2— Z IAvAv+l|2 .
v=0 nv=0

The equality holds if and only if & is a plane affine-regular n-gon, i.e. the affine
image of a regular n-gon.

In the present paper we will show that this statement is a special case of Theorem 1.
Theorem 1 gives an inequality between arbitrary diagonals of a space n-gon and its
sides. This inequality is generalized to the continuous case in Theorem 2. The main
result is the inequality (5) and its discrete analog (1). In the latter part we deal with
the well-known Wirtinger’s inequality [2] Theorems 3 and 4 state that the discrete
and integral Wirtinger’s inequalities follow from the inequalities (1) and (5).

The proofs are based on using the Fourier series expansion of periodic functions
and its discrete analog, the finite Fourier series [3].

2. FUNDAMENTAL INEQUALITY — THE DISCRETE CASE

Theorem 1. Let o/ = A, Ay, ..., A, be a closed space n-gon in EX, let Ap+x = Ax
forallk =0,1,2,.... Then forallp =0,1,...,n — 1,
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For p=2,3,...,n — 2, equality is attained if and only if </ is a plane affine-
regular n-gon or, for N = 1, its 1-dimensional projection. (For p =0,1, n — 1
equality occurs always).

The special case N = 1 is then

Theorem 1*. Let xq, X,, ..., X,—; be n real numbers and let x,+;, = X, for k =
=0,1,2,.... Then for all p=0,1,...,n — 1,
’ 2

n—-1 Sian n—1
(2) Z(XVHJ - xv)z = . Z(xvﬂ - xv)z .
v=0 . T v=0
sin -
n

Forp=2,3,...,n — 2, equality is attained if and only if

xv=Acosv2—n+Bsinv-2—1E+C, v=0,1,...,n—1
n n

where A, B, C, are real constants.

First we shall prove that Theorem 1 and Theorem 1* are equivalent.

We assume Theorem 1* holds. Let 4, = (xvo, Xy1s -++5 Xy N—1) De the cartesian
coordinates of vertices of an n-gon &. For every n-tuple (xo;, Xyj, ..., X,—1,;) the
inequality (2) holds obviously. By summing these inequalities we get (1) including
the case when equality holds. Conversely, let Theorem 1 hold. Putting A4, =
= (x,,0,...,0)forv=0,1,...,n — 1in (1) we get (2).

Proof of Theorem 1. According to the previous statement it suffices to prove
the theorem for N = 2.

Let of = (zo, Zyseees Zpo 1) be a plane closed n-gon, where z, are complex numbers,
v=0,1,...,n — 1. We denote

I, = (o), 0, ..., 0} ~') where , = """ k=0,1,...,n—1.

The system II,, IT4,...,IT,_, forms an orthogonal basis for the unitary vector
space C" of all n-tuples of complex numbers since

noto . n if r=s
3 " _J 3 ’
I, . I, j=§0w, . 0, {0 i r+s.

Hence there exist numbers 9, 94, ..., 9, such that z, = Y} %, v =0,1,...,n — 1
k

or symbolically, & = Y 9,1T,. A discrete analog of Parseval’s relation of completeness
k
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gives an important equality
n—1 n—1 -
ol =n Y |9
v=0 k=0

For all p=1,2,...,n — 1 we obtain
2

sinp1—t
@O Thes-zl o [—] Tl -2 =
v . T v
sin —
n
.om\?
sin p —
= n Y |97 ||} = 1> - 2o - 12| =
K .
sin —
n
2 2
sin ka—r sinpE
n n
=nYy |9 |o.— 1] - <0
X . .
sin k — sin —
n n

since forallp=1,2,.,,n—land k=1,2,...,n—1

. m\ 2 .om?
sin kp — sin p —
n n
4) =
. T LW
sin k — sin —
n n

holds, with equality for k = | or k = n — 1. In order to prove the inequality (3)
notice that the function
sin px

U,-(cos x) = penu

which occurs in (4) is the well-known Tchebycheff’s orthogonal polynomial of the
second kind. Then inequality (4) follows immediately from the properties of these
polynomials [4]. Equality in (3) holds if and only if 9, = Ofarallk = 2,3,...,n — 2.
It means the n-gon has the form

A = YoIlo + Iy + (11, .
It is easily shown that & is an affine-regular n-gon.

Remark. 1. For p = 2 we get the inequality from Introduction. L. Gerber proved
it using the method of Lagrange multipliers. We are also able to prove Theorem 1
by this method.
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2. Putting p = 2, n = 4 in (1) we get the well-known property of parallelogram
(with sides a, b, ¢, d and diagonals e, f)

a4+ b + 2+ d* = + f2.

3. FUNDAMENTAL INEQUALITY — THE CONTINUOUS CASE

Theorem 2. Let f(x) be a smooth function with period 2n. Then for all real t,

(5) j.zn[f(x) — f(x + t)]*dx £ 4sin? -tz- J‘znf’(x)"' dx .

0

Equality is attained if and only if f(x) = Acosx + Bsinx + C, where A, B, C
are real constants (for t = 0 equality holds always).

Proof. We shall prove the theorem using a Fourier series expansion of f(x).
We have

(6) f(x) = ‘—123 + Y (ai cos kx + by sin kx) ,
K=1
fi(x) ~ Z (kb cos kx — kay, sin kx),
k=1

fix +1) = z (Ay cos kx + By sin kx),
k=1

do
2

where
A, = a,-coskt + b, -sinkt, B, = b,* coskt — g, - sin kt.

Parseval’s relation of completeness gives

'r" () dx = n[ + Y+ b:)]

0
so that

_fg"f’(X)Z dx = nkz_lkz(az + b,f) ,

J:n[ 1) = Sx + 0] dx = nk‘; [4 sin? %‘ (a2 + b,f)].

We get

4sin?t 3 f (x)*dx — rn[f(x) —fx + 1)]*dx =

- ‘Z[(kzsm %—stk )(a,, +b)]>0
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since for all real x,
k*sin’x —sin?kx =0, k=0,1,2,...

with equality for k = 0 or k = 1.

This inequality follows from the properties of Tchebycheff’s polynomials of the
second kind. It can be also proved by induction.

Equality in (5) holds if and only if f(x) in (6) satisfies a, = b, = 0 for all k =
=2,3,..., ie.

f(x) = Acosx + Bsinx + C, A,B,C = const.
Now we will show that the inequality (2) is a discrete analog of the integral in-

equality (5).
Assume the function f is the same as in Theorem 2. Write
t, = vgf, v=0,1,...,n—1
n

and use Theorem 1* with x, = f(t,).
By the Mean Value Theorem we have

2
Xy+1 — Xy =fl(év)7n’ ée(rv, tv+1) .

We express (2) in the form

., T
n=t : o P\t o
D l:f(rv) —f(tv + p—)] o (—) R
v=0 n n 2™ \n/ v=o n

n

Setting t = p . 2x/n and passing to the limit for n — o, we obtain the inequality (5).

4. SOME REMARKS ON WIRTINGER’S INEQUALITY

In this section we show relations holding between the inequalities (2), (5) and
Wirtinger’s inequality.

Let us recall the integral Wirtinger’s inequality:

Let f(x) be a smooth function with period 2= satisfying

[3*f(x)dx = 0.
Then
() fo" (%) dx = [ f*(x) dx,
equality holding if and only if f(x) = Acosx + Bsinx, where A, B are real

constants,
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This theorem was stated by W. Blaschke [5], but it is likely that it had been known
before.
The discrete version of Wirtinger’s inequality is as follows:

n—1
Let Xo, X1y «.oy Xy—1, Xy = Xo be reals with Y x, = 0. Then
v=0
n—1 nn-l
2 .2 2
(8) Y (xy41 — x,)? 2 4sin? = ) x7 .
v=0 Nvyv=0

Equality holds if and only if x, = Acosv(2n/n) + Bsinv(2n/n), where v =
=0,1,....,n =1, A, B = const.

We can extend this theorem similarly as Theorem 1*:

Let of = Ay, Ay, ..., Ay_y, A, = Ao be a closed n-gon in EV with its center of
gravity at the origin of the coordinate system. Then

n—-1

n—1
(9) Y |44, 4]? = 4sin? T;‘ ;)[Av[l.

v=0

Equality holds if and only if </ is a plane affine-regular n-gon.

The case N = 2 of this theorem was given by B. H. Neumann [6].

K. Fan, O. Taussky, J. Todd [7] showed that the inequality (8) is the discrete
analog of (7).

5. CONNECTIONS WITH WIRTINGER’S INEQUALITY
First we will prove

Lemma. For an arbitrary closed n-gon of = Ay, Ay, ..., A, in EN with its
center of gravity at the origin of the coordinate system the equality

n—1 n—1
(10) Y |AA )P =2n _ZOIAVP

p,v=0

holds where A,y = Ay fork =1,2,....

Proof. Let us express the squares of distances by means of a scalar product. We
obtain

n—1 n—1 n—1 n—1 .
> IAvAv+p|2 —2ny IAVIZ =Y (A, — AP -213y 47 =
p,v=0 N v=0 p,v=0 v=0
n—1 n—1 n—1
=Y (A2, = 24,44, + A}) =20 Y A2 = =2n Y A,,,4, =
p,v=0 v=0 p,v=0

n-1 n—1
=-2nY (4, 4,4, =0.
y=0 p=0 :
Now we shall prove:
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Theorem 3. The discrete Wirtinger’s inequality is a consequence of the set of
inequalities (1).

Proof. Let o = Ay, Ay, .... A,_, be a closed n-gon in EV with its center of gravity
at the origin of the coordinate system. Summing the inequalities (1) for p = 0, l
,h — 1 we get
2

ne1 Slan I
n
Z 4.4, ] < Z — |2 |[AuAs ]
mee sint | "7°
h

n—1
From here, in view of the equality ) sin® p(n/n) = n[2, we obtain
p=0
n—1

Y Al s Y A

p,v=

and, using (10) from the previous lemma, the inequality (9).
In the next theorem we will prove an analogous relation between the integral in-
equality (5) and the integral Wirtinger’s inequality (7).

Theorem 4. The inequality (5) implies the integral Wirtinger's inequality (7).
Proof. Let f(x) be a smooth function with period 2 satisfying

fo¥f(x)dx = 0.

Integrating inequality (5) we get

2n

(11) .r"‘rn[f(x) —f(x + 1)) dxdt £ 4'f sin’ %dt 2“f’(x)z dx.
0 0

0 (o]

On the left-hand side of (11) we have
4m [om fA(x)dx — 2 [37 [f(x) [o" f(x + t)di] dx = 4n [5* f2(x) dx.
On the right-hand side of (11) we get

2n t 2n 2n
4 f sin? 5 dtj f(x)?dx = 4nj f(x)* dx .
0

0 0
Dividing both sides of (11) by 4m we get the inequality (7).
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Souhrn

NEROVNOST MEZI STRANAMI A UHLOPRICKAMI PROSTOROVEHO
n-UHELNIKA A JEJ{ DISKRETNI ANALOGIE

PAVEL PECH

V ¢&lanku je uvedena nerovnost mezi stranami a uhlopri€kami uzavieného prostorového
n-Ghelnika v EV. Tato nerovnost je zobecnéna na integralni nerovnost. Tyto nerovnosti implikuji
znamou diskrétni a integralni Wirtingerovu nerovnost.

Author’s address: Katedra matematiky, pedagogicka fakulta, Jeronymova 10, 371 15 Ceské
Budgjovice.
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