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Casopis pro p&stovani matematiky, ro&. 94 (1969), Praha

ON DISTRIBUTIONAL SOLUTIONS OF CERTAIN EQUATIONS
INVOLVING A RETARDED ARGUMENT

VAcLAvV DOLEZAL, Praha

(Received December 5, 1967)

The present paper deals with a certain type of vector-integral equations with retard-
ed argument. Several theorems on the existence, uniqueness, majorization and bound-
edness of the solution are proved by using properties of certain operators.

Let 2 be the set of all n-vector-valued, infinitely differentiable functions ¢(r) with
compact support, and let 2’ be the set of all distributions on 2 which vanish on the
set (— 00, 0).

A linear operator 4 mapping 2’ into itself will be called continuous, if for any
sequence X, =X, x,, € 9’ we have Ax,, —» Ax. Furthermore, let 4,,, m = 1,2, ... be
linear continuous operators mapping 2’ into itself; if A is an operator from 2’ into
itself such that 4, x — Ax for any x € 9', we shall call the sequence A convergent

to A and write 4,, > 4. Analogously, if for a sequence B; we have 2 B;=S,—38S,

we shall write S = Z B,.
i=1

Let T > 0 and let B be the class of all operators B mapping 2’ into itself and
having the following properties:

1. Bis linear and continuous.
2. For any x € 2’ such that x = 0 on (— 0, a) we have Bx = O on (—o0, a + T).

The class By is clearly nonempty, because the operator P;, defined on 2’ by
(Prx, @) = (x, 9(t + T)), ¢ € D, belongs to By. Moreover, By with customary
operations of sum and product is an algebraic (noncommutative) ring.

Theorem 1. Let B € By; then the operator I + B is invertible (I signifies the identity
operator), and (I + B)™* — I = Be B;. Mareover,

(1 B= gl(— 1)!B'.
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Proof. First show that the series in (1) converges. Actually, by assumption 2.,
B'x = 0 on (— oo, iF) for any i and x € 9; consequently, if S,, = ¥ (—1)' B, then
i=1

the sequence of numbers (S,X, ¢) converges for any chosen ¢ € 2. Since S,x € 2’
for any m, the sequence S,,x converges to a distribution by a well-known theorem
(cf. [1], p. 37). Moreover, this distribution obviously belongs to @’; hence, (1) is
meaningful and B maps 2’ into itself.

Furthermore, it is clear that B is linear and satisfies condition 2. Next, let x,, € 2,
m=1,2,... and x,, > x. Choosing a ¢ € @ denote r, the least integer such that
sup (supp ¢) < r,T. Then we have

(B, ) = (3.(-1)' B 0) = 5 (<1 (Bx. o),

and, forany m > 0,
(Bx 0) = (‘Zl(— 1)! B'x,,, ) = ';(._ 1)! (B, @) -

Because (B'x,,, ¢) — (B'x, ¢) for any i > 1 by condition 1., it follows that (BXms @) —
— (Bx, ¢). Hence, B is continuous so that B e B;.

Choosing now x € 9’, we have by (1),
Gm=(I+8,)I +B)x— (I +B)(I+B)x;

however, q,, = x + (—1)" B**!x, and B"x — 0 as m — o by condition 2. Hence,
4. — x; consequently, (I + B) (I + B) = I. Conversely, (1) yields for any x e 9",

(I+5)x—>(I+B)x as m- o,
so that, by continuity of I + B,
hp=(I+B)(I+S)x—>(I+B)(I+B)x.

Asabove, h,, - x,i.e,I = (I + B)(I + B). Hence,I + Bisinvertible, (I + B)™' =
= I + B and the theorem is proven.

Corollary 1. If fe 9' and B € By, then the equation
) X+ Bx=f

has a unique solution in 9'. Moreover, x depends continuously on the right-hand
sidef, i.e., if fu = f, fm € @', then the solutions x,, of x,, + Bx,, = f,, converge to x.

Let us now turn our attention to a specific subclass of B;. Let the system U of
operators mapping 2’ into itself have the same meaning as in [3], p. 161 except for
the fact that members of 2 are vectors here; then we have the following proposition.
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Theorem 2. Let A;e VN, i=1,2,..., and let 0<T, <T,<..., T,> © as

i — o0; then the operator B =) A;Pr, belongs to B,.
i=1

Proof. If xe 2’ and x = 0 on (— o0, a), then P x vanishes on (— 0, a + T;) and
so does A(Pr,x) by Theorem 5.4—15 in [3], p. 162. Hence, using the condition T; —

— o0 and the same argument as in the proof of Theorem 1, we conclude that the
definition of B is meaningful and B satisfies condition 2. The proof of continuity
follows the same pattern as above.

If T > 0, let € be the class of all operators ) A,Pr, where 4,e U, T, 2 Tand m
is arbitrary, finite. i=1

Clearly, €, = B;; moreover, we have the proposition:

Theorem 3. €, with ordinary operations of sum and product is an algebraic ring.

For the proof the following auxiliary statement will be necessary.

Lemma 1. Let W(t, r) be an n x n matrix function defined and infinitely differen-
tiable for 0 £ 1 £t < oo, and let T > 0; then an n x n matrix function W(t, 1),
defined and infinitely differentiable for 0 < 1 <t < 00, exists such that for any
xeD,

(3 P[Wx] = [W(Prx)] .
(For the meaning of [ Wx], see [3], p. 154.)
Proof. By definition, for any x € 2’ and ¢ € 9,

= (Pr[Wx], 0) = ([Wx], o(t + T)) = (x, {0t + T)}w) =

- (x, _J‘ Welz, 1) o(z + T) dr +q:‘v%(?,7)<p(r + T)&).f

— o0 -

®o(7) df) ,

where the bar signifies the complex conjugate, W(t, 7) is a smooth extension of W(t, t)
onto the entire ¢, 7-plane and () is any scalar testing function satisfying the condi-
tions [*, @o(f) dt = 1 and supp ¢, = (— o0, 0). Since (1) is otherwise arbitrary,
let us choose it so as to have supp @9 = (— o0, —T).

Introducing the substitution T + T = ¢ into the above equality, we obtain

t+T
B= <x, —j Weo — T, t) p(o) do +

+ < J‘ :WC@TT,—ES (o) da> j " oo - T) do) .

— a0

Keeping W, fixed for the rest of the proof, define for 0 < 7 < t < oo the smooth
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matrix function W(t, t) by W(t, 1) = W(t — T, t — T); then for a smooth extension
of W onto the entire plane we may clearly take the matrix W(t — T, © — T) itself,
i.e. we can write We(t, 7) = Wc(t — T, © — T). Moreover, putting @o(t) = @t — T)
we will have supp @o < (— o, 0). Introducing these new quantities into the last
equation for y, we obtain by the definition of the product [ Wx],

§ = (x, - J"wm o(0) do + ( f “WW*(;T:?) o(0) do) .
. f " (o) d0) - (Pr. - j T D ole) o + ( j C W 0(0)de)

[ # do) = (Prx (o)) = (721 o).

Hence, the lemma is proved.

Proof of Theorem 3. The conclusion R, S e €, = R + S e €; is trivial; thus,
prove only that RS € € whenever R, S € €;. For this, however, it suffices to show
that for any A;, 4, U and T;, T, > 0 an operator A € U exists such that
APy A,Pr, = APy ,1,. Recalling the definition of U, for 4,, 4, there exist smooth
matrix functions W;, W, and integers k, I such that A;x = [W;x]® and 4,x =
= [W,x]®; thus, for any x € 9’ we have

(A41P1,4,Pr,) x = [Wy(Pr,[Wa(Pr,x)]D)]® = [Wi(Pr,[Wa(Pr,x)])V]® =
= [WI[WZ(PT1+T2x)](l)](k) = Alf‘TzPT,+sz

due to Lemma 1 with the notation 4,x = [W,x]. Finally, 4,4, € U by Theorem
5.4—12in [3], p. 162; the proof is concluded.

From Theorems 3 and 1 it follows that, for Be €, (I + B)™! is the limit of
a sequence with terms from €.

Remark 1. Observe also the following fact. Since [ Wx] is a regular distribution
whenever x is (cf. Theorem 5.4—5 and p. 118 in [3]), Theorem 1 yields immediately
the proposition: Let a(t), W, t) be-smooth matrix functions for ¢t 2 0and 0 < 7 <
< t, respectively, T, > 0, i = 1,2, ..., m. If f € @' is a regular distribution, then the

unique solution x € @' of the equation x + Y. (a;Prx + [W{(Prx)]) = f is also
regular. =1

"Example 1. Let0 < Ty < T3 ... < T, and let ¢(t) be a vector function defined
and continuous on [~ T, 0]; furthermore, let Aft), i=1,2,...,m and A(f) be
matrix functions which are defined and smooth on [0, ), and j(f) be a locally inte-

grable vector function on [0, c0).
Assume that there exists a vector function %(f), continuous on [—T,, o) and
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absolutely continuous on [0, o) such that

) 1) = @) on [-T,0)

and
©) £() = ADF0) + T 40 3¢ - T) + 7

almost everywhere in [0, o).
It can be readily verified that such %(¢) satisfies the equation

© ) = #(0) + J: A7) (1) de +i§1 J:) A() 5z — T) dr + J ;f(t) dr, 120

and vice versa. v
Next, introduce new vector functions as follows:

x(1) = %) on [0,0), f(t)=f(t) on [0, ),

= 0 elsewhere, = 0 elsewhere,

@ft) =@t - T) on [0,T],
= 0 elsewhere,

i=1,2,...m. Then (6) is equivalent to the equation
) (1) = #(0) Ho +

+ J.;A(T) x(t)dr + igl j;A,-(r) (¢dr) + x(z — T)))de + J. ;f (r)dr

holding for every t. Since x, f, ¢; € 9’ if considered as distributions, (7) can be written
as

®  x=[Aa]+ S [APra] + 60 Ho + 3 [up] + 577,

(cf. Chapter 5.4, [3]).

However, if, conversely, x € 2’ is regular and satisfies (8) in distributional sense,
then equation (7) holds for almost every t; because the right-hand side of (7) is con-
tinuous for ¢ > 0, x() can be chosen such that (7) holds everywhere. Thus, (7) and
(8) are equivalent.

Finally, the operator M defined by Mx = x — [A4,x] is invertible (cf. Theorem
5.6—5in [3], p. 181), and M~' e U; applying M~ to both sides of (8) we obtain an
equivalent equation which has the form considered in the above Remark 1. Hence,
(4) and (5) stated as a problem, have a unique solution (in classical sense).

Let us now follow a different trend of considerations, that is problems concerning
a majorization of solutions. To this purpose we are going to introduce a partial order-
ing into 2.
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Let a be a matrix; if a;, = 0 for all elements of a, a will be called nonnegative and
we shall write ¢ = 0. If for two matrices a, b we have a — b = 0, we shall write
a 2 bor b £ a.Observe thatif A is an n X n matrix and z an n-vector,then 4 = 0
exactly if Az = 0 for every z = 0. Other elementary rules are obvious.

Next, let ¢ € 9; we write ¢ = 0 if ¢(f) = 0 for every ¢; furthermore, if fe 9 is
such that (f, ¢) z O for every ¢ € 9, ¢ = 0, we call f nonnegative and write f > 0.
As known, nonnegative distributions are in fact nonnegative measures. (Cf. [2],
p. 28.) Also, it is clear that, for a regular f€ 2, f 2 0 exactly if the corresponding
vector function f(f) is nonnegative for almost every ¢.

Finally, let A be a linear continuous operator mapping 2’ into itself; 4 will be
called nonnegative, if Ax = 0 for every x = 0, x € 2’. This fact will be signified
by A = 0.

The meaning of symbols A — B = 0, A4, B being operators,orf — g = 0,f,ge @’
is straightforward.

Let us now state the following simple proposition.

Theorem 4.1f By, B, € By and 0 < B, < B,, then0 < (I — B,)™' < (I — B,)™".
Actually, from 0 < B, < B, we have 0 < B% < B'; for any integer k, and conse-

m m
quently, 0 £ Y B% < Y B for any m; thus, with x = O and ¢ = 0,
k=1 k=1

k=1 k=1

Letting m tend to infinity and recalling Theorem 1 we conclude the proof.

Corollary 2. Let B,,B,€8;,0< B, < B,and letf,,f,€ 2,0 < f, < f,. Then
for the solutions x, and x, of equations

g — Byxy =f1, x3— Byx; =1,

we have 0 < x; < x,.

(The proof is obvious.)

Lemma 2. Let W(t, 7) be a smooth matrix function and let W(t, ) = 0 for every
0<7=t< oo;then [Wx] 2 O0foranyx =0, xe2"

Proof. Let x = 0; then, for any ¢ € 2, we have by definition

©) ([Wx]. ) = (x. o)

(10) owlt) = - j ) ofe) de + (f 1) ol dr>) . f '_m%m dr,

where W, is a smooth extension of Wand ¢, is any scalar testing function such that
supp ¢ < (— 0, 0), [, @o(t) dr = 1.
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Now, let p € 2, ¢ = 0; then for ¢ > 0 we have by (10),
(11) Pw(t) = 'f We(z, 1) o(7) dt = ‘[ W(z, 1) ¢(7) do
t t

since Wis real and W(z, t) = W(z, 1) for t € [¢, o0). )

However, from (11) it follows that @g(f) = 0 for t 2 0. Put a = (x, ¢y) and

= (x, V,,), where Y, (1) = @p(t + 1/m) for every ¢. Thus, l//,.,(t) 2 0on[—1/m, );

consequently, for every m 2 1 there exist vector functions ¥, ¥2 € 9 such that

LY =yl + ¥2,

2. YL = 0 for every ¢,

3. supp ¥2 < (— 0, 0).
Actually, it suffices to construct an inﬁnitely differentiable scalar function %,(f) such
that %,, = 0 on (— o0, —1/m), 0 < x,, < Lon(—1/m, —1/2m), %, = 1 on [ — 1[2m, o)
and put ¥l = 4¥m Vi = (1 — %,) O

Thus, by the assumption x = 0, xe€ 2’ we have (x,¥p) = 0 and (x, ¥2) = 0,

ie., ap = (x, ¥ = 0.
On the other, hand, ¥,, — ¢ — 0 in 9 as m — o0; hence, by continuity of the
functional, a,, — a = (X, ¥,, — ¢w) — 0, so that a > 0. The Lemma is proved.

Lemma 3. Let a(t) be a smooth matrix function and let a(t) = 0 for every t 2 0;
then ax = 0 whenever x 2 0, xe 9'.

Proof. Letx = 0Oand ¢ = 0, ¢ € 9; then, by definition, (cf. [3], p. 153), (ax, ¢) =
= (x, acp), where a is a smooth extension of a onto the entire axis. Clearly, acp =
= ap = 0 for any ¢ > 0. Putting again y,,(1) = ac(t + 1/m) (¢t + 1/m) for every
integer m > 0 and ¢, and carrying out a decomposition V,, = V5 + Y2 as in the
proof of Lemma 2, we easily conclude that (x, @cp) = 0; hence, the proof.

Theorem 5. Let ayt), i =0,1,2,...,m and W(t, t) be smooth matrix functions
fort = 0and 0 < t £ t, respectively, and let the operator A be defined on 2' by

(12) Ax = a,x™ + a,_x""D + .+ apx + [Wx].
Then A = 0 exactly if

1. ‘ai(t) =0fori=1,2,...,m, and

2. ag(t) = 0fort =2 0and W(t,7) 2 0for0 <1<t < oo.

Remark 2. As stated in Theorem 5.4—14, [3], p. 162, every operator A € U can
be defined by (12) and vice versa; hence, Theorem 5 characterized the nonnegative
operators in 1.

Proof of Theorem 5. The sufficiency of conditions 1. and 2. is a trivial consequence
of Lemmas 2 and 3. Thus, prove the necessity. To this purpose, introduce the fol-
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lowing notation: If J is a constant n-vector and T > 0, let 6, ; be a functional on 2
defined by (87,5, ¢) = J' ¢(T), (J' denotes the transpose); it is clear that d; ;€ 9.
Furthermore, if Hy is the scalar function defined by Hy = 1 for t > T, Hy = 0 for
t < T, then it can be readily verified that (JHr)' = d; ;. Observe that J > 0 implies
that 6, ; = 0.

Thus, assume that m 2> 1 and set x, = (6T 5)~ ™D with J = 0.

Since ™™V =[U,_,u] for any ue2’, where U,_,(t,7) =I((t — t)"' 2.

:(m — 2)!) and I is the unit matrix, (cf. [3], p. 158), and U,,_(t, 1) 2 0for0 < 7 < ¢,

it follows by Lemma 2 that x, = 0. Hence, by assumption,

(13) Axo = 8075 + G107y + A JHy + ... + [Wxo] 2 0.

Observe that a,,_,JHr + ... + [Wx,] = Qr is a regular distribution variishing on
(=0, T); thus, let Q.(f) be the corresponding locally integrable vector function
vanishing a.e. fort £ T.

Consequently, for any ¢ = 0, ¢ € @ we have by (13), (Axo, ¢) = (4,075 @) +
+ (@m-1675, ©) + 7 O3(f) 9(t) dt = 0. Expanding the term containing &7 ;, we
obtain

(14) (Ax0, @) = = J'@,(T) ¢'(T) + J'(@p-(T) — a@1(T)) o(T) +
+ rQ‘T(t) p()dt =2 0.

Next, let /() be a nonnegative scalar testing function such that y(T) = ¢/(T) = 1,
and let J* be a nonnegative constant vector. For every m’ > 1 set @,,{(t) = J*(1/m’).
Y(m'(t = T) + T); clearly, ¢,.€2 and ¢, = 0. Moreover, ¢, (T) = J*(1/m’)
and ¢,,(T) = J*. Thus, taking @,,, for ¢ in (14), we obtain
(15) (X0, @) = —J°@(T) J* + P@p_o(T) — a(T)) J* = +

m

+ JmQ}(t) Pu(t)dt 2 0.
T

However, [7 Qr(t) @(f) dt - 0as m’ - co; consequently, letting m’ tend to infinity
in (15), we get

(16) -J'a,(T)J* 2 0.

Repeating now the whole procedure but with ¥ such that y(f) = 0, Y(T) = 1,
y'(T) = —1, weconclude that J* @,(T) J* > 0. Hence, in view of (16), J' G,(T) J* =
=0 forany J' 20, J* 2 0, ie. 3,(T) = 0. Thus, 1. is proved and we necessarily
have

(17 Ax = apx + [Wx].
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Putnow x, = dr ; with J = 0; then [Wﬁr,J] is a regular distribution corresponding
to the vector function W(t, T) JHy (cf. [3] p- 119). Hence, for any ¢ 2 0, ¢ € 2 we
have '

(18) (Axo, 9) = " Go(T) o(T) + J :J‘ W't T) () dt 2 0.

Let y(f) be a nonnegative scalar testing function such that y(T) = 1; putting
odlt) = J*Y(k(t — T) + T) with J* = 0 for every integer k = 1, we have ¢, € 9
and ¢, =0. Clearly, [7 J'W\(t, T) ¢,(t) dt—0 as k— o, so that, by (18), J* ao(T) J*=
2 0 for any J' = 0, J* = 0; hence, ay(T) = 0.

Finally, for the above choice of xy = dr;, let T* and T** be any numbers with
T £ T* < T**; furthermore, let the scalar testing function y be defined by

W) = exp (~(t = TH™* — (T* — ™) for te(T% T*),
= 0 elsewhere.

Choose a constant vector J* = 0 and put ¢@,(f) = J*(y())"/* for any k = 1;
then clearly ¢, € 2 and ¢, 2 0. Introducing ¢, into (18), we obtain

(19) f T“J‘ W'(t, T) J*(Y(1))'*dt 2 0 .

T*

However, since (¥(f))'/* —» 1 as k — oo on (T*, T**), it follows that

T‘.
J W\, T) J*dt 2 0;
T‘

thus, necessarily J'W'(t, T) J* 2 0 for all 0 < T< t and J 2 0, J* 2 0. Hence,
W(t,7) = 0 for 0 < t < t and the theorem is proven.

Corollary .. Let at) and W{t, 1) be smooth, nonnegative matrix functions for
t>0 and 0 <t <t < o0, respectively, i = 1,2, ..., and let 0 < T,<T,<..,
T; - o0 as i — oo; if the operator A is defined on 9’ by

Ax =i§1{“‘(PT"‘) + [W(Pr )]} ,

then A =2 0 and A e By,
(The proof follows immediately from Theorems 2, 5 and the fact that Py, Z 0.)

Example 2. As an example illustrating the employment of Theorems 4 and 5, let
us prove the following proposition on majorization of a solution. :

Let W(t, t) and K(f) be smooth matrix functions such that 0 < W(t, t) < K(t - 1)
for0 St <t < oo, and let [§ K(f)dt = M with |[M|| < 1. If fe 9’ is regular and
the corresponding vector function f(r) satisfies the condition —a, < f(f) £ a, for
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all t > 0 with some fixed vectors a,, a,, then for the solution x (which is regular) of

(20) | x —[W(Px)]=f, T>0,

we have —Na, < x(t) < Na, fort 2 0, where N =1 + Y M".
i=1

For proving thls, put fz(t) = max [f(¢), 0] and f,(f) = max [—f(¢),0], (the
meaning of the symbol max is certainly obvious); then clearly 0 < f, < a, and
0=sfisa fort =0,andf = f, — fi. Next, consider the equations

(21) X2 — [W(Prxz)] =f, & — [K(Prfz)] = a,H,,
(22). Xy = [W(PTxl)] =f1, & — [K(Prf1)] = alHo .

By Theorem 1, &, = a,Hy + Y A'(aH,), where Az = [K(P;z)] for ze 9.
i=1

However, since a,H,, is regular, we have 0 < A%a,H,) < M'a, for t = 0 and any i;
actually, assuming the validity of this inequality for some i, we obtain, 4***(a,H,) =
= [4 K(t =~ 1) (PrA¥(a,H,)) () dt < [( K(t — 1) M'a, dv = [{ K(r) M'a, dt <
< M'*1a,. Thus, since the series for N converges, we have 0 < ¢, < Na, fort = 0.

Repeating the same consideration for £; we conclude that 0 < ¢, £ Na,. Now,
applying Theorem 4 or Corollary 2 to the pair of equations (21), we infer that
0 £ x, £ &, < Na,; analogously, (22) yields 0 < x; < ¢, < Na,. Finally, the
fact that x = x, - x, is the solution of (20) concludes the proof.

The following proposition appears as a certain counterpart for Theorem 4.

Theorem 6. Let A € By, A = 0, and let x be the solution of the equation x + Ax =
= f, fE 2" B )
1. If (A* — 4**') f = O for some k even, then

k+2n-1 k+2n

3 - - I+ Z (- A)fsxs(I+ F (-1)4)f
for any mteger n 0.

2. If (A — AN f 2 Ofor some k odd, then

k+2n k+2n—1

(24) I+ El(—l)‘A')fg x<(I+ i};l (-1t 4)f

for any integer n = 0.
k—1+2n

Proof. Consider the case 1. By Theorem 1, x = (I + Z (=)' 4)f + s with
s=( Z (—1)' 4°) f. However, it is clear that s = ZAZ"”'(A" A1) f, and

i=k+2n i=

consequently, s = 0. From this the first part of mequahty (23) follows immediately.
The second part and (24) can be proved in the same way.
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Example 3. a) Consider the scalar equation x + Ax = 6y, where Az =
= e Y(Prx)""", T > 0 and assume that « = Oand 1 — ae~T 2 0. A simple compu-
tation yields 48, = ae™*Hy, 425, = a®(e™*~T — e~2**T) H,y. Since both A5, and
A%, are regular distributions, we have in usual sense 46, — 425, = 0 on (0, 2T),
and for t = 2T, A8, — A%, = ae™ (1 — ae™T) + o?e”**T 2 0. Hence, 43, —
— A%8, = 0 in distributional sense, and since 4 > 0, we obtain by (24) with n = 0,

6o —ae tHy £ x £ 6.

b) Consider the scalar equation x + Ax = H,, where Az = a(e™*P1z)"", T > 0,
and assume again that « = O and 1 — ae™7 > 0. It can be readily verified that H, —
— AH, = 0. Since x is a regular distribution and 4 = 0, from (23) with n = 1 we
obtain the following bounds,

1—ae T<x<1—ae T+ a2 37, t>2T.
Let us now consider more closely the simple equation
(25) x + [WPrx] =f,

or, to be more specific, the dependence of x on the matrix function W, provided
fe P is regular and the corresponding vector function f(f) is bounded in norm on
every finite interval. As shown above, x is then also regular; moreover, it is clear
that the corresponding vector function x(f) can be chosen so that x(t) — f(f) is
continuous and thus is determined uniquely. In view of this, such x(t) will be meant
by the solution of (25) in the sequel.

To this purpose, let us introduce some useful notation. If k = 0 is an integer, let
(a) = a*fora 2 0 and (a) = 0fora <O.

Let the scalar functions @ and ¥ be defined by
ad 1

(26) Or(&m) = 3,

i=1 (i - 1)!

(27) %(c, ) =i§0 il—!(c — (i +1)T), 7.

(& —iT)

Lemma 4. Let u(t), v(t) and h(t) be nonnegative, locally integrable functions in
[0, ), let u(t) = O for t < O and let v(f) be nondecreasing in [0, ©); if

(28) u(t) < h(f) + of) j ;u(t — T)de ‘ o

for every t = 0, then
(29) u(t) < h(t) + JA t &t — 7, o(t)) h(r)dr
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and

p t ' t
(30) J u(o - T)do < j Wit — <, o{t)) h(z) de
0 [
Jor every t = 0.
Proof. Choose T* > 0; then, for any ¢ € [0, T*], we have by (28)
u(t) < h(t) + x J" u(t — T)dr
0

with » = v(T*). Thus, there exists a nonnegative function v(f) such that
(31) u(i) = () — (i) + » '[ u(t — T)de .
However, using Theorem 1 and the notation f = h — v, we obtain
o ti-1 31
G2) ) = 10) + 3 #'Pur j" J j 1(0) do =
= 0Jo 0
t
__f(t) + Z ”‘Ptr (‘( )1)‘ flo)do = f(¥) + j &t — 0,%) f(s) do .
- ]

‘Thus, puttving t= T+,

(33 - u(T*) = f(T*) + jr.¢r(T* — 0, (T*)) f(c) do .

0

Finally, because ®(&, ) 0 for &, n = 0, (29) follows from (33) immediately.
Furthermore, (32) yields for t € [0, T*],

ﬂ u(t — T)de = j ;(ng) (0) do +i21xiP“ o f (t —i!a)‘ f(6)do =

=J"°qr,(t-a,x)f(a)da.o

The rest of the proof is obvious.

Let W(t,7) be a smooth matrix function for 0 < t < t; for ¢ 2 0 put IWl« =

= sup [W(t 7)|. Clearly, |W], is a nonnegative nondecreasing function.
0sStsStSo

Theorem 7. Let W,(t, t), Wy(t, ©) be smooth matrix functions, fe 9’ be regular
with | f(£)|| bounded on every finite interval, T > 0. Then the solutions x, (in the
sense indicated above) of the equations x; + [W{(Prx))] = f, i = 1,2 satisfy the
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inequality
9 i) ~ %) 5

<, - w, (1 + f ;¢T(t — o |wl dr) . J ;Y’T(t o W} 1F@)] ae
fort = 0.

Proof. Since x, and x, are regular, we have from the equations defining them,

x1(f) = xat) = — f ;Wl(xl(r ~ T) = x)(c — T)) dr — ,[;(W‘ — W) xas ~ T)dr,
t=0;

consequently,

(39) [x:(8) = x:(0)]] = Wi J:I|x1(f = T) = x5z - T)” dr +
# 1= W [ e = 1 e

On the other hand, the equation for x, yields

%] < Wl j ;nw — )] de + 1)

thus, by Lemma 4,
G j ;uxz(r - Ty de = j" Wit — | Wl | £()] e

Putting Q(t) = | W, — Wi, [§ ¥+(t — = [W}) [ (z)] dr and using Lemma 4 with
(36) for (35), we obtain

37) () — x| < Q1) + f ;45,(: — o[l o) de

However, since Q(f) is nondecreasing (witness (32) and the following equations),
(37) implies (34); hence the proof.

Finally, let us present a simple criterium for the boundedness of a solution of the
equation x + a(Prx) + [W(Prx)] = f.

Theorem 8. Let a(t) and W(t, t) be smooth matrix functions which are bounded
for 0t < oo and 0 £t £t < o, respectively. Let the operator B be defined
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on 9' by Bx = ax + [Wx], and T > 0.If

(38) lim sup {"a(t)" + f w9l dr} —e<t,

m—oo te[m

then a constant -M > 0 exists such that, for any regular x € 9' with bounded
[x(9)] in [0, ),

(3) sup (1 + BP2)"* x| < M sup [x].
te[0,0) te[0,0)
Proof. For every integer m = 1, let

in= sup {1a0] + [ W)

It can be easily verified that A, = 4,,., for every m 2 1; thus, by (38), 4, — ¢ as
m — .

Next, prove that A, < co. In view of 4,, 2 4,1, there exists an integer N > 0
such that

(40) c+1ziy= sup {”a(t)" + J” 1w(t, ) dr} >e.
te[NT,) NT

Denote a = sup la(®)] < o and g = sup. ” W(t,7)| < . If te [T, NT], then
) Ts
la@®| + % HW(t )fdr Lo+ (N - 1) Tﬂ If t > NT, then

t NT t

Ja()] + j [w(t, 9] de = f [W] de + Ja] + j [Wlde (N = 1)TB +c + 1
T T NT

due to (40); hence, 4, < co.

Next, let x € 2" and let ||x(t)| be bounded in [0, c0); by Theorem 1, (I +
+ BPp)™'x = x + Y (—1)"(BPr)" x. We are going to show that, for every ¢t > 0,
m=1 i

(41) |(BPr)" x| = ;I:-[x A.d

with d = sup [[x(t)" Actually, (BP;)" x vanishes on (—co, mT); assuming the
te[0,00)

validity of (41) for some m, we have with (BP7)" x = #,and t 2 0: [(BPr)""! x| =
= |BPzu| < |a(9)] - "“(t - T)| + f(m+1)T 1w, ) - Ju(t = T)] de = (Ja()] +

+ Jtmenyr |[W( 7)] d2). H/l, d < HA, d. Since (41) is clearly true for m = 1,

the estimate is proved.
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Hence, for any t = 0,
(I +BP) 'x| =1+ ﬁa,.) d,
=1 i=1

and since the series converges due to the assumption ¢ < 1, (39) is proved.

Example 4. Referring to Example 1, consider the vector differential equation
x' — Ax = B(t) x(t — T) with initial condition x(f) = ¢(t) for — T < t < 0. Assume
that A4 is a constant matrix whose eigenvalues have negative real parts, and that b =

= sup ||B(t)] < . We are going to show that, for b sufficiently small, the solution x
te[0,0)

is bounded in norm on [0, o).

Actually, it can be readily verified that, for ¢ = 0, the considered equation is
equivalent to

(42) x(1) = J ;X(t _ 2 B x(z — T) dr + X(i) 9(0) +
+ X(1) J X(=7) B(z) olz — T) d,

where now x(t) is considered to be zero for ¢ < 0, and X(¢) is the solution of X'(f) =
= AX(f), X(0) = I. As known, | X(f)| < Ce™* for t 2 0, 2 > 0. However, (42) is
exactly the type of equation admitting the application of Theorem 8. Here we have

|x(c - 7) B)] < Che™ =

so that

A t t—mT
= sib | |X(t— 1) BE)|drs sup j Che™* do =

te[mT,) J,,1 te[mT,0) Jo

© Ch
= | Cbe*do =—;
f e a 2

0

hence, for b sufficiently small, we have the boundedness.
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