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BEHAVIOUR OF SOLUTIONS OF AN INTEGRAL EQUATION

JErZY MuszyNskl, Warszawa
(Received June 10, 1975)

1. INTRODUCTION

Let B be a Banach space, I = [0, ), @ = {(t,s)eR*:tel, s€[0,1]}, Qr =
= {(t,s)e 2, te[0, T]} for T > 0. We shall consider two functions p and W with
the following properties:

Al peC(I x B,B), (YueB)p0,u)=u,
(3M, k = const) (VteI)(Yu,ve B) |p(t, u) — p(t, v)| < Me ™ |u — o] .
A2 WeC(Q x B,B), W(t,50)=0,

(3Le C(I, R)) (V(t, s) e Q) (Vu,ve B) [|W(t, s, u) — W(t, s, v)| <
< L) e 9u - o],
where k is the same asin A 1.
For any u, € B we shall consider the equation

(1) u = p(t, up) + J:W(t, s, u) ds

and the probBlems of existence, uniqueness and asymptotic behaviour of its solutions
under the assumptions A 1, A2 and some others. The equation (1) in particular
describes the mild solutions of the Cauchy problem: 4 = A(f) u + f(t, u), #(0) = u,.
In this case W(t, s, u) = U(t, s) u, p(t, uo) = U(t, 0) uo, U(t, s) is Green’s function,
the assumptions A 1 and A 2 are satisfied if f is Lipschitz continuous in u, |U(t, s)|| <
< Me "9 and 50 on. The equation (1) is connected with the problem & = A(t, u)

+ f(t, u), where '

ot uo) = x(t,0, u5), W(t,s, u) = 9"_(‘0““’__“) Iy
0

x(t, to, u) is the solution of x = A(t, x) [2], and also with similar problems. The
results obtained in this paper are a generalization of those already known, see for
example [1, 3].
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2. EXISTENCE AND UNIQUENESS

Theorem 1. If the assumptions A1, A2 are satisfied then for any uy € B the
equation (1) has,a unique solution on I (and on every interval [0, T], T > 0).

Proof. Consider for any T > 0 the interval [0, T'] and the Banach space C; =
= C([0, T], B) of the continuous functions from [0, T] to B with the sup-norm.
Proving that for any T > 0 the solution (1) exists on [0, T'] and is unique, we also
prove the same on I.

Let us fix any u, € B and consider on C; an operator K which is defined by the
formula

(Ko) (1) = plt, uo) + ﬂwa, s 0(s) ds, tefo, T].

From A1, A2 it follows that if ¢ € C; then K¢ € Cr, KC; = C;. Now we want
to prove the existence of a positive integer n such that the operator K" is a contrac-
tion. Let ¢, ¥ € Cy, then for t € [0, T']

I(Ke)(®) - (Kw) ()] =

<

J ;W(" 5 9(s)) ds — ﬂW(t, s W(s)) ds

< j O'L(s) e~ |(g(s) — wi(s)] ds.

Since L(s), e " are continuous on Q; there exists such L = const that for all
(t, s) € Q7 we have L(s) e **~9 < L, then for t € [0, T]

I6Ke) ) - (K0)O) = [ Liots) = v(9] s 5 Lao ~ ¥ler
¢ o
and for neN,
1)) = (9) 0 5 [ 10 6) ~ (=) 9] s
It can be shown by induction that forneNand te [0, T]
I"l n
[&*9) () ~ &) O] < == o ~ ¥l
hence '
Ik - K4, s S o — v,
Since (LT)"/n! — 0 as n — oo, there exists such n € N that (LT)"/n! < 1. For this n
the operator K" is a contraction. From a corollary to the Banach contraction theorem

[4] we conclude that there exists one and only one point u € Crsuch that Ku = u.
This point u € Cy is a (unique) continuous solution of the problem considered.
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3. PROPOSITIONS

o) = —kt + J” L(s)ds, q(t) = |p(t, 0)] ,

0

®,qeC(I,R), #0)=0, q(0)=0.

Proposition 1. If the assumptions A 1, A 2 are satisfied then for any solution u
of (1) and for any tel,

t
I 5 900 + | Mleo] + [ a9 1) 20 as] 20
0
Proof. For a solution u of the equation (1) we have

lu@l = llp(t, uo) — p(t, O)] + |o(t, 0] + J:ll w(t, s, u(s)] ds <

t
< e + a9 + [ 1) )] a5,
0
hence

[0 5 Mol + a9 &+ [ 16) a9 s

From this inequality we have [3]

[u()] & < Mluo) + a(t) e + j ;L(s) (M]ug] + a(s) &) " ds =

! s)ds t -|s de t de
=g(t) & + M“uo“ efoL( )d. + j‘ L(5) q(s) ¢ e forma eJOL( )d ds
0

and hence -

01 5 00) + Ml e + ['1(5) ) e~ a5 e

Proposition 2. If the assumptions A 1, A 2 are satisfied then for any solutions u, v
of the equation (1), u(0) = u,, v(0) = vy, and for any tel

Ju(®) = o(®)] < M®@fug — v -

Proof. From (1), A1, A2 we have

Ju(e) — o] < (e, uo) — ol vo)] + j ;n Wt 5, u(s)) — W(t, s, o)) ds <
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t
< Me™uy — vo] + j L(s) ™= u(s) — ofs)] ds
V]
and .
t
1)~ o0 & 5 Mo — el + [ 6) ) ~ o) s
(V]
From Bellman-Gronwall’s lemma we have
! s)as
Jut) - o] & < Mg — vo]
and this proves the above proposition.
Let us introduce another assumption
A3 (3PeR)(Vtel) q(t) = ||p(1,0)| = P.
Then we have

Proposition 3. If the assumptions A 1, A 2, A 3 are satisfied then for any solution u
of (1) and for any tel,
~ t
[u(®)] = | Mluo| + P + ka e~ %® ds] e

L 0

Proof. From Proposition 1 and A 3 we have

(%) lu(®)] s P + LMlluo" + P f "L(s) ke~ d0HO" ds] o0

0

Integration by parts gives

¢ . T)dar -3 T)art
j e L(s) e Jopoa ds = —e*e Joros
0

' o —SL(mar
+ kJ e fo ds =

] 0o

=—e @41+ kj‘e‘°(‘) ds
- 0

and the required inequality is obtained from (s).
Let us introduce an assumption
A4 (Atoel)(FeeR)(Vt 2 1)) P()= —k+ L(t) £ —e¢.
Notice that k — & 2 L(t) 2 0. We have now |
Proposition 4. If the assumptions A 1, A 2, A 4 are satisfied then for any solution u
of (1) and for any tel,

lu()| = a(t) + [M “uo“ + Jltoq(s) L(s) e~ ®® ds] O+ (k—¢g)e™™ J" q(s) e ds.

V] to
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Proof. From Proposition 1 we have

uwwéqm+[Mwm+j”

]

t
q(s) L(s) e™®@ ds] 2O 4 f 4(s) L(s) e*©-°® ds .
to

Since for se[ty, t] we have &(t) — &(s) = ¢'(0)(t — s) < —e(t — s) for some
Oe(s, 1), it is

t t
I q(s) L(s) 2020 ds < 'f q(s) L(s) e™*"9 ds .
to

to

Taking in account that L(s) < k — & for s = t, we obtain the desired result.

4. BOUNDNESS AND STABILITY
Let .
AS e>0,

where ¢ is from A 4.
Theorem 2. If the assumptions A 1—A'S are satisfied then
(i) every solution of (1) is bounded,

(i) (3N eI)(Vuo € B) (31, €I) (Vt > ) |[u(t)| < N, where u is the solution of (1)
such that u(0) = u,,

(iii) (Vuo, vo € B) hm ||u(t) — o(t)]| = O, where u, v are the solutions of (1) wzth the

initial data uo, Vg,
(iv) every solution of (1) is asymptotically stable.

Proof. (i) Using Proposition 4 and the assumptions A 4, A 5 we have for t 2 ¢,

to
lu(®)] = P + [M”uo" + J. q(s) L(s) e *@ ds] e®® + P(k — e)£(1 e
0 , P

Pk fo
<Pk, [M"uo“ + j a(s) L(s) e~ ds] o0
€ 0

From A4 we have for t 2 t, and some 0 € (to, t) that &(t) = &(t) — (1) +
+ D(to) = P'(0) (t — to) + D(to) < —&(t — to) + B(to). Then

(*) wm<~+hmwj'

Oq(s) L(s) e—@(s) ds:] e@( to)+eloe—zt .
0

Since e™* < 1, (*) implies that u(t) is bounded for t Z t,. Since u(t) is a continuous
function, it is bounded on I.

(ii) Since e™* — 0 as t — oo, then for every N = const, N > Pk/e, and every u,
there exists 7, such that for t > #, we have ||u(f)| = N.
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(ii) In part (i) we obtained that &(f) < —&(t — to) + @(t,), hence A5: ¢ > 0
implies &(f) » — oo as t » c0. We have e®® — 0 when t — 0. The followmg as-
sertion results from Proposition 2.

(iv) Since e®® — 0 as t — oo, there exists S such that ¢®® < S for tel. For
any y denote §°= y/SM. If |uy — v,| < & then by Proposition 2 ||u(t) — o(t)| <
S MSé = y. Every solution is stable. The asymptotical stability may be obtained
from (jii).

Remarks. 1. Some properties of solutions of (1) do not require assumptions so
strong as A 4, A 5. It is easy to see that for stability it is sufficient that &() be bounded
(see proof of (iv)), to prove the properties (iii) and (iv) it is sufficient that &(f) - — oo
as t - oo. However, this is not sufficient for boundedness. Consider for example
the scalar equation

t
u=1-e"+ue’+ S eIy ds
oS+ 1

possessing solutions of the form

u(t) =

2“0_ 1
—+ 3+ 1).
t+1 X )

All these solutions tend to infinity as ¢ — oo. In this case we have

ptoug) =1 —e " +uge™, W(t,s,u)= S ety
s+1

the assumptions A1, A2, A3 are satisfied with k =1, M = 1, L(s) = s[(s + 1),

= 1. The assumption A 4 s satisfied with any ¢ < Osince &'(s)= —1 + [s/(s + 1)] =
= --[1 /(s + 1)], the assumption A 5 is not satisfied; however, &(f) = — In (t + 1) —»
— —o0 as t — co. Some weaker assumptions than A 4, A 5 will be given below (in
parts 5 and 6).

2. If the equation (1) has at least one bounded solution and if A1, A2, A3 are
satisfied then: if ¢(t) is bounded then all solutions are bounded and stable, if ¢(t) -
— —oo ast — oo then all solutions of (1) have all properties mentioned in Theorem 1.
This is implied by Proposition 2. In particular, we have

Corollary 1. If A1, A2 are satisfied; p(t,0) = 0 and &(t) is bounded then all
solutions of the equation (1) are bounded and stable, if moreover ®(t) - — o0 as
t — oo then all solutions are asymptotically stable and tend to zero as t - .

Indeed, in the case considered the equation (1) has the solution u = 0.

Let us change the assumption A 3 to

A3 q(t) = |p(t,0)| >0 as t—> o0
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Theorem 3. If A1, A2, A3, A4, A5 are satisfied then the solutions of (1) have
all properties mentioned in Theorem 2 and, moreover: every solytion of (1) tends
to zero as t — .

Proof. By A1 we have p(t,0)e C(I, B). Hence A3’ = A3 and the solutions
have the properties of Theorem 2. Applying Proposition 4 we have for t = ¢,

t ' t
[u(d)] = a(t) + [M luo]l + J 4q(s) L(s) e~ ®® ds] O+ (k—¢)e ™ .[ g(s) e ds.
0 to
Similarly to the proof of Theorem 2 we conclude that &(f) - — 0. Two first terms
on the right side of the inequality tend to zero when t — co. Using the rule of de
I’'Hospital in the form of Stolz we obtain

. ;
J‘ g(s) e ds o
lim ._'0___.;____. = hm&).e_ =0

’
1o e t~o g€’

hence the last term tends also to zero (by A’ 3).

'Remark. The scalar ve)quatﬂion
t
u=q(t) + e ‘uy, +
® ° J‘o s+1
t for te[0,1),

q(t) = {1
\—/; for te[l, o],

e U9y ds

with the functions p(t, uo) = q(t) + e 'ug, W(t,s,u) = [s/(s + 1)] e~“~?u fulfils
the assumptions A1, A2 (with M =1, k = 1, I(s) = [s/(s + 1)]), A3, A4 (with
any ¢ < 0), but does not satisfy A 5. In this case we have &(f) > —oo0 as t > — 0,
but the solutions of the equation are of the type

1 1 1
Ug — = |—— + = (t + 1)? for tef0,1),
<° 3)t+1 3( ) [0.1)

(“o _E)__,l__ +gt_\/_t+i for te[l, o)

3)t+1 3t+1 |/t

u(t)v =

and tend to infinity as t - oo.

5. PARTICULAR PERIODIC CASE

In this part we shall consider a “linear” periodic case of the problem. Let

B1 U e C(, L(B, B)),
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U is an evolution operator: (Vt,s,7€l, t 2 s = 7 2 0) U(t, s) U(s, 7) = U(t, 7).
B2 feC(I x B, B)

and consider “the linear” case of the problem (1)

-

) u = U1, 0)u + J U(t, 5) (s, u) ds .

Proposition 5. If B 1, B 2 are satisfied, {t,} is a sequence fromI,0 =ty < t, <
<t, < ..., {u,} is a sequence of functions u,€ C([t,_y,t,], B), n = 1,2, ..., such
that for t€ [t,_, t,]

u,(1) = U(t, th-1) u"—l(t,,_l) +J‘t

th-

U(t, s) f(s, u,(s)) ds,

then thé function u composed from the functions u,(u = u, for t€[t,_y, ,]) is the
solution of the equation (1') with with u(ty) = u,.

Proof. It is easy to see that the function u is continuous and that for ¢ e [0, 4]
the assertion is satisfied. Let it be satisfied for n. We have now for t € [0, t,,]

*) u(t) = U(t, 0) u + f O‘U(t, $)£(s, u(s)) ds
and for t€[t,, ty4,]

(»+) u(t) = u,4(t) = U, t,) u(t,) + j U(t, s) f(s, u(s)) ds .

t,

From the equation (*) we have

u(ts) = Uty 0) ug + J‘ :U(t,,, ) £(s, u(s)) ds ;

putting u(t,) into the equation (s#) for any ¢ € [t,, 1, ] we conclude

u(t) = U(t, 1) Uty 0) o + UGt 1) f :U(t,,, (s, u(s)) ds +
+ J ‘ U(t, s) (s, u(s)) ds = U(t, 0) uo + f '"u(;, s) (s, u(s)) ds +

ty (]

+ f U, 5) £(s, u(s)) ds = U(t, 0) uo + J' UG, $) £(s, u(s)) ds .
The proof is complete. '
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Consider the following assumption:
B3 (3T > 0)(¥(s, )€ Q) (Yo €B) U(t+ T, s + T) = U(t, s),

f(t+ T, 0) = f(t, 9)
Notice that U has this periodicity property in particular when U(t, s) = V(t — s).
Proposition 6. If B 1, B 2 and B 3 are satisfied, if u is a solution of (1') on [0, T]

then the function v defined on [pT,(p + 1)T], p=1,2,3,..., by the formula
o(t) = u(t — pT) is a solution of the equation

u = U(t, pT)u, + J‘t U(t,s)f(s,u)ds, te[pT,(p +1)T].

Proof. As u is a solution of (1') for t € [0, T],
t
u(t) = U(t, 0) o + f U(t, 5) £(s, u(s)) ds
0

and hence for te [pT, (p + 1) T]

t—

o(t) = u(t — pT) = U(t — pT, 0) u, +J‘ pTU(t — pT), 5) f(s, u(s)) ds .

]

After changing the integration variable (s = t — pT) we have

ot) = Ut — pT, 0) g + J Ut — pT, © — pT)f(x — pt, u(c — pT)) dr,

pT
and taking into account B 3 and the definition of v we obtain

o(t) = U(t, pT) up + J" U(t, ) f(x, v(r)) dr.

pT

Corollary 2. If B 1, B2 and B 3 are satisfied, if u is a solution of (1') on [0, T]
such that u(T) = u(0) = u,, then the periodic prolongation v of u on I is a solution
of (1).

Indeed, v is continuous, v(pT) = u, for every p = 1, 2, ..., by Proposition 6 v is
a solution of

v =U(t, pT)o(pT) + J ‘ U(t, 7) f(z, v) dr

on [pT, (p + 1) T], and Proposition 5 completes the proof.

Proposition 7. If B 1, B 2 and B 3 are satisfied, if u is a solution of (1') on I, then
the function v defined on [0, T] by the formulae v(t) = u(t + pT), peN is the
solution of (1) with initial value v(0) = u(pT).
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Proof. Since u is a solution of (1') we have

u(pT) = U(pT, 0) up + J“’TU(PT, s) f(s, u(s)) ds

o
and B 3, B 1 imply that

U(t, 0) u(pT) = U(t + pT, pT) u(pT) = U(t + pT, 0) u, +
+ j’ U + T, 5) £(s, uls)) ds

Since u is a solution of (1') we have

t+pT

‘v('t) =u(t + pT) = U(t + pT, 0) u, + J. U(t + pT, s) f(s, u(s)) ds =

T ’
= U(t + pT,0)uo + I Ut + pT, 5) f(s, u(s)) ds +

+ J‘+pTU(T + pT,s) f(s, u(s)) ds =

pT

= U(t, 0) u(pT) + th(t + pT, © + pT) f(r + pT, u(x + pT))dt

and |

(1) = U(t, 0) u(pT) + j U(t, ) (5, o{))

,. 0
which proves the proposition.
Introduce the following assumptions:

B4 - (M, k= const) (v(s, s)eQ) U, s)| £ Me™ =2 ;
BS (3R€C(1 1) (Vee) (Yo, ¥ € B) |f(t0) — (1 ¥)] < R(t) II(P -,
R+ T)=R();

B6 —kT+J. M R(s)ds = JT(—k + MR(s))ds < 0.

Theorem 4. If B 1—B 6 are satisfied, then the equation (1') has a unique periodic
solution, its period is T, and all solutions of (1 ) have the properties mentioned in
Theorem 2.

Notice that in this case all solutions of (1) tend to the periodic one as t - oo.
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Proof. 1. The equation (1') can be written in the form of the equation (1) after
the following transformations

u="U(t,0)u, + J”U(t, 5)f(s, 0)ds + J“U(t, s) [f(s, u) — f(s, 0)] ds
and definitions:

ot o) =* U(t, 0) o + f U(t, )£, 0) ds,
0

w(t, s, u) =4 U(t,s)[f(s, u) — f(5,0)] .

In this case we have the following implications: B1, B2, B4= A1, B1, B2, B4,
B 5= A2 with L(s) = MR(s). Then in the case considered, Propositions 1 and 2
hold. .

2. Since R(s) is periodic, —k + MR(s) is also periodic and for every positive
integer p we have [§"VT(—k + MR(s))ds = [§(—k + MR(s)) ds, thus

8"(—k + MR(s))ds = p [§ (—k + MR(s))ds. Defining &(t) = [3 (—k + MR(s))ds
we have &(pT) = p &(T). In virtue of &(T) < 0 (by B 6) there exists a positive
integer p such that &(pT) = p #(t) < —In M; let us fix this p.

3. Consider in the space B the operator K of translation along the solution of (1')
from ¢t = 0 to t = T. It seems that if u, € B, u is a solution of (1') such that u(0) =
= uy, then Ku, = u(T). It is evident from Theorem 1 that the domain- of the
operator K is B and that KB = B. Consider the iterations K2, K3, ..., K? of the
operator K. Let v, € B, v is such solution of (1') that v(0) = v,; then Kvy = v(T),
K*vy = K(Kvy) = K v(T), which is the value at # = T of the solution of (1') starting
from o(T) at t = 0. Proposition’ 7 implies that this solution can be obtained from
the solution v by its translation from [T, 2T] to [0, T]. Then K?vy, = K o(T) =
= v(2T) and so on. By induction we have that KP», = v(pT). We want to prove
that the operator K? is a contraction.

4. From Proposition 2 we have for any solutions %, v with the initial data u,, vy
that

lu(r) — v(®)| = Muo — vo| €
and
|KPuo — KPvo| = [[u(pT) — o(pT)| < Mlluo — vo e®*™ = afjuo — o] ,

where « = Me®®T) < Me™'"M = 1, K” is a contraction. Hence there exists a unique
point w, € B such that Kw, = w,. Denoting the corresponding solution of (1') by w
(w(0) = wo) we have w(T) = w(0). In virtue of the uniqueness of the point w, and the
uniqueness of solutions of (1) it follows that the equation (1°) has at most one
periodic solution with period T. Existence of that solution follows immediately from
Corollary 1 (it has the initial point wp).
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5. Consider the behaviour of the function ®(f) = —kt + [§, MR(s)ds as t - co.
Defining .

4= "_; LTR@ ds, ¥(i) = MR(i) — 4

we obtain that “y(t) is a T-periodic function and [7 y(f) dt = 0. Then () =
=(—k+ A)t + [4y(s)ds, &(T) = (—k + A) T. B6 implies that —k + 4 < 0.
Since  is continuous on [0, T], there exists a constant C that for t € [0, T'] we have
f6 ¥(s)ds < C; as ¢ is continuous onJ and [ y(t) dt = 0, it holds [§ y(s)ds < C
for all tel. Finally &(f) < (—k + A)t+C, —k + A <0 and P(t) > —o0 as
t — o0.

6. Let u be any solution of (1'), let w be the periodic one. Proposition 2 yields
for tel: :

lu(r) = w(®)]| < Mlug — wo| >
and : : .

@ OIS 40 = wl + [wO] s Mlus = woll & + [w(0)]

Since w is a-periodic solution it is bounded and since ®(t) » — o0 as t — oo (hence
e~®® js bounded) we obtain that u is bounded.

7. Let w = max | w(t)|, and let R be any constant such that R > w. From () it
r "

results that for this R and any u§ there exists such ¢, = 0 that for any t = ¢, we
have |u(t)| < R (because e®® — 0 as 1 > o).

8. Proposition 2 implies that for any two solutions u, v we have ||u(t) — v(t)]| - 0
as t — oo. If we take v = w — the periodic solution, we obtain that all solutions
tend to the periodic one as ¢ » co. Hence the equation (1’) has conly one periodic
solution (with period T). J :

.. 9. For any & > 0 and & = ¢/M max ¢®® (this max exists because @(t) > — oo
I

1 .

as t — oo and @ is continuous) let u,, vy € B be such that |uy — v,| < 6. Then Proposi-

tion 2 yields for ¢ 2 0 that |Ju(r) — v(r)| < Mllup — vo| €*® < M max ®®s = &.
I

Any solution of (1) is stable. Asymptotic stability results from 8.

“"6. THE CASE L€ #70,0), p =1
"Now we turn back to the general “nonlinear” case. Assume that
A6 - ‘ k>0,
A7 @z J I(s)ds < .
0
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Define (for such p)

()

Theorem 5. If the assumptions A 1,"A 2, A3, A6, A7 are satisfied then the solu-
tions of (1) have all properties mentioned in Theorem 2.

Proof. Let 7€ [0, f], consider &(f) — &(7) = —k(t — 7) + [t ML(s)ds. If p = 1
then &(t) — &(t) £ —k(t — t) + MN, if p > 1 then for ¢ = (p — 1)/p we have

o(t) — 9(x) S —k(t — 1) + ( j ‘Mo ds>" ( j 12(s) ds)”’ <

< —k(t — t) + MN(t — ©)°.

Then for any p 2 1 and 7€ [0, f]
(v) O(1) — B(c) < —k(t — 1) + MN(t — 72, o =1- 2e[0,1)

_ p
and in particular (for 7 = 0)
(**) ¢(t) < —kt + MNz.
Let t, =% (2NM|k)?, then for t 2 t, we have t'/? 2 2NM|k, NM1® < (k[2) 1#*'/P =
= (k/2) t. From (**) we obtain A

(***)k ' tgt0=¢(t)§—kt+MNt"§—-§t

and then ®(t) > —oo0 as t > oo (from A 6 k > 0). From Proposition 3 and () we
have for tel ’

)] = DMluo] + P10+ kp | 207005 <

t
< [Mu,| + P]e®® + kP ‘[ exp (= k(t — 5) + MN(t — s)¢) ds.
0
Change the variable in the last integral (t = t — s). Then we have for tel

lu(@)| < [M]uo| + P]e®® + kPJ.rexp (—kt + MN7%) dz

0
and fort = ¢,

lu(®)] = [Mluo| + P] & + kP j'oexp (—kt + MN1%) dt +

0

t .
+ kPJ exp (—kt + MN1®) dr .

to
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From (ss+) we have

(|

+ kPJ- exp(-— —T)d‘t =
to 2

t
= [M]uo| + P]e®® + kPI r,exp (—kt + MN7?)dt + 2P(e” WD — = (/2))
0

lu@®)| = [M]uo| + P]e* + kPJ"oexp(—kt + MN7®)dr +

and

L {
lu(® = [M]uo| + P]e®® + kPJ. oexp (—kt + MN1%) dt + 2Pe™ /D0
0

fort 2 t,. Itis evident that this inequality holds also for ¢ € [0, #,]. Hence it is satisfied
for t e 1. Since &(t) > — oo as t —» + oo, the last inequality implies that every solution
of (1) is bounded and that for any N = const > kP [{ exp (—kt + MNt?)dz +
+ 2Pe~®%% there exists f, such that for t 2 i, we have |u(t)]| < N (%, depends
on u,). The other properties follow from Proposition 2 (similarly as in the proof of
Theorem 2). '

Theorem 6. If the assumptions A1, A2, A3, A6, A7 are satisfied then the
solutions of (1) have the properties described in Theorem 5 and tend to zero as
t — oo.

Proof. The first part of the assertion results immediately from Theorem 5 because
A1, A3 = A 3. From Proposition 1 we have

t
IO = a9+ Mol e + [ L) 020 as.
0

As in the previous proof ¢(t) - —oo as t — o0, g(f) > 0 as t = 0 by A 3', to com-
plete the proof of the theorem we have to show that

t
I= J. q(s) L(s) eV ~2® ds

0

tends to zero as t — oco. We have

e[

<N ( J" (q(s))"" £(1/0)(@(1)~D(s) ds)a
0o
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and as in the previous proof

I

(ﬁ)l/v < L‘)( a(s))"® exp (— (k[o) (t — s) + (MN/e) (¢t — 5)") ds.

After changing the integration variable (s = ¢t — ) we obtain

(ﬁ)uﬂ < J;[q(t — 7)]*2 exp [(1/e) (—kt + MN%)] dz =
= J"o[q(t - -,_-)]1/0 exp [(l/g)(—kr + MNt")] dr +

+ J" [a(t — ©))*/2exp [(1/e) (= kr + MN+%)] dr,

where t, is the same as in the proof of Theorem 5. In the first integral we have (k > 0)

I = I :[q(t — )" exp [(1/e) (~ kt + MN®)] dr <

< exp [(1/e) MN1] Jto[q(t - 7)]'edr.

Take any ¢ > 0 and # = %/t exp MN1}. Then to this n > 0 exists T = ¢, such that
q(t) < nfort> T — ty(q(t) > 0 as t - o). Then for ¢t > Tand s € [0, t,] we have
t—s>T-—t, and ¢(t — s) < n. Finally, for any & > 0 there exists such T that
I; < exp [(1)e) MN#]n“/® [ dr = efor t > T. Hence I; — 0 as t - . Consider
the other integral satisfies

to Q

to

t ~t
I, =I [a(t — ©)]' /e exp [1 (—kt + MNT")] dr < | [q(t — 7)]"/e el~¥20 g

and hence, fors =t — 7 + ¢,

rt
[q(s — to)]ll"e("lz")‘ ds

0

-

’ t
I s f [als — to)]1/e e~ 2000419 gg = o= 2000 —
to

From the rule of de 'Hospital (in Stolz’s form, k > 0) we have

- 1/e p(k/2¢)t
limI, < e=®/30o iy (4t = to)]'10 BBO7
o o K wer

20

ebcause g(f) > 0 as t » oo Then Iy, I, - 0 as t - oo and (I/[N)'/? < I, + I, tends
to zero as t — oo. Finally, I — 0 as t - oo and the proof is complete.
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