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Casopis pro p&stovini matematiky, roé. 85 (1960), Praha

ESTIMATES OF THE DISTANCE OF TWO SOLUTIONS
BASED ON THE THEORY OF GENERALIZED DIFFERENTIAL
EQUATIONS

ZpENER VOREL, Praha
(Received May 16, 1959)

Estimates of the distance of two solutions based on the theory of ge-
neralized differential equations are presented. The new methods are
compared with the classical ones.

Introduction. The presented paper is closely connected to that of J. Kurz-
WEIL [1], where the foundations of the theory of generalized differential equa-
tions have been established and, especially, the theorem on the continuous.
dependence of solutions on a parameter has been proved for a rather general
class of equations.

Let 2(t) be a vector solution of the classical equation

o) =19,

f(z, t) being continuous. Then z(t) fulfils the integral equation
t
(0,2) #(0) — a(0) = [ f(z(x), 7).

. .
Let us denote [f(x, ) dz = F(=z, t). In the theory of generalized differential
0

equations theorems are proved under assumptions concerning the function F(z, f)

-

oF
and not f(z, t) = L continuous partial derivative %? need not exist.

Several results contained in the present paper, relating to generalized
differential equations, shall now be stated in a simplified form, for classical
equations only.

Let the class ¢(K, «, ) of vector functions f(z, t) be defined as follows:

f(x, t) € @, if the following conditions are fulfilled for (, ¢) ¢ ¢, where G' isan
open set of H, .y,
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ty
a) Iff(x, t) di| < Klt, — ¢y,

b) |;'[f<xz, ) — flay, )] 8] < |oy — 2] Klty — 12,

K,oc,ﬂbemgpositivenumbers,O<zx§1,0<ﬁ_£_1,oc+/3> L0 =
=t, =T.

Theorem 0,1. Let f(z, t), f(z, t) e p(K, «, B),
ltfﬂf[(x, 1) — f(z, )] ] < wlty — ).

Let x(t) (resp. y(t)) be a solution of the equation

(©1) % = fot
resp.
04 % =),

satisfying the initial conditions x(0) = y(0) = z,. Then for every positive integer m-
the following inequality is true:

RS T R e

where ¢, 15 a positive constant independent of m.

In the special case when f(z, ¢) is bounded on G,

f(es 8) — f(21, ¥)| = Ll2, — 21
and _
[flz,t) — f(z, ) = M,
then by passing to the limit for m — co in (0,5), we obtain a well known estimate-

(D) — YT S 5 (7 — 1).

If equation (0,1) has a constant solution (f) = Z,, then evidently
]
(0,6) ff(xm t) dt = 0
4

for t,,t,€<0, T.

It has been proved in [2] that this solution is unique if f(z, t) € ¢(K, x, f). It is
now plausible that the solution of equation (0,1) shall stay near to its initial
value z,, if equation (0,6) is approximately fulfilled. Thus we have

159



~ Theorem 0,2. Let f(x, t) « p(K, o, f). Let for some & > 0
2
| [ f(o, 8) df] < elt, — t)=,
12
whenever t,, t, € <0, T'. Let x(t) be a solution of equation (0,1) satisfying the initial
condition x(0) = x,.

Then there exists a Ty € {0, T (which depends on the class ¢(K, x, B) only) such
that |a(t) — zo| < Bet for 0 =t < T,.

The following theorem may be useful in the case that in the equation

©7) & = i)

u represents a small parameter.

Theorem 0,3. Let z(t) be a solution of equation (0,7) sattsfying the initial condi-
tion 2(0) = x,. Let u > 0 and f e p(K, x, B). Then for 0 <t < T

[w(t) — @ — 1 [ f(@o, ) dtl < et
0
with ¢, depending on p(K, «, B) only.
t
The significance of the theorem is apparent if [ f(x,, o) do = 0.
0

The rest of this paper is devoted to a comparison of classical methods with
those relating to the theory of generalized differential equations, the efficiency
of the new method being examined on equations of a special type

08) S — bt D /() + 9l 1),
09 Y gw.0).

The scalar function p(t, 1) is defined and continuous for ¢ ¢ (0, 7>, 1 ¢ (0, 1)
and has the following properties:

1y .
| [p(o, A)do] <4 for 0<A<1,
t

. . . ¢
whenever £, t, e <0, T'>. (Evidently, e. g. the function }i-=sin e & > 0,

may be taken for p(t, 1).)

The f(x), g(, t) are continuous vector functions, f(z) has continuous derivati-
ves of the second order and g(z, t) fulfils Lipschitz condition in z with a con-
stant independent of (x, £).
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Theorem 0,4. Let x(t, A), y(t) be solutions of equations (0,8), (0,9) respectively
with the initial condition %(0) = y(0) = x,. Then there exists a positive constant k,
such that

2(T, ) — y(T)] < Iy

The following theorem relates to a more general class of equations and, accor-
dingly, the estimate proves to be coarser than in the previous case. In the
equations

0.10) & =0 D) + 9@ ),
011) Y w0

q denotes a square matrix continuou.s!in t,
tg
lgt, D= A=, 0 <a <1, |fq@t Ndt| <A4.
2t

The functions f(x), g(z, t) are continuous in all arguments and fulfil. a Lip-
schitz condition with respect to x with a constant independent of (z, t).

Theorem 0,5. Let x(t, 1), y(t) be solutions of (0,10), (0,11) respectively, satis-
fying the initial condition %(0, ) = y(0) = x,. Then there exists a constant k,
(tndependent of 1) such that (T, 1) — y(T)| < kyAl—=. :

The following proposition, unlike theorems 0,4 and 0,5, has been proved on
the basis of the theory of generalized differential equations.

Theorem 0,6. Let z(t, 1), y(t) be solutions of equations

de -

(0,12) =Pt ) g,
d

(0,13) gy,; =9, )

respectively, satisfying the initial condition x(0, 2) = y(0) = x,; here (x,t, A)
48 a vector function satisfying the following conditions: ’

| [B@, £, ) | < Amin ((ta — 2, 3), -

4
o — - . .
| [ [p(xs, ¢, A) — P(xy, £, A)] db] = L min (¢, — #,)%, 4)
t
for 0 < il <t, =T, 4, L, B constant, 3 < B < 1; and g 1s a continuous function

of all arguments and satisfies a Lipschitz condition with a constant independent
of (z, t). o

1
Then there exists a constant ky such that |x(T, 2) — y(T)| = kaf—?.
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If we put g = in theorem 0,6, we obtain readily that theorem 0,6

1
1+ o -
gives, under more general assumptions, the same estimate as theorem 0,5..

An example is included proving that the estimate in theorems 0,5 and 0,6

cannot be improved essentially.

Finally, another example proves that theorem 0,6 gives a better estimate
than methods based on theorem 0,5.

1. The theory of generalized differential equations is based on the concept:
of generalized integral which has been introduced in [1], [3]. The definition,
existence theorem with an approximate formula for evaluating this mtegral
will now be reviewed.

Let U(r, t) = (Uy(7, 1), ..., Un(7,t)) be a vector function defined for re {74, 7*),
te{t — 0,7 + o) 0 {7y, T*), where ¢ > 0. The set of all such points (7, ¢)
will be denoted by S,. ‘

Definition 1,1. Let 0 < d =<0 and let A= {xg, Ty, &1, ..., T, &5y De @
subdivision of the segment (Ty, T (1. 6. Ty = g < oy < ... < 0, = 7%, g =
SHSS o Se ST S such that T, — oy <6, oy — T; < 0,
j=1,...,8 -

Let us put B(U, A) = z [U(%j, ;) — U(tj, 2j-1)]. If to every € > 0 there exists
a & > 0 such that {|B(U, Al) — B(U, 4,)|| < &) whenever the subdivisions

Ay = {0, Ty Ogs weey Tey &5}, Ay = {&g, T, .oy Thy &1}
of the segment {zy, T*) fulfil the condition
=0 <0, oy —1; <8, j=1,2..,s
<0, 4—7h<s, j=12..,7,

1) By the norm |[U]| of the vector U = (U,, ..., Uy,) (or n X n matrix V = {V}), we
mean a non-negative number fulfilling the followmg CODdlthIlS

i) U] = 0if and only if U; = 0,4 =1, . o Vi =0,4,k=1,.
LI T =Wt Wy (=T, 4T, then I ESAEETAN (HVH < ] +
iii)sIf’oc is a real number, then [laUl| = |a| . U} (oV]] = |«| . |V])),
V) (Uys oeor UMl = I(1TUsLs -+ [UDI UVl = KV }D-
Thus any of the following norms are readily seen to fulfil these conditions:

il »

Ul = max [U), V)= max %[V
Jj=1,.,n i=Loon jml

Ul =S 10},  Wl=% max Vs,
J=1 i=1jal,..,n

wh = (£02), wh = (gre)



then obviously there exists a vector B which is the limit of B(U, A) as the norm of
subdivision A tends to zero. B is called the generalized integral of Ul(z, t) and

%

denoted by f DU.

Let the real non-negatwe function 1,0(77) be defmed continuous and non-

decreasing on <0, ¢}, z 2"y ( ) < .

n=1

Theorem 1,1. Let the vector function U (7, t) fulfil the inequality
U +n.t +m) = Ulr +2,8) = Uln, b + 1) + Ul 0] < wlo)

whenever

n¢<0,0p, (z -l-%t-l-n) (z 4700, (z.t + ), (r,0) €8,
Then the generalized integral f DU(z, t) exists and

Tx

(1=1) HfDU - U(Tl: 72) + U(Tls Tl) =

71

ki _; Y(r, — 1)

for

HEN<TL 740, 1, ST W(’?)=2'ﬁ"/)('§;)

The function ¥(n) is continuous, non-negative and non-decreasing for n e <0, o,
Y(0) = 0. _ S C A

Let w;(n), wa(n) be real valued, continuous and non-decreasing functions,
defined for 7 € €0, 0, w(0) = w,(0) = 0, w,(n) = ¢, ¢ > 0,¢ = 1, 2, and satis-
fying the following condition: _
Z 2ty (-g—;) < ©
i=1l
where (1) = 204(n) w,(n).

By F(G, w,, w,, 0) we denote a set of functions F(z, t) which have the
following properties: .

a) F(x,t)is defined and contmuous for (z, t) € G, G being an open set ink,,,,
F(x,t) e E,. ‘

b) B (@, 1) — P, )| < o(lts — t]) for (5, 1), (2, £2) € G, [ty — 8] < o

¢) ||[F(@y, ts) — F(@s, ty) — F(@1, 25) + Fl2y, )| = ||2s —‘x1” wy([t, - t,]) for
(%, 85) € G (4, j=1,2), . ‘

2 — 2| < 20,(0), [ta—t| < o0.

Definition 1,2. Let F(z, t) e F(G, »,, ws, 0). The function z(t) = (2,(7), ...,
%,(7)), T1 = T = Ty, 18 called a solution of the generalized differential equation.
dx

(1,2) 3 = DF(z,1)
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if (x(7), 'r) e G for te{zy, 1> and if x(ry) — x(7;) = fDF(x t) for 1, 7,¢

€ <1:1: 72>
The following note illustrates the relation of the generalized equations to the
classical ones. :

Note 1,1. If in the equation (1,2) the function F(z,t) -ffx 7)dre

e F(G, oy, w,; 0), f(x,t) continuous, and z(7) is a solution of (1, 2) defmed on
{7y, Tsp, then x(7) is also a solution of the classical equation

L v

and vice versa.
In [1], [3] the following existence theorem has been proved:

Theorem 1,2. Let F(z, t) e F(G, w,, w,, 0), K a compact subset of G. Then there
exists a positive number o* such that for every point (zy, t,) € K there exists a solu-
tion x(7) of the gemeralized differential equation (1,2) which is defined on the
segment (t, — o*, Ty + 0*>, 2(7°) = x, and satisfies the inequality

(1,3) ’ [le(zs) — a(7)l| = 204172 — 7a)

for Ty, T, €Ty — 0*, Ty + *D.

_Hence it is apparent why only solutions of generalized equations satisfying
the relation (1,3) will be taken into account.
- Note 1,2. Let G, be an open set, G, compact, K c G;, G, c G. Let o be the
distance of the set K from the complement of the set @,. It may be proved
[1], [3] that for the o*in theorem 1,2 we may choose any positive number 5* with

the following properties: 0 =< o* =< —;—, o* + w,(c%) < 0 and 5 () < wy(n)

for 0 < < 20*. .

. Let F(x,t) e F(Q, w,, wg, 0), F(z, t) e F(Q, ®,, w,, 0). Let 2() be a solution
of (1,2) defined on <0, 7> and sa.tlsfymg the initial condition 2(0) = =,. Let y()
be a solution of the equation :
dy
dz
with the initial condition y(0) = y,.

We shall assume that ‘

(%), 1), (Y(z),t)eG for v,te<0, Ty,

”x(""z) - x("l)” = 204([ts — 7)), “y("z) - y(_"l)”. = 2—651(]'&2 — 74])

(1,4) = DF(y, t)

for
7, 720, T), |1,— 1| <.
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Let us denote () = 2[w(n) @a(n) + (n) @a(n)],

o]

j=1

F(z,t) — F(z, t) = Az, t) for (2,t)eG.
Suppose that '
(1,5) “A(x, t,) — Az, t1)” = oy(lts — tl)

for (z,8,)e @G (1 =1,2), |t, —t;| = o.

This inequality characterizes the proximity of equations (1,2) and (1,4). (As
4@, t) — A, b < [P, ts) — F@, )] + 1F@, &) — Flz, )], the ine-
quality (1,5) is always fulfilled for ws(n) = w,(n) + @4(7).

However, the most important case is that this function may be chosen
,,Substantially smaller than (1) + ®,(3)).

Theorem 1,3. Let m be a positive integer such that% < 0. Then

7\ "
(1,8)  |l=(T) — y(T)| = [_75% y,(%) o, (%)] [1 + w, (E)J —1 .

tl— vl [1 + 0 (5]

Proof. From the definition of solutions of generalized dlfferentlal equations
we have, for t,, ¢, € <0, 7",

ta _
(k) — y(ts) — 2(t) + y(t) = [D{F(a(z), {) — Fly(2), 1)} .
5 :
From the assumptions of the theorem it follows that

[{F (2(ts), ts) — F(y(tz) ta)} — {F(2(ts), t1) — F(y(tz) t)} —
— {F(z(ty), ta) — Fly(ty), )} + {F(x(t), t,) — F(y(ty), t1)}“ =
= [lw(ts) — 2(ty)]] wa(lt, — 81]) + lly(t2) — y( tl)” oy(lty — 1)) =
= 2oyt — b)) wallfs — &) + oy(lts — t1]) @a(|ts — 8])} = B(Jt, — t]) -

If we apply theorem 1,1 to the function F(x(7), t) — F(y(r), t), we obtain

Hx(tz) — y(s) — 2(ty) +_y(t1)” =
= Itz - tll P(lt, — tl) + HF(x(tl) ty) — F(y(t1), ta) — F(a(t,), t,) +
+ F 1)” = [ts — b P(It; — t]) + [|[F(2(t), t5) — F(y(t,), ) +
+A( (t1), ta) — F(=z(ty), 8,) + F(y(ty), tl) — A(y(ty), t,) W=
= [ty — 0 ¥(jt, — til) + |le(t) — y(ty)]| wa(lts — £) + Wy([ty — &) -
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Hence

(1,7) ”x(tz) — Y(t)|| = b, — ¢l Y(lty = t]) + wg(lts — 4]) +
+ |ty — y(E)I (1 + ?_Uz(ltz — 1,))]

for |t2--tj£o‘ by, t2 € <0, T>. ‘ A
The next part of the proof consists in dividing the segment <0, T") into
subintervals of length —, and in applying the relation (1,7) to each of these

subintervals. By such means the increment of the function z(v) — y(7) rela-
ting to each of these subintervals may be estimated. It is true that

()< ) ) - s 0]

Finally we shall prove thatfor 1 <k = m

s <lere)- R

(1,8)

(1,9)

@y

+ [2(0) — %(O)] [1 T (%)]k

Indeed, for & = 1 the relation (1,9) holds by (1,8). Assume it holds for % — 1.
Then from (1,7) we obtain

5] =sea <2 ) en )+ [ B+ )
.F+w4ﬁ]-_1#WM-%MMP+w4%r?:P+w4%H=

T

WML I

T k
+10) — o [ 1+ (2)]
whence (1,9) follows immediately.
Theorem 1,4. Let wy(n) = Ln, L > 0, ws(n) = Mn, M = 0. Then

(1,10) () — 9Dl < & Xor—1+ llee — yol| €27 .
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The proof follows readily by substituting into (1,6) and passing to the
limit for m — oo, since ¥ (”%) — 0 for m — oo. "

Note 1,3. In the classical theory of differential equations the formula (1,10)

~ is proved for the case that — oF

RN Rt continuous. In this case the equations

(1,2) and (1,4) are equivalent to the classical equations %[Z: = f(z, 1), ?1% =y, t)

. oF

respectively, where f == f= = . |
As in this case wy(n) = Lz and ws(n) = M7, we have If(2s, £) — fly, B)]| =<

< Lz, — || for (24, t), (2, t) € G and ||f(z, t) — f(, t)|| = M for (z,¢) e G.

Note 1,4. If wy(n) = Ly, L a positive consta,nb we obtain from theorem 1,4
the unigueness of solutions z(7): :

Indeed, if z(7), ¥(t) are two solutions of equation (1,2), x(O) = y(0), both
defined on <0, T, |[@(ts) — 2(t,)]| = 2w4(|t; — til), [[y(ts) — y(E)|| = 2004(|t —
— t]), t,8€0,T>, |ty —t,| < o, then from theorem 1,4, where we put
F(z, t) = F(=, t) we obtain ||»(T) — y(T)|| = 0, since in this case M = 0. Evi-
dently, it is not a substantial limitation to take the fundamental interval to be
0, Ty, and the uniqueness theorem may be proved for any point of the inter-
val where the solution is defined.

The following theorem may be useful in the case that equation (1,2) has
a solution which slightly differs from a constant.

If 2(7) = x, = const is a solution of (1,2) for 7 € {0, Ty, then
(1,11) [ DP(zy,t) = 0

for ¢, 8, <0, T, and 2z, is unique by [2]. Hence it is plausible that if the
equation (1,11) is fulfilled approximately, the solution z(z) will remain near to
its initial value z,.

Theorem 1,5. Let 0 <t, <ty < T < o, and let the following conditions be ful-
filled: ‘

a) F(z,t) e F(G, w,, w,, 0).

b) 20,(T) wy(t, — t;) = '15601('52 — ).

¢) There exists a non-negative integer N such that

1B (@ ) — F(2o )] o 3 @ulta — )

d) ((a—t) P(t—t) = 601( — 1), Yj = z (2,) » w(n) = 2w1(n) ws(n).

1

3|N>
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" If (%) is a solution of equation (1,2) which satisfies the conditions x(0) = ;,
lla(ts) — ()| = 2w1(t2 —1t), O S t,<t; =T, (#(v),t)eG@ for 7,10, T),

then []x(T —_ xojl = on wl(Tl) for o=T,=T.

Proof Let 0 <t <t, < 7. Suppose that for some non-negative mteger
k<N

W) el — )] S 2wt — ). o
Then ' .

(t2 —_ tl) 3 lI’(t2 tl) = l]F(x(tl), 1) — F(x(ty), ty) - F(z,, t5) +
- P, )] + [F (@ t) — Fla, D+ =) =) S
- Hx(tl) — g wglty — 1) + llF(xo, t) — F(z, tl)ll +
2,, (fy — 1) Pty — tl) |
s ) — o] = 5 205(T),.-
(1,13) la(ts) — 2(t)} £ g3 20:(T) wlty — &) + [Flaiy ) — Flaw, )] +

1.
+ g'(tz - tl) Y](tz - 1) .
From (1,13) and conditions a.) b), c) of o{n" theorem we obtain

(1:14) B ”x(tz) - x(tl)“ = 5; § c01(t2 t1) + 21: 3 wl(tz - tl) +

1.1 1
+ ok 3 w1(t2 tl) 2k+1 2(!.)1(t2 )

Smce (1 12) holds for k — 0, (1,14) holds for a.ny Ic < N and the ‘bheorem is
thus proved.

Note 1,5. It will be shown that the uniciueness theorem in [2]is a consequence
of theorem 1,5. Indeed, if z(7) = 2, is a solution of equation (1,2) for v € <0; T,

then f DF(z,, t) = F(x,, t5) -—-EF(x(,, t;) = 0, and condition c) of theorem 1,5 is

thus fulﬁlled for any N. Conditions b), d) are evidently satisfied whenever 7' is
sufficiently small. If () is a solution of equation (1,2) for 7 € <0, T, ||ly(ts) —
— y(ty)]] = 20,(t, — #;) for 0 < ¢ < t, < T, y(0) = z,, then |[y(T,) — x| = 0
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for 0 =T, < T from theorem 1,5. Consequently, in this sense, a constant solu-
tion of equation (1,2) is uniquely defined by its initial condition.

Theorem 1,6. Let F(x,t) e F(G, 0, w,, 0), u > 0. Let 2(7) be a solution of

g_x = Du F(z, t), defined on <0, T>, T < o, and satisfying the following condi-

tions: £(0) = x,, |[2(ty) — #(t)|] = 2u w4(ty — &) for 0 <t < 8, < T, (2(7), t) e
for =, te(O T>.

Then ”x 1) — To— plF(z,, Ty) — F(x,, 0)]” = p?T, YT, for 0T, =T,
where ¥(n) = z En_ ¥ (g) p(n) = 2w1(n) @)

1
Proof. Let 0 < ¢, < ¢, = T. Then

,u”F(x(tQ, ta) — F(x(ty), t,) — F(x(tﬂ: ta) + F(x(ty), £)]| =
= ue 20 04ty — b)) 0ty — 1) = pp(ty — 1) .
Hence the theorem follows immediately from theorem 1,1.

Note 1,6. For classical equations an analogical result may be obtained by
means of the method of successive approximations.

2. Let us consider the vector equations

@1 & — 2, 2) @) + 90z, 1),
22) Y o).

The scalar function p(t 2) is defined and contmuous for0t<T, 0<
< A< 1, and-

]f’p(a, ANdo| =2 for 0< A<, £,8,e<0,T>.
i

The vector function f(x) € E, has continuous partial derivatives of the second
order in H, H being an open subset of E,,.

The function g(z, t) € B, is defined and continuous for (z, t) € H %<0, T and
satisfies the following conditons:
“g z, t ” é Ag ) Hg L3, t) - g(xl’ t)” é LV”xz - 1171“
for z, z,, z, e H, t <0, T>." ’
Theorem 2,1. Let y(¢) be a solution of (2,2) which satisfies the following condi-
tions: y(t) e Hy for 0 < ¢ = T, y(0) = y,, where H, is an open subset of H whose

closure H, is a compact subset of H. Let there be given a function x,(1) defined for
0 < A< 1, 2y(4) e B, with im (1) = ¥,.
A—0
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Then there exist positive numbers Ao, k1, ky such that the following proposition is
drue: ' : '

a) There exists a solution w(t, ) of equation (2,1) satisfying the condition
2(0, 1) = xo(A), 2(t, ) e H for 0 St =T, 0 < 4 < Ay, A€ (0, 1).

) [lalt, 2) — gl < o + Kool —ydl for 0SS T, 0< A< Ao

Proof. The method of proof consists in a transformation of coordinates
‘which. transforms the vector f(x) = (fy(y, ..., %), ..., fa(2y, ..., 2,)) .into & con-
stant vector. To preserve the one-to-one correspondence of the mapping, the
transformation is carried out in an (» 4 1} — dimensional space. Accordingly,
‘we shall consider differential equations

(23) s Xy X)), i=1,.m,
& » -
an+1__1
Loy _

for (X;,....,X,)eH. ’

By our assumptions on the function f(x) there exists a positive number
4 =<1 such that in every point (&, ..., £,) e H, there exists precisely
.one solution X, (&, ..., &, 28), ¢ =1,...,m, of the system of n equations
{2,3) satisfying the following condition: X,(&,, ..., &, t) e Hfor — 4 ¢ £ A4,
Xi(Eyy oees £, 0) = &5, 4 = 1, ..., n. As the solution of the last equation of the
system (2,3) we choose X, (&, ..., &,, 1) = t. '

Let (&, ..., &) e Hy, £,1 e {— 4, A). Let a mapping T* of H, X {— 4, 4>
into H X {— 4, 4> be defined by the relations

(2!4) T, = X:’(El’ vees Ens "Sn+1) » (’l: =1,...,n+ 1) .

Since the solutions of equations (2,3) are uniquely defined by their initial
-conditions, to every point of the set H; X {— 4, 4> there corresponds one and
-only one point of the set

T*(H, X {(—4; 4)) c H x {(— 4, A

and vice versa. Let the inverse mapping 7*, of the set T*(H, X {— 4, 4)) onto
H, x {— 4, 4) be defined by the relations

{2,5) Ei=Efry, .. @pna), t=1..,n+1.

Then evidently

D(Xla e Xn+1) . D(El, ooy Eﬂ+l) _ 1
D(ED sees 51:4'1) D(Xl, ceey Xﬂ+1) -

for (Xy, ..y Xppy) e T*(H, X (— 4, D)), (Bp ooy Enp) e Hy X {— 4, 4.
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" Since the mapping T* relates to n - 1 coordinates, it is convenient to conS1-
der in place of the equatlons (2,1), (2, 2), the equations

dz; . .
’(236) .da;i = p(t, l) fi(xh ey xn) + gz(xls ";: L, t) H 7’ = la'---: n, - ’
d-x'n,+1 _
dt - p(t’ A)

with the initial conditions 2(0, 1) = @s(A), 4 = 1, ..., 7, Zsy (0, 4) = 0, and

! d i . -
(2,7) —d_yt— = gi(yl’ b ] yn, t) ’ 1= 1: "-" n ’
dyn+1 . | V .
T =20 .

with the initial conditions %,(0) = %40, & = 1, ..., M, Ypsq(0) = 0.

Evidently the functions y,(t), i=1,..,mn, Yusa(t) = 0 are solutions of the
system (2,7) and (y,(t), .., ¥a(t)) € K, for O <t < T, where K, is a compact
subset of H,. By means of the mapping (2,5) the solution (y,(?), ..., Ynsa(£)) is
transformed into a vector function-(ni(t), .-., nsa(f)) for 0 < ¢ g T.As §; =
=E(%y iy Tp, 0) =25, 1 =1, ..., M, &y = ._,,,H(xl, ces Xy, 0) =0, We have
Yi(t) = ny(@) for ¢ = 1, . n—{—10<t<T : .

" If we substitute E,- forz;,4=1,...,n + 1, with respect to (2,4), the equa-
tions (2,6) are transformed into : ' '

n+l

aX
55

j=1

(t 2’) fz (‘51’ eeey §n+.1)’ seey XH(EI’ ey £n+1)) +
+ gi(Xl('Sl: seey §n_+1)’ (XY X’n(éh [EXE St'u'f'l)z t) 3 "= .1: ey
én+1 = p(t: 2')
for (&, ..., 6pp) e Hy X {(—4,4), 0 <t < T.

Asfrom (2,3), (2,4) it follows that aBX = §-X— = f(Xy,..., X,)fors =1,...,m,

(2,8)

En-l-l
we can easily verify from (2,8) that

| A ‘
(2:9) E:‘ =75: 7=1,""ns
én+1 = p(t, 2, »

M of the system (2,4) and J, arises from
DE, - Enry) |
J by replacing the jt* column of J by the vector (gl(Xl, o Xy B)y eees Gu( Xy ovn

X, 1),0).

where J is the Jacobian
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Thus we have shown that the solution (z,(t, 1), .+., Tn+(¢, 4)) of the system
(2,6) which satisfies the initial conditions 2;(0, 1) = %;(4), ¢ =1, ..., 1,
2,+,(0, A) = 0, is transformed into the solution (&(t, 1), ..., &n+:(f, ) of the
gystem. (2,9), while the solution (yy(2), ..., ¥a+1(t)) of (2,7) is not changed by the
mapping (2,5).

Let us introduce the following notation:

. L Js 4 : .
(2,10) Vo= @&y vees Eptppt) for j=1,...,7,

&= (& ] Enia) > fp(és &) = (@u(&, 1), ..., @al(€, 1), 0)
for (El’ LEES) En) € El, §n+1 € <"" A, A>, te <0, T>

Since X(fy - b 0) = & for i=1,. o, St o1, v

. = YoenTl .

conclude aX"(El’a'éj fu 0_ = 045 (9;5 = O,for?. +7,0u=1),5j=1..,n+L

Hence . o L . ' 4
(2’11) » . ¢5(EI’ ety E‘n) O t)= 95(51’ ceey §'m t)

for (&, oo, £) e Hy, <0, TS, j =1, .m0

~ Now let us.consider the system (2,9) which,with respect to (2,10), may b
written in the form o S

(2,12) E! = @;(&15 - o5 Ensns 1) 5 j=1..,n,
=08, |
' As the functions @; are continuous and as §n+1 t, 2) = f (7, 1) dz, by (2,11)

we obtain that
t : . : : !
(2:13) lj_rf}) (pi(é:l’ sy Em ofp(-r, }') d‘!’, t) = gi({:l: ooy &ns t);

uniformly for (£, ..., &) e Hy, <0, T, j=1,....n

As the functions X ;in (2,4) have continuous partial derivatives of the second
order and J # 0 for £e¢ H, X ( A4, A), it-follows that there exists a positive
constant I, such that

(2,14 w@"n—¢@uwsumu-m
for &, " e H, X (—4, 8.

The solution y(t) of equa.tlon (2 2) satisfies the condition y(t) e K1 for 0 S
=1 < T. Let us denote by o the distance from K, to the boundary of the set Hj.
Evidently ¢ > 0. By continuity of the functions ¢,(&,, ..., &ns1rt), 7 =1,
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.., n, it follows from (2,13) and (2,14) that the theorem on the continuous de-
‘pendence of solution (&,(t, 1), ..., &,(t, 1)) of the equations

(2,15) éi = (Pi(él’ AR Sﬂ’ fp(TJ A) dT, t) 3. j = 1: ey M,
0

-on the parameter 1 may be used for 4 = 0. Hence there exists a 1, =< 4 such
that the solution u(t, 1) = (us(f, A)y ooy U,(t, 2)) of equations (2,15) which sa-
tisfies the initial condition %(0, 1) = z,(4) is defined on <0, 7> and satisfies
the inequality |ju(t, 1) — y(t)|| = ¢ whenever 0 < 1 < 4,.

Let us denote wu(t, ) = (u,(f, 4), ..., ua(t, 1), [p(z, A) d7) and w(t, 1) =
0

= T*u(t, ) for 0 <t < T, 0 < 2 < 2. From (2,4) it follows that w(t, 1)
€eH X {(—4,4yfor 0 <t =T, 0 < A < A, With respect to the properties of
the mapping 7'* it is obvious that w(f, A) is a solution of (2,6). If we denote
(W (t, 2), ..., wa(t, A)) = 2(t, 1), the first part of the theorem is proved.

In order to prove the proposition b), let us denote by (¢, 1) a vector (0, 0, ...,
0, p(t, 1)) € E,,,. The system (2,12) may be written in the form~
{2,16) £ =t 2) + @(&t)

where ¢ = (¢y, ..., @n, 0).

The solution (¢, 1) of the equations (2,16) will be compared with the solu-
tion Y(t) = (¥1(2), ..., Ya(t), 0) of the equations (2,7), which may be written in
virtue of (2,11) in the vector form

(2,17) Y =001

where ¥ = (¥, ..., Yn, 0).

By substituting - their respective solutlons inte (2, 16) (2 17), subtra,ctmg
(2,17) from (2,16) and using (2,14) we obtain

56, — 5] S (e, # dal + [0, B = FO)] +
[l o) — ple), )] do| S Tt + [0, 2 — FO)] +
LG D —denad
for 0St=<T, 0< i<l - o
Hence it follows that

[u(t, 2) — y(@)]| < st + [[u(0, 2) — g(o)ll exp (L)
for 0t T, 0<l</10.
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Since the functions X;(£), ¢ = 1, ..., n + 1 in (2,4) have continuous partial
derivatives of the second order, evidently there exists a positive number L,
such that

1Xi(&") — X&) = Lyf|¢" — &
whenever &', &” e H, X (— A4, A>. Thence and from the fact that u(t, 1),
y(t) e Hy X {— A4, 4> for te <0, T, A« (0, Ay), the proof of the theorem 2,1 can
be completed readily.

Now we will consider the équations

(219 =N @ e,
(2,19) %’ =gz 1)

Here q(t, 1) is an » X n matrix, defined for 0 <t <7, 0 < 1< 1, continu~
ous in ¢, with the following properties:

ot Ml = 2=, 0=a<1, ]]tf"q(t, A) | = 2

for0sSt=T, 0=, =6, =T, 0< A <L f(x) = (fi(), ..., fu()) is defined
for x ¢ H and satisfies '

M@l =< 4y, |[f(@:) — f@)]| = Liflra — 2|
for x;, xy e H, where H is an open set in E,.

The function g(z, t) = (gl(x 1), ..., gn(x, t)) is defined and continuous for
(z,t) e H X 0, T, |jg(=, t)]| < 4,, Hg (T3, 1) — g2y, B)]| = L||2e — |, @, 24, 2, ¢
eH, 0=t 7.

Lemma 2,1. Lef u(t) be a vector function defined on {0, T which satisfies the
following conditions: wu(t)e H for te (0 T, |ulty) — w(ty)] < Aty — t;) for
o= =t ="T.

Then f(u(t)) = fp(t) — fn(t) for te (0 T>, where the components fp;, fni Of
the vectors fo(t), fn(t) are non-decreasing and

7@l = [F (Ol + LAT , [If5@)]] = L,AT .

Proof. Since for every subdivision Uyt 0= h=t=...=<t,=T, we have

lef(u(t ) — flult:-y)| < LAT

each component f; of f being of bounded variation on <0, 7"y. Consequently
fu(t)) = fi(w(0)) + Py(t) — N(t),

where P(t) and N (t) are hbn-nega,tive and non-decreasing on <0, 7", P;(0) =

=N(0)=0,¢t=1...,n.
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Let us denote

o) = (fl(%(O)) + Pl(t): coos [a(w(0)) + Pp(t)),
fnlt) = (Ny(t), ..., No(t)), 0S¢ T,
supZ]]‘ (u(t,) i =V, i=1,...n.
j=1

Since P,(t) =V, N,(t) =V, it fo]lows that

(2,20) If el < [FO)] + [IPy(2), ..., Pa0)]] =
”fN(t)“ é H(Vh e Vn)“ ‘

Furthermore, we have

(2,21) (Ve sV l—lisuval(u(t)—fl(( )

m_;:

sulefn )) — fulwe _1)|I—supll(21f1 (t)) — flut)] s -

jg:l lf'n(u J "' fn(u(tj—1 [)” .

The equation (2,21) may then be proved as follows: To every ¢ > 0 there
exists a subdivision %,,; such that
sup Z \fiCuts)) — fulults)| — Z Ifi(u(t)) — fulults))] < &
m Js:
for 2 =1,...,n. C
Since all the norms introduced in footnote!) are equivalent to the Euclidean.
norm, there exists a constant y (independent of ¢) such that

S‘LPJZ [fu(u(t) — AE0)] s .
sup z [fn(u(t;)) — fa(w(t;—))] — ”(21 [flu(ty) — fulut-))], .-

Ym j=1
,-21 [Falults)) — Falutsa))DI| < 7e.
In virtue of (2,21) and using the properties of f we have

“(Vl: v ” = Sup z ”(l.fl(u(t fl(u(ta 1) [ ety

m_].=

a(ults) — Falutts)))]] = o
= sup Z!lfl(u (£5) — Fulult _1»,. Fulults)) — Falu(t;—a)))|] <

m;=

< sup 2 L, A(t; — t;_y) = L,AT .

Ym j=1
Hence the lemma follows from (2,20).
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Theorem 2,2. Let x(t, 2) be a solution of (2,18) for 0 < 4 < 1 defined on <0, T
and satisfying the initial condition (0, 1) = xo(4). Let y(t) be a solution of (2,19)
defined on <0, T>, 2(0) = ¥,

Then there exist non-negative constants ky, ks (independent of 1) such that °

(T, 2) — YD) = Fht= + killwo(A) — g -
Proof. Let 0 < 4 < 1. Consider the function z(¢, 1) = (¢, 1) — y(¢). Substi-

tuting the solutions z(t, 1), ¥(t) into the equations (2,18), (2,19) respectlvely,
and subtracting (2,19) from (2,18) we obtain

dzg; A _ q(t, A) f(z(t, A)) + g(x(@, 4), t) — g(y(t), t) ,

whence
@,22) lett, ) — 2(0, D < [[falo, ) (o, 2) dof] +
+ [ wteto, 3, 0) — g(y(e), o)) do]
Obviously |[a(ts, A) — a(ty, Al| = (A% + A,)(ty — &) for 0 < t, <ty < T.

In virtue of lemma 2,1 there exist functions fp(t), fy(t) (depending on 2) such

that f(x(t, 1)) = fp(t) — fn(t), whose components fp,(t fN,(t), 1=1,...,7n, are
non-decreasing on <0, T,

Ife®)l = If(zo(A)]| + Ly(As2—= + 4,) T,
Ifn®)]| = L(Asa= + An) T.

The components of the vector f q(o, ) f(z(a, 1)) do are f zq,,(a ) f:(x(a, 1)) do,
fi(x(o, A)) = fpi(0) — fnil0) and consequently, the second mean-value
theorem may be used. Hence || f q(o, 2) f(z(o, 4)) do| = || _f q(o, 2) fp(0) dof| +
+ ”f‘I(U 2) fn(0) dof| = keat~=.

From (2,22) we obtain

lett, 2)] = (0, M| + o= + L, [ [e(0, 2)]| do
and ' ' '
ll2(t, D)} < (200, A)| + keA'~=) exp (Lyt)

for 0 <t < T, 0 < A2 < 1. This completes the proof of theorem 2,2.

Note 2,1. The following more general proposition may be proved analo-
gously Theorem 2,2 remains true if in (2,18) the member g(t, 1) f(x) is replaced by

Zq,(t A) fO(z), where g; are n X m matrices satisfying the conditions:

i=1

max [lg,(¢, )| = 4™, max I f g:(t, 2 df| < 2,
1i<s
WWMé&,me—wmmgLM~MIMi=Lnﬁ,
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Example 2,1. Some problems of particle motion in accelerators lead to the
equation

"‘IS‘

(2,23) Xo(2) + z {B® cos (0 t+ C)} AD(z)

i=1
Xo(z), AD(@) e B, for xe B, , |X(25) — Xo(z,)|| = Lyjjzs — 24| ,
[49(zy) — AD(@)]| = Lyllwy — @], @y, 22 € B

B, 09, v are real numbers, i=1,...,s, j, k=1,..,n, muz ¥ is large
i js
in some sense.

Equation (2,23) is often solved by means of the approximate method of
Kryloff-Bogolyuboff which consists in replacing the r. h. s. of equation (2,23)
by the expressmn

L f [X,(@ +2{B“,; cos (0@t + CR)} AD ()] df = Xo(x) .
T—->oo i=1

Note 2,1 makes it possible to estimate the error of this approximate
solution. Indeed, let us put

Xie) =gl t), (@) = 40(),
9:(t, 2) = {B% cos (0Pt +CE)}, i=1,...,s
Evidently :
Hf 2.6, ) &t < ey(min o, gufo, D = ea
1= 1; cers 8, 8, 8y, By € (— 00, 00), Where ¢y, C, are constants mdependent of w"’

If we put (min off)~1 = 1, note 2,1 may be used for « = 0 and we conclude

that the order of error of this approximate solution is 4, i. e. (min w$)=".

l ] k
In the final part of this paragraph we will consider the equations
(2,24) & — D(P(,t, 1) + 6, 0} ,
dy '

Here P(x, ¢, 1) e B, is defined on H X <0 T X <0, 1>, where H is an open
subset of E,. For z, 2,2, H, 0 <, <, < T, 0 < A < 1 we assume

|1P(, ty, 2) — Pz, t, A)]] = 45 min [(t, — £,)8, ],
1P (s, ty, 2) — P(“’z: by A) — P(zy, £y, 4) + P(2y, by, /’L)” =
= |lwy — a4 Lymin [(8, — 8,)%, 4], 3<B =1,
A, Ly positive. Cen
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G(z, t) € B, is defined on H X <0, T'> and satisfies the inequalities

|Gz, ;) — Gz, t,)]| < Ay, —t,), A, = const,
|Gz, ty) — Q%2 11) — Gy, ta) + G(ay, 1)]] =
< e — || La(t, — ¢,), L, = const,

whenever 2, z,, Z, e H, 0 = t, <la = T.

Theorem 2,3. Let k., k; be positipe constants. Let x(t, 1), 0 < A <1, be a s0-
lution of the equation (2,24) defined on {0, T"> which satisfies the conditions

(2,26)  |[z(ty, 4) — 2(ty, A)|| = k{dsmin [(2, — 4)4, 4] + A4t — 4)}
for 0 <t, <t, T, 2(0, ) = xo(A).

Let y(7) be a solution of (2,25) defined on {0, Ty and satisfying the inequality
(2,27) lly(te) — y(t)|| < ks Aalts — t1) v
for 0=t =4, =T, y(0) = Yo

Then there exist constants ke, k1o (independent of 1) such that

-1
llz(z, ) — y(o)l = k9]~2 + kyoljzo(2) — ol

for 0=7=T,0Zi= 1 ’

Proof. Let us denote 2(7, 1) = (7, A) — y(7) for 0 < A <1, 70, T
Substituting the solutions (7, 1), ¥(7) into the equations (2,24), (2,25) respecti-
vely and subtracting (2,25) from (2,24), we obtain

(2,28) 2(7, 1) — 2(0, ) = [DPa(o, 2), 1, 4) +

+ ojp[a(z(a, ) + y(o), 1) — G(y(o), 1)]

for 0T, 0151

The first integral on the right hand side of equation (2,28) may be estimated
asfollows: H0 <7, <7, =T,0 <1 <1, then

[P (%(7g; A), T2y 4) — P(2(7s, 1), 71, 1) — Pa(7y, 1), 72, 4) +
+ P(x(ty, 4), 73, A)|| = l[%(7es ) — (s, M| Ly min [(7, — 1), 4] =
=< k{43 min [(7y — )4, 4] + Ay(v2 — 7))} Ly min [(7, — 7,)4, 4] =
=yt — 7). '

Evidentfy the function 9(7) is continuous and non-decreasing on <0, 7').
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1
If 0 <% < min [T, %], we have

_ <2y <, (2} 7\ _
H(n) = Z ; "/’(é’;) = 707L321A3 (’é}) + k,L;A, 21 =

=1

1 1
s+ bLody 1 g -

= kL3 A n?F 1 T e T

1
¥ n = T, evidently there exists a positive integer » (depending on 7, 1)
1 1

such that ;L < 7, 5 = 4% and

v—1 ©
91 91 o1 __ 1
Pln) = > > w(g-) +> B w(g-) = 2 Lodo? —— = + kiLed A — 1) +

=1

- B
Ui 1 7 1
+ k7L3A3 2 ¥(25-1) 226-1 _ 1 + k7L3A4 5 28 1 .

[
Hence Z 2%y (g—;) < o0 and in virtue of theorem 1,1

i=1
| [ DRG(o, 1), 1, 1) — Plao(4), 7, 2) + Plao(2), 0, D] < 3 ¥(2)
for 0T, 0151,
Thus it follows that there exists a positive constant ¢, such that
(2,29) IfDP(&(a, 2), t, A)]| < c7*"5
3

for0<-=T,0<1Z1.

To estimate the second integral on the right hand side of (2,28) we shall
proceed as follows: f 0 < 7, S 7, <7, 0 <A <1, then

[G(x(7e, 2), 72) — G(y(Ta); 7o) — G(a(7a, 4), T1) + Gy(72), 72) —

— G(x(Ty, A), 73) + G(y(71); 7o) + G(2(Ty, A), Ty) — G(Y(7y), )| =

= ”x(Tz: A) — x(7y, A)| Ly(ve — 7,) + “3/(72) - y(tl)” Lyt — 1) =
=< {k;[4; min [(7, — 7,)4, M+ Ay(ry — 1,)] + kg Ay(z, — T} Ly(Ty — 1) -
Let us denote '

- Ly n{k;[A; min [7%, 2] + Am] + kA m} = pi(n),
(=] . 2i
Yilg) = zwl(%); for 09 =T, ‘0§a§ 1.

im=1

(Analogically as in the case of ¥(1) we verify that Z ¥, (%}) 2t < 00.)
=1
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Let 7 € €0, 7). In virtue of theorem 1,1 we have for every positive integer =,

T
&ndf0r0=tk<t2<...<tm='r,ti+1=ti~[—;b—2
1

| [ Di6te(e, 1,0 — 6lye) 01| = 5| | Dibatz, 2,0 — Gu(e), 1] <

n,-1
= Z ”G(x(tb A b)) — Gly(E), tiv) — G(x(ti, A), t:) + G(y(ty), ti)” +

fal

+ Ein — ) Pilliva — ) énilllx(ti’ A) — ?/(tz)“ Lyt — ) +

n, -1
+ (o — 8) Pilbin — 8) = Zluz(tia )‘)“ Lyt - ) + ¥ (nf;) .

Since z(t, 1) is continuous in 7 and lim ¥;(n) = 0, it follows that
n—>0

”‘:[rD[G(x(U: }‘): t) - G(?/(a)’ t)]“ g L4[f“z(t’ 2’)“ dt *

Thence and from (2,28), (2,29) we obtain

e, A < (0, ] + e42'5 + L fet, 2]

le(r, )| < [est®5 - |20, D|]] exp (Lq 7) -

The proof of theorem 2,3 is thus complete.

Note 2,2. The assumptions (2,26), (2,27) in theorem 2,3 represent no substan-
tial limitation. Indeed, using theorem 1,2 and note 1,2 we conclude that con-
ditions (2,26), (2,27) are fulfilled for sufficiently large constants k,, kg, if the
number ¢* in theorem 1,2 can be chosen independent of 1. The latter condition
is satisfied if
(2,30) 1 ¥y(n) < oy(n)
for 0 < 7 < 20*, where w, () = 4, min (9, ) + 4n, w,(n) = L; min (n#, A1)+

o 9i+l |’
+ Lyn), ¥aln) = Z 2; wl(n) wg(—;];) , 0=1=1 (cf. note 1,2).

2i
i=l
We shall now prove that there exists a o* > 0 such. that (2,30) is fulfilled for
1
0= 1= 1. It can be readily verified that ¥y(n) < ¢~ for 0 =< n < A4,

21 1
Y(n) = 0522 2 L e for A < < T, where ¢, ¢5, ¢ are constants indepen-
dent of 1. It follows that the relation (2,30) may be written in the form

1
(2,31) et < Agft + A, for 0 <9< 24,
1 1
sk B by <Ayt A, for B<n=T),
0<As.
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Let us choose A€ {0, 1). Evidently there exists an 7, > 0 such that the
relation (2,31) holds for 0 <5 < #,. Denote the upper bound of these 1, by 7,
(n, evidently depends on 1). Let 5, = inf n,. We will prove that 7, > 0.

0<i<1

Indeed, suppose that #; = 0. Then there exist two sequences {7®}, {2},
t=12,..,99=>0, AV > 1, for i > 00, 0 <yp® < T, 0< A® < 1, such
that (2,31) is not true for n = #®, 1 = A®, ¢ =1, 2, ... But this is a contra-
diction, as the first of inequalities (2,31) is always fulfilled for % suffici-
ently small and the second one is evidently satisfied if 1, = 0. (If 4, > O,

1
then #(® < (A)# for 4 sufficiently large and (2,31) reduces to the first in-
equality.)

Note 2,3. In [1] the notion of a regular solution of a generalized differential
equation was introduced, and all fundamental theorems in the theory of
generalized equations were proved for regular solutions only. The assump-
tion of regularity corresponds, in essence, to the assumptions (2,26), (2,27).

1. .
Note 2,4. If we put g = T theorem 2,3, the assumptions of theorem

2,3 are fulfilled whenever the conditions of theorem 2,2 are satisfied. Conse-
quently, theorem 2,3 relating to the theory of generalized differential equa-
tions yields, under more general conditions, substantially the same estlmate
as theorem 2,2.

The following example shows that the estimate in theorem 2,3 cannot be
improved.

Example 2,2. Let us consider the scalar equation

dz t .t
(2,32) F T ZA~% cos “iTe - A—% gin Jita

for 0 < 1 < 1,0 £ x < 1 with the initial condition z(0, 4) = 0.
We obtain

x (t,4) = exp (l sin };M) fﬂ'“ Sin —— exp ( A sin XTZDZ) do =

i

(,1 sin wa)[ ( ) f pi-e sint -2 do+ 0(12-“)]
0
t Ate 2t
= exp (,1 Sin ——- ) [ ( }_1+a) — Jl-e (§ — —sin ;{_1;';) —+

+ ouH)] = — B+ 00

H
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If we write equation (2,32) in the form
dz ¢ .t
TG D(wl €08~y + ﬂsmm),
it can be seen readily that (2,32) is a special case of (2,24) where we have put

1
p= 1+’
The following example shows that theorem 2,3 yields, even in the case of
classical equations, a better estimate than note 2,1.

Example 2,3. Let there be given a scalar equation

(233) = fy(a) 7 cos WY+ fy(a) 27 cos A,
0=y<Lz>10<Ai<l, fi(x), fo(x) are bounded and fulfil a Lipschitz
condition on (— oo, o). Let «(t, 1) be a solution of (2,33) defined for ¢ € <0, T
and satisfying the condition 2(0, 1) = 0 for 0 < 1 < 1. From note 2,1 we have
|2, )] < kA for 0 <t < T, 0 < A < 1. From theorem 2,3 we obtain
|2(t, 2)] < ket
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Vytah

ODHADY VZDALENOSTI DVOU RESENI ZALOZENE
NA TEORII ZOBECNENYCH DIFERENCIALNICH ROVNIC

ZpENER VOREL, Praha

(lanek navazuje na préaci [1], kde byl zaveden pojem zobecnéné diferencisini
rovnice a dokdzdna véta o spojité zavislosti na parametru, a je jejim doplnénim
v tom smyslu, %e obsahuje odhady vzdalenosti FeSeni dvou rovnic, zatim co
v [1] jsou véty limitniho charakteru.

Definujme t¥idu ¢(K, «, f) vektorovych funkei f(z, t) takto: f(z, t) € @, jsou-li
pro (z, t) € G, kde G je oteviend mnoZina v B, ,, splnény tyto podminky:

a) ij'f(x, ol < Kty — 6%

182



lf[f Ty, 1) — f(2y, 1)] dt] = |2y — 2| Kty — £4]4,
K,oc,ﬂ]soukladnaclsla,0<oc§1,0<ﬂ§ Lo +8>1L,0=<t <t, <T.

ty
Véta 0,1. Budif f(z, t), f(z, t) e p(K, &, B), | [ [f(z, ) — [(=, 1)] dt| < oo(|t, —t,]).
t

BudiZ (t) resp. y(t) FeSentm rovnice (0, 1) resp. (0, 4) splivujici pocdteéni podminky
2(0) = y(0) = .

Potom pro kazdé prirozené m plati nerovnost (0, 5), kde ¢, je kladnd konstanta
nezdvisld na m.

Specidlné, je-li f(z, t) omezend na G a plati |f(x,, t) — f(x,, t)] = Lz, — 24|,
If(z, t) — f(=, t)] < M, limitnim p¥echodem pro m — oo v (0,5) dostaneme znadmy
odhad

M
[o(T) — y(T)| < T (&7 — 1) .
Mé-li rovnice (0,1) konstantni Feseni z(t) = x,, potom ziejmé plati (0,6) pro
t1, 8, €0, T>.
V préci [2] bylo dokézéno, Ze toto konstantni feSeni je jediné, jestliZe f e ¢.

Lze nahlédnout, Ze feSeni rovnice (0,1) se p¥ili§ nevzdali od své podatedni hod-
noty ,, je-li rovnice (0,6) p¥iblizné splnéna.

Véta 0,2. BudiZ f(x,1) € <p(K «, B). Necht existuje ¢ > 0 tak, Ze ]ff (0, ) dE| <

= e(t2 — 8,)* proty, t, e <0, T>. Budiz x(t) FeSenim rovnzce (0, 1) splnuywzm poéd-
tetni podminku x(0) = x,.

Potom existuje Ty e (0, T (které zdvisi pouze na tFidé ¢(K, , f)) takové, Ze
[2(t) — 2] = Btz pro 0 =t X T,

Nasledujici véta muze byt uZiteéna v piipadé, Ze v rovnici (0, 7) u predsta-
vuje maly parametr.

Véta 0,3. Budi x(t) feSenim rovmice (0,7) spliujicim poédtecni podminku
2(0) = z,. Budiz u > 0 a f(z,t) e (K, «, B).

Potom platt pro 0 <t < T
|2(f) — @ — ,uff(xo, 7) d7| = pleytets
kde ¢, zdvist pouze na tidé p(K, «, f).

t
Smysl véty vynikne pro [f(x,, o) do = 0.
0

Druhé &4st prace je vénovéna srovnini metod klasickych a metod zaloZe-
nych na teorii zobecnénych rovnic. Udinnost nové metody je provéfovina na
rovnicich specidlniho typu (0,8) a (0,9).
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p(t, A) je skalarni funkce definovand a spojitd prot € <0, T'), 4 € (0, 1) a spliiuje
Iz
podminku [ |p(o, 1) do| < 4 pro 0 < A < 1, jakmile #,, t, € <0, T'). (Za funkci
Y

p(t, A) mizZeme napt. vzit —;— sin ﬁi—“ , x> 0.)
f(), g(x, t) jsou spojité, f(x) m4 spojité derivace druhého Fadu a g(z, t) spliiuje
Lipschitzovu podminku s konstantou nezavislou na (z, t).

Véta 0,4. Necht x(t, 1) (y(t)) je Fedenim rovnice (0, 8) ((0, 9)) s poldteéni pod-
minkou x(0) = y(0) = x,. Potom existuje kladnd konstanta k, tak, Ze |x(T, 1) —
— y(T)] = kil

Dalsi véta se tyks obecn&j§i t¥idy rovnic, zato odha,d vycham vétsi nez
v ptedchozim piipads.

V rovnieich (0,10), (0,11) ¢ znaéi dtvercovou matici spojitou v ¢, |g(¢, )] <
1y
Sie 0<a<l, |[qt 2)d] <A

Funkee f(z), g(, t) jsou spojité a splituji Lipschitzovu podminku vzhledem
k z s konstantou nezdvislou na (z, t).

Véta 0,6. BudiZ x(t, ) (y(t)) ¥edenim (0, 10) ((0, 11)) .spliujicim poldteéns
podminku x(0) = y(0) = x,. Potom existuje konstanta k, (nezdvisld na 1) tak, e
[2(T, A) — y(T)| = kyAt—=.

Nasledujici véta, na rozdil od vét 0,4 a 0,5, byla dokdzéna na zaklad® teorie
zobecnénych diferencialnich rovnic. N

Véta 0,6. Necht x(t, 1) (y(£)) je FeSenim rovnice (0 12) ((0, 13)) spliujicim
pobdteéni podminku x(0, ) = y(0) = x,. .

p(x, t, 2) je vektorovd funkce spliiujici podminky:
prx ¢, 1) dt] < 4 min ((¢, — t,)5, 1),
o
| [ [P(2 £, ) — D2y, ¢, 2)] 2| < L min ((t, — )%, 2)
4

pro 0 =t <t, =T, A, L, konstanini, 3 < B < 1. g je spojitd a spliiuje
Lipschitzovu podminkw s konstantou nezdvislou na (z, t).

-3
Potom existuje konstanta k, tak, #e |x(T, 1) — y(T)| < kslz B,

Polozime-li § = ve vété 0,6, vidime, %e véta 0,6 divé za obecngjsich

1
1l 4«
pfedpokladi stejny odhad jako véta 0,5.

Je uveden piiklad ukazujici, Ze odhad ve vét& 0,5 a 0,6 nelze jiz Fadoveé
zlepsit. Na dalsim piikladu je ukézano, Ze véta 0,6 dava podstatné lepsi odhad
nez metoda zaloZens na vété 0,5.
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Peszome

OOEHEN PACCTOAHUA MEXEAY IBYMA PEIIEHNAMU,
OCHOBAHHBIE HA TEOPUN OBOBIIEHHBIX
OIUOOEPEHIMAJILHBIX VPABHEHUNA

SJIEHEH_ BOPEJI (Zdenék Vorel), IIpara

CraTpa nmpuMsikaer k pabore [1], rme 6510 BBeIEHO MOHATHE O00OGIIEHHOTO
nuddepeHnuaIPHOr0 YpaBHEHAA ¥ OBlJIa JOKasaHa TeOpeMa O HeIpPephIBHOMN
3aBHCYMOCTH OT NapaMerpa, M ABJIAETCA ee JOIOJHEHHEeM B TOM CMBICJe, 4TO
COIEPIKUT OLEHKHM PACCTOAHUA MeKAY peleHMsAMH IBYX ypaBHEHHI, Torma
Kak B [1] HIpuBOAATCA TEOPEMEI IPefleIbHOIO XapaKTepa.

Ounpepmenum wuace @(K, «, f) BeKTOPHMX ¢yuwrmuit f(z,?) cmexymomum o6-
pasom: f(,t) € p, ecnu mas (x,t) € G, rie G — OTKPHITOE MHOMKECTBO B K, 4,
BHIIOJIHSIOTCA CENYIONMe YCIOBUA:

o) | 6 dt] < Klty— ]+

6) |/ t) — (2 )] At < | — 23] Kty — 17,

K, o, f — monmourenbHEle umena, 0 < a1, 0<f =1, x+p8>1 0
Sth=t=T.

Teopema 0,1. ITycmv f(z, t), Kz, t) e p(K, «, B), [ft’f(x, ) — Hz, t)dt <

= o[t — t]).

IIycmo 2(t) u y(t) ssasawmes, coomeememeenro, peueHuamu ypasrenuii (0,1)
u (0,4), ydosaemeoparowumu Havarvrem yeaosusm 2(0) = y(0) = x,.

Toeda Ons aw06020 HaMypPaAAbLHO20 M ‘cnpaeeﬁ./bueo HepaseHcmeo (0,5), ade’
¢, — NOSOHCUMENLHAR NOCTNOAHHAR, He 3A8UCAUASL O M.

B wacrmocrnm, memm f(z, t) orpammuena ma I' m [f(xy, t) — f(xy, §)] =
< Liz, — |, |f(z, t) — f(z, t)] =< M, To mpefeIbHEM IePEXOLOM LA M —>
— 00 B (0,5) MBIl DONY9IEM H3BECTHYIO OIEHKY

(D) — uDI = Z (@ —1).

Ecnu ypasmenme (0,1) ofmagaer mocToAHHEIM pemenumem x(t) = z,, TO,
04eBHAHO, cupaBeqauso (0,6) mua i, t, € {0, TH. _

B pabore [2] Gbio HOKa3aHO, 9TO 3TO MOCTOSHHOE PEMIeHHe ABIISAETCA eNuH-
cTBEeHHBIM, ecan f e @. Herpynmmo Bumers, uro pemenme ypasrenus (0, 1) He
CIUIIKOM YJAJIATCS OT CBOEIO HAYaJIbHOIO BHAUECHUA Z,, eciu ypasreHme (0,6)
IpHEOIMKeHHO BHIOMHACTCA.
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Teopema 0,2. ITycmy f(z, t) € (K, «, ). IIycmv cywecmsyem & > 0 max,
4mo f/(xo, ) dt| = e|t, — 4|2, Oaa ty, t, €0, T)y. Iycmv x(t) — pewenue

paenenuﬂ (0,1), ydosaemsoparowee HaxarvHoMy ycaosuio x(0) = x,.

Toeda cywecmsyem T, e<0, T (3asucawee moavko om kaacca ¢(K, «, f))
maxoe, umo |x(t) — zp| < 3et* 9un 0 = ¢t < T,

Creyromas TeopeMa MoskeT GBITh IOTE3HA B TOM CITydae, KOTla B yPaBHEHHN
(0,7) p ABIAETCA MAJIBIM NAapaMeTPOM.

Teopema 0,3. ITycmv z(t) — pewernue ypasuerus (0,7), ydosasemsopawwjee va-
wanvHoMy ycaosurn z(0) = x,. IIycmv u > 0 u f(z, t) e p(K, «, B).

Toeda ous 0 St T

lo(t) — 20 — i [f, %) de| < ogtets
0

20e ¢, sagucum moavko om kaacca (K, «, B).
t
Cmpic Teopemsl BhIcTymaer Gomee sicHO Aaa [f(%,, 0) do = 0.
’ 0

Bropas dwacTs paGoTH HOCBAMIEAaTCS CPAaBHEHHIO KIIACCHICCKEX METOJOB
7 MeTOJ0B, OCHOBAHHEIX Ha TeOpuH OOOOINEHHHX ypaBHeHEHH. dPHeKTHBHOCTH
HOBOT'O MeTOJa IpOoBepseTcsA Ha YpaBHeHHWAX chenmansHOro tuna (0,8) m (0,9).

p(t, A) — cranApHEas QYEKNHA, ONpeNielleHEad u HenpepuBEas mua ¢ € 0, T,
ta
A€(0,1) u Bumonmsromasi ycaosme |[p(o,A)do] <4 mma 0 <1< 1, Kax
4
TONBKO iy, &, € 0, T'). (B ravectse QyExnumm p(f, 1) MOKHO, HampmMep, B3ATH

Ame ¢
3 g * > 0)

f(®), g(x,t) mempepsBEE, f(xr) o0mamaer HeNpPepPHBHEIMHA LPOW3BOJHEIMMA
BTOPOTO HOPANKA, a ¢g(%, !) yAOBIETBOPAET YCIoBHK Jlmnmwuna ¢ mOCTOAHHOM,
He 3aBHcAMeR ot z(2).

Teopema 0,4. ITycmv z(t, 1) (y(f)) asasemcs pewenuem ypasHernus (0,8)
((0,9)) ¢ ravassrbmn ycaosuem x(0) = y(0) = x,. Tozda cywecmsyem no.soxcu-
meavhas nocmosnnas ky mak, umo |a(T, 1) — y(T)| < kyA.

Cmegylomas Teopema Kacaercsi Gomee o0mero Kiacca ypaBHeHHHM, 3aTo
OIleHKA HoJydaercda GoNbIme, 9eM B IPeNBIAYIIEM Clydae.

B ypasmenuax (0,10), (0,11) ¢ o3EavaeT KBajpaTHYIO MATPHIY, HeIpePHIB-
HYI OTHOCHTEIBHO I,

g, ]| =24=, 0<a<l, Ifq(t,z)dtlgz.

Oyexnum f(x), g(x, t) HEeOpepHBHE X YIOBIETBOPSIOT YCIOBHIO J'Immmua
IO OTHOIIEHHIO K & ¢ IIOCTOSTHHOM, He 3aBHCAIMEH or (z, f).
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Teopema 0,5. ITycmo z(t, A)(Y(t)) a6asemes pewernnen (0,10) ((0,11)), ydosae-
meopsiowum HadasbHomy yerosurw  x(0) = y(0) = x,, Toeda cywecmsyem no-
cmosnnas ky (e sagucswas om ) max, umo |a(T, 2) — y(T)| = kAt~

Cnenyiomas Teopema, B OTimume oT Teopem 0,4 m 0,5, Oplla TOKABAHA Ha
OCHOBAaHWZ Teopuu 0COOMEHHHX nudpdepeHNmaIbHBIX ypaBHEHMI.

Teopema 0,6. [Tycmy x(t, 1)(y(t)) ssasemes pewernuen ypasrerua (0,12) ((0,18))
ydosaemgoparowum HavaasHomy ycaosuto x(0, 1) = y(0) = x,.

P(x, t, A) ecmv eekmopnan Pynkyus, ydosremeopaIOUAs YACOEUAM:

|7, ¢, 2) de] < A min ((t, — £), 2),

[?[5(9&2, t, ) — p(ay, £, )] dt| < L min ((§, — )%, 4)

s 0= t, < 4, =T, A, L, B — nocmosrnusle, 3 < f < 1. g — Henpepus-
Has Pynryua, ydossemsopaiowas ycrosuro Junwuya ¢ nocmoarHol, He 3a-
sucawets om (%, t).
Torma cymecTByer nocrogEBaA ks Tar, 910
(T, 2) — y(T)| < ksl

Ecmu momosxuts f = 1/1 + « B Teopeme 0,6, To BExHO, 9ro Teopema 0,6 maer
B OoJiee 0OImMEX IPENNIOIOKEHAAX TY JKe OINeHKY, Kak m TeopeMma 0,5.

IIpmBogmTCA mpEMEp, HOKA3BIBAOINEHA, 9TO NOPANOK OHEHKHA B TeOpeMax
0,5 @ 0,6 yxe mHenpaa ynyumurb. Ha clefyomeM IOpmmepe IOKa3aHO, 9TO
Teopema 0,6 maer CYImECTBEHHO JYYMIYIO ONEHKY, 9eM MeTON, OCHOBAHHEI Ha
teopeme 0,5.
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