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1. PRELIMINARIES 

The well-known Rademacher theorem can be stated in the following form. 

Theorem R. Any Lipschitz function on Rn is almost everywhere Frechet dif­
fer entiable. 

Rademacher [2] proved in fact a more general theorem and this is the reason why 
his proof is rather complicated. Stepanov [4] showed that Rademacher's proof gives 
that any function which is Lipschitz at any point of R" is almost everywhere Frechet 
differentiable. Theorem R is not so deep and it admits essentially simpler proofs. 
A simple proof using distributions is contained in [1] (for the more detailed proof 
see [3]). The aim of the present note is to give an alternative more elementary simple 
proof. Note that the only relatively difficult point is the proof of the fact that the 
points at which a Lipschitz function has all directional derivatives but has not 
a Gateaux derivative form a null set. It is the proof of this fact in [1] that uses the 
distributions. We give a proof of this fact which is based on the Fubini theorem. 

The one-dimensional Rademacher theorem is an easy consequence of well-known 
classical theorems. The usual argument uses the fact that any Lipschitz function 
on a bounded closed interval is absolutely continuous. The alternative proof uses 
the obvious fact that if K is a Lipschitz constant forf, then the function x *-+f(x) + 
+ Kx is a nondecreasing function. 

In what follows we shall use the one-dimensional Rademacher theorem, the Fubini 
theorem and the following simple facts on Lipschitz functions. We say that f is 
K-Lipschitz, if K is a Lipschitz constant forf 

(a) If ^ is a family of K-Lipschitz functions on M c Rn and s(x) = sup (f(x), 
fe J5"} is finite on M, then s is K-Lipschitz. 
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(b) If (f„) is a sequence of K-Lipschitz functions on M c: K", limf.(x) = f(x) e R 
for xeM, then f is K-Lipschitz on M. 

(c) Iff is K-Lipschitz on Rn
9 a e Rn

9 c9 te R, t + 0, then the functions x t-+f(x) + 
+ c, x i->f(a + x), x v-*f(tx)\t are K-Lipschitz on Rn. 

(d) Let M c Rn be compact and let fT for any T > 0 be a K-Lipschitz function 
on M such thatfTi(x) ^ fX2(x) for Tt ^ T2 and x e M. If limfT(x) = g(x) e R, then g 

T-0 + 

is a K-Lipschitz function on M and the convergence is uniform. 
The statements (a), (b), (c) are well-known and easy to prove and (d) is an im­

mediate consequence of (b) and Dini's theorem on the monotone convergence of 
continuous functions. 

Iff is a function on Rn, x,ve Rn, then we define the directional derivative 

(1) Dvf(x) = lim(f(x + vt) - f(x))lt 
r-*o 

and the "directional Dini derivatives" 

Dvf(x) = Em" (f(x + vt) - / (* ) ) / / , 
t-+o 

Df f(x) = ljm(f(x + vt) - f(xj)lt. 

It is easy to see that Dvf(x) exists iff Dvf(x) = D* f(x). The function f is said to be 
Gateaux differentiable at x if for any v e Rn, Dvf(x) exists and the function v \-• 
i—• Dvf(x) is linear. It is a well-known easy fact that f is Frechet differentiable at x 
iff it is Gateaux differentiable at x and the limit (i) is uniform on the unit sphere 
S := {»; H = I}. 

2. Proof. It is natural to split the proof of the Rademacher theorem in Rn (n > 1) 
into two independent parts. Namely, it is sufficient to prove the following pro­
positions. 

Proposition 1. Let a Lipschitz function f on Rn be Gateaux differentiable at 
a point x e Rn. Then it is Frechet differentiable at x. 

Proposition 2. Any Lipschitz function f on Rn is Gateaux differentiable almost 
everywhere. 

Proof of Proposition 1. For any T > 0 put 

gx
t(v) = gx(v) = sup {(f(x + tv) - f(x))jt, t e < - T , T> \ {0}} , 

gx(v) = gx(v) = inf {(f(x + tv) - f(x))\v9 t e < - T , T> \ {0]} . 

For any t e < — T, T> \ {0} the function v i-> (f(x + tv) — f(x))jt is K-Lipschitz 
by (c). Since \f(x + tv) — f(x)jt\ g K||i>]|, the functions gT(v), gT(v) are K-Lipschitz 
on Rn by (a). For 0 < T < xl9 clearly 
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(2) gtl(v) ^ gt(i>) ^ (f(x + w) - f(x))/T g gfr) ^ gXl(v) 

and 

(3) lim gt(») = Dj(x) , lim gjv) = D* f(x). 
T-+0+ T~>0 + 

The limits (3) are uniform on the unit sphere S by (d). Since Dvf(x) = D* f(x) = 
= Dvf(x) we obtain by (2) that the limit (l) is uniform on S and therefore f is 
Frechet differentiable at x. 

For the proof of Proposition 2 we need the following measurability lemma. 

Lemma. Let f be a Lipschitz function on Rn
9 % > 0, v e Rn. Then the functions 

x i-> gx(v), x h-> gx(v), x h-> Dv(x), x i-> Dv(x) 

are Lebesgue measurable on Rn. 

Proof. We have 

gx(v) = sup {(f(x + tv) - f(x))jt; t e < - T , T> \ {0}} = 

= sup {(f(x + tv) - f(x))lt; t G < - T , T> \ {0}, t rational} . 

Since for any t the function x h-> (f(x + tv) — f(x))jt is continuous, we obtain that 
x h-> #*(v) is measurable. Since Dv(x) = lim gi/n(v), the function x h-> D„(x) is 

n-+oo 

measurable as well. The proofs for gx(v) and D*(x) are quite analogous. 

Proof of Proposition 2. Denote by G the set of all x e Rn at which f is not Gateaux 
differentiable, by Av the set of all x e Rn at which Dvf(x) does not exist and put 
A = U { ^ ; ve Rn}. Let C be a countable dense subset of Rn. Then we have A = 
= [j{Av; veC}. In fact, if x $ \j Av

9 then Dvf(x) = D*f(x) for v e C and since 
veC 

the functions v v-+ Dvf(x)9 v \->D*f(x) are Lipschitz by (3) and (b), we have 
B„f(x) = Dvf(x) for any ueR" and therefore x$A. Since Ay = {x; Dvf(x) + 
+ D* f(x)}, we have by Lemma that Av is measurable for any v e Rn. Since for any 
line 1 parallel to v the linear measure of Av n 1 is zero by the one-dimensional 
Rademacher theorem, we obtain by the Fubini theorem that Av is a null set. Con­
sequently, A is a null set. It remains to prove that G — A is a null set. Let x e G — A 
be given. Then the function v h-> Dvf(x) is defined but not linear on Rn. Since it is 
clearly homogeneous, there exist vl9v2eRn such that DVif(x) + Dvif(x) — 
— DVi + V2f(x) + 0. From the continuity of the function v\-> Dvf(x) we easily 
obtain that there exist \vl9 w2 e C such that DWif(x) + DW2f(x) — DWi + W2f(x) =f= 0. 
Thus if we denote for rl9 r2 e I* and vl9 v2 e K" 

- 3 ( t > i , t > 2 > r i > r 2 ) = 

= { x £ A ; *>„./(*) > rl9 DV2f(x) > r29 DVi + vj(x) < rx + r2} , 
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B*(vi9v29ritr2) = 

= { x ^ A ; Dvif(x) < ri9 DV2f(x) < r2, DVi + vJ(x) > rt + r2} , 

we easily see that 

G - A a [){B(vl9 v29 ri9 r2) u B*(vi9 vl9 ri9 r2) ; 

vi9v2e C, ri9 r2 rational} . 

We easily see that it is sufficient to prove that B(vi9 v29ri9 r2) is a null set for fixed 
vi9v29rl9r2. Clearly 

00 

B(vi9 v29 ri9 r2) c (J B(vi9 vl9 ri9 r29 m) , 

where B(vi9 vl9 ri9 rl9 m) is the set of all points xe Rn for which 

(4) g'uM = inf {(f(x + tvt) - f(x))jt; 0 < \t\ = 1/m} > rt , 

(5) gx
1/M(v2) = inf {(f(x + tv2) - /(*))/*; 0 < |t| = 1/m} > r2 , 

(6) gxi/m(vi + v2) = sup {(/(x + tvt + tv2) - f(x))jt; 

0 < |f| = 1/m} < rx + r2 . 

Let an index m be fixed. By Lemma the set B(vi9 v2,ri9r29 m) is measurable and 
therefore by the Fubini theorem it is sufficient to prove that the linear measure of 
the set T:= B(vi9 vl9 ri9 rl9 m) n 1 is zero for any line 1 parallel to vi + v2 (we can 
suppose vt + v2 + 0, since in the opposite case B(vl9 vl9 ri9 r2) = 0). We shall 
prove that Tis even countable. For this purpose it is sufficient to show that for any 
x9yeT9 x 4= y9 the inequality ||x — y\\ = \\vt + v2\\m holds. Suppose on the 
contrary that points x 4= y for which ||x— j ; | | < \v1 + v2\\m are given. We can 
suppose that y= x + t(vt + v2)9 0 < t < 1/m. Since x eB(vi9 vl9 ri9 rl9 m), we 
obtain (f(x + tVi) - f(x))jt > rt by (4) and (f(y) - f(x))jt = (f(x + tvx + tv2) -
- f(x))lt < rx + r2 by (6). Since y e B(vi9 vl9 ri9 rl9 m), we have - ( / ( x + tvt) -
-f(y))l* = -(f(y - tv2) - f(y))jt > r2 by (5). These inequalities imply 

f(x + tvt) -f(x) >rxt, 

f(y) - f(x) < rxt + r2t, 

f(x + tvi)-f(y)< -r2t9 

which yields a contradiction. 
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Souhrn 
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V článku je podán jednoduchý důkaz Rademacherovy věty. 

Pe3K>Me 

nPOCTOE AOKA3ATEJIBCTBO TEOPEMBI PA,7JJEMAXEPA 

ALEŠ NEKVINDA, LUDĚK ZAJÍČEK 

CraTta co^epacHT npocToe ,zioKa3aTejibCTBO TeopeMH Pa,zieMaxepa. 

Authors" address: Matematicko-fyzikální fakulta UK, Sokolovská 83, 186 00 Praha 8-Karlín. 

341 


		webmaster@dml.cz
	2012-05-12T16:30:23+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




