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1. PRELIMINARIES
The well-known Rademacher theorem can be stated in the following form.

Theorem R. Any Lipschitz function on R" is almost everywhere Frechet dif-
ferentiable.

Rademacher [2] proved in fact a more general theorem and this is the reason why
his proof is rather complicated. Stepanov [4] showed that Rademacher's proof gives
that any function which is Lipschitz at any point of R”" is almost everywhere Frechet
differentiable. Theorem R is not so deep and it admits essentially simpler proofs.
A simple proof using distributions is contained in [1] (for the more detailed proof
see [3]). The aim of the present note is to give an alternative more elementary simple
proof. Note that the only relatively difficult point is the proof of the fact that the
points at which a Lipschitz function has all directional derivatives but has not
a Gateaux derivative form a null set. It is the proof of this fact in [1] that uses the
distributions. We give a proof of this fact which is based on the Fubini theorem.

The one-dimensional Rademacher theorem is an easy consequence of well-known
classical theorems. The usual argument uses the fact that any Lipschitz function
on a bounded closed interval is absolutely continuous. The alternative proof uses
the obvious fact that if K is a Lipschitz constant for f, then the function x — f(x) +
+ Kx is a nondecreasing function.

In what follows we shall use the one-dimensional Rademacher theorem, the Fubini
theorem and the following simple facts on Lipschitz functions. We say that f is
K-Lipschitz, if K is a Lipschitz constant for f.

(a) If # is a family of K-Lipschitz functions on M < R" and s(x) = sup { f(x),
fe€ #} is finite on M, then s is K-Lipschitz.
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(b) If (f,) is a sequence of K-Lipschitz functions on M = R", lim f,(x) = f(x) e R
for x € M, then f is K-Lipschitz on M. no® ;
(c) If fis K-Lipschitzon R", a € R", ¢, t € R, t * 0, then the functions x — f(x) +

+ ¢, x> f(a + x), x > f(tx)/t are K-Lipschitz on R".
(d) Let M = R" be compact and let f, for any t > 0 be a K-Lipschitz function
on M such that f, (x) < f,,(x) for t; < 1, and x € M. If lim f,(x) = g(x) € R, then g

=04
is a K-Lipschitz function on M and the convergence is uniform.

The statements (a), (b), (c) are well-known and easy to prove and (d) is an im-
mediate consequence of (b) and Dini’s theorem on the monotone convergence of
continuous functions.

If f is a function on R", x, v € R", then we define the directional derivative

(1) D,f(x) = lim (f(x + u1) = S
and the “directional Dini derivatives”
Duf(x) = T (s + of) = S,
D2 £(x) = lim (f(x + ur) = St

It is easy to see that D, f(x) exists iff D, f(x) = D} f(x). The function f is said to be
Gateaux differentiable at x if for any ve R", D, f(x) exists and the function v >
+> D, f(x) is linear. It is a well-known easy fact that f is Frechet differentiable at x
iff it is Gateaux differentiable at x and the limit (1) is uniform on the unit sphere
S:={v; o] = 1}.

2. Proof. It is natural to split the proof of the Rademacher theorem in R" (n > 1)
into two independent parts. Namely, it is sufficient to prove the following pro-
positions. '

Proposition 1. Let a Lipschitz function f on R" be Gateaux differentiable at
a point x € R". Then it is Frechet differentiable at x.

Proposition 2. Any Lipschitz function f on R" is Gateaux differentiable almost
everywhere. '

Proof of Proposition 1. For any 7 > 0 put
g:(v) = guv) = sup {(f(x + 1) — f())/t; te{-7, DH\{0}},
g3(v) = g.(v) = inf {(f(x + w) — f(x))[t; te {—7,7D\{0}}.

For any te{—t,7)\{0} the function v (f(x + 1) — f(x))/t is K-Lipschitz
by (c). Since |f(x + ) — f(x)/t| < K||v|, the functions g (v), g.(v) are K-Lipschitz
on R" by (a). For 0 < 1 < 14, clearly ’
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(2) 9:,(0) = g.(0) = (f(x + w) = f(x))]r = Gv) < 7.,(v)
and
(3) lim g(v) = D, f(x), limg(v) = D;f(x).
=04+ =04+

The limits (3) are uniform on the unit sphere S by (d). Since D, f(x) = D} f(x) =
= D, f(x) we obtain by (2) that the limit (1) is uniform on S and therefore f is
Frechet differentiable at x.

For the proof of Proposition 2 we need the following measurability lemma.

Lemma. Let f be a Lipschitz function on R", © > 0, ve€ R". Then the functions
x> gi(v), x—gi(v), x> D,(x), x> DJ(x)

are Lebesgue measurable on R".

Proof. We have

gi(w) = sup {(f(x + tv) — f(x))/t; te{—1,D\{0}} =
= sup {(f(x + ) — f(x))/t; te (=7, t)\{0}, t rational} .

Since for any ¢ the function x — (f(x + tv) — f(x))/¢ is continuous, we obtain that
x+> gi(v) is measurable. Since D,(x) = lim g7,(v), the function x> D,(x) is

n—oo

measurable as well. The proofs for g3(v) and D}(x) are quite analogous.

Proof of Proposition 2. Denote by G the set of all x € R” at which f is not Gateaux
differentiable, by A" the set of all x e R" at which D, f(x) does not exist and put
A = Y{4% veR"}. Let C be a countable dense subset of R". Then we have 4 =
= {4 ve C}. In fact, if x ¢ U A®, then D, f(x) = Dj f(x) for ve C and since

the functions v D, f(x), v+ D* f(x) are Lipschitz by (3) and (b), we have
D, f(x) = Dj f(x) for any ve R" and therefore x ¢ A. Since 4° = {x; D, f(x) +
+ D¥ f(x)}, we have by Lemma that 4* is measurable for any v € R". Since for any
line 1 parallel to v the linear measure of 4N 1 is zero by the one-dimensional
Rademacher theorem, we obtain by the Fubini theorem that A” is a null set. Con-
sequently, A4 is a null set. It remains to prove that G — Aisanullset. Let xe G — A
be given. Then the function v+ D, f(x) is defined but not linear on R". Since it is
clearly homogeneous, there exist vy, v, €R" such that D, f(x)+ D,, f(x) —
— D, 4., f(x) 0. From the continuity of the function v+ D,f(x) we easily
obtain that there exist w,, w, € C such that D, f(x) + D,, f(x) — Dy, 4+, f(x) £ 0.
Thus if we denote for ry, r, € R and v;, v, € R"

B(Ul, vz, rl, rz) =

= {X¢A, Du,f(x) > rls szf(x) > r29 Dv1+vzf(x) < rl + r2} )
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B*(vy, 05,1y, 175) =
={x¢A4; D, f(x) <ry D, f(x) <ry Dyyo, f(x) > ry + 13},
we easily see that
G — A < U{B(vy, v, 1y, 72) U B¥(vy, 05,14, 15)
vy, v, €C, ry, r, rational} .

We easily see that it is sufficient to prove that B(v,, v,, r,, r,) is a null set for fixed
vy, Uy, 1y, I'y. Clearly

[+ ]
B(vy, v5, 74, rp) = U B(vy, 03,74, 15, m),
m=1

where B(vl, Uy, 15 Fay m) is the set of all points x € R" for which

4) Gim(0r) = inf {(f(x + 1) = f())/t; 0 < [t < 1fm} > 1y,
) gim(v2) = inf {(f(x + tv;) = f(x))[t; O < [t] £ /m} > s,
(6) Fim(vy + v2) = sup {(f(x + 1o, + ;) — f(x))[t;

O<t|S1m}<ri+r,.

Let an index m be fixed. By Lemma the set B(v,, v, ry, r,, m) is measurable and
therefore by the Fubini theorem it is sufficient to prove that the linear measure of
the set T:= B(v,, v, 7y, I, m) N 1 is zero for any line 1 parallel to v, + v, (we can
suppose v, + v, + 0, since in the opposite case B(v,,v,, 7, 7;) = 0). We shall
prove that T is even countable. For this purpose it is sufficient to show that for any
x,yeT, x #y, the inequality |x — y| = |, + v,[|/m holds. Suppose on the
contrary that points x # y for which |x— y| < |, + v,]/m are given. We can
suppose that y= x + t(v; + v,), 0 < ¢t < 1/m. Since x e B(v,, v,, 7y, 75, m), We

obtain (f(x + tv,) — f(x))/t > r, by (4) and (f(y) — f(x)))t = (f(x + to, + tv,) —
— f(x))/t < ry + ry by (6). Since y € B(vy, v;, 1y, 72, m), we have —(f(x + tv,) —
=)t = =(f(y — tv;) — f(»))/t > r, by (5). These inequalities imply

f(x + tv,) = f(x) > ryt,

f(y) = f(x) < ryt + 1yt

[+ ) = f(y) < —rat,

which yields a contradiction.
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Souhrn

JEDNODUCHY DUKAZ RADEMACHEROVY VETY

ALES NEKVINDA, LUDEK ZAJICEK

V &lanku je podan jednoduchy diikaz Rademacherovy véty.

Pesome

ITPOCTOE JOKA3ATEJIbLCTBO TEOPEMbBI PAIEMAXEPA

ALES NEKVINDA, LUDEK ZAJICEK

CraTtbs COEPXHUT NPOCTOE NOKA3aTENILCTBO TeopeMbl Panemaxepa.
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