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ASYMPTOTIC BEHAVIOUR OF A DIFFERENCE EQUATION
WITH COMPLEX-VALUED COEFFICIENTS

JOSEF KALAS

ABSTRACT. The asymptotic behaviour for solutions of a difference equation
Az, = f(n, zn), where the complex-valued function f(n,z) is in some mean-
ing close to a holomorphic function h, and of a Riccati difference equation
is studied using a Lyapunov function method. The paper is motivated by
papers on the asymptotic behaviour of the solutions of differential equations
with complex-valued right-hand sides.

1. INTRODUCTION

In [3]-[7], the asymptotic behaviour of solutions of a nonlinear differential equa-
tion

(1) ¢ =G(t,2)[h(2) + 9(t, 2)]

is studied using Lyapunov function method. h is a holomorphic function defined
in a complex simply connected region {2 containing 0, G is a real function and
g is a complex function, ¢t and z being a real and complex variable, respectively.
It is supposed that the right-hand side of (1) is in a suitable meaning close to
h. A Lyapunov-like function V(z) for the equation (1) is suggested in a following
manner under the assumption that h'(0) # 0 and h(z) =0 <= z=01in

Vi(z) = |v(z)],
where

zh/(0) — h(2)
zh(2)

h//(o)
~2h(0)

: for z€802,2#0,
v(z) = zexp / MO, (=) =
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The functions v, r are holomorphic in 2. It is shown that there exists a number
Ao, 0 < Ag < 00 and a simply connected region K (Ag) C 2 such that every set
K\ :={ze K(\):V(z) = \}
is the geometric image of a certain Jordan curve for 0 < A < Ay and
Int K(\) = {z € K(X\o) : V(2) < A}.

If we define K(0) := {0},

KX := |J K(u) for 0<X<),

0<pu<A
K(nXx):= | K(u for 0<XA <A<,
A1 <p<Az
we have
K\ =IntK(\) for 0<\<\,
K()\l,>\2) = K()\Q) \ ClK()\l) for 0< A <X <)X
and

K(0,0) = K\ \ {0} for 0<A< ).

For details see e. g. [4]. Notice that the functions V, v, r and the sets K ()\), K (),
K (M1, \2) are defined only by means of the function h.

It was shown that the trajectories of the equation 2’ = h(z) intersect the curves
K(\) for 0 < A < \g from their exterior to their interior or reversely, if Re h/(0) # 0
is assumed. Therefore the Lyapunov-like function V is useful for the investigation
of the asymptotic behaviour of the solutions of the equation (1), provided that the
right-hand side of (1) is in a suitable meaning close to the function h. The results
on the asymptotic behaviour of (1) can be applied to Riccati differential equation
and allow to generalize the most of results of earlier papers on the asymptotic
properties of Riccati equations with complex-valued coefficients published in [15]—
[18].

Consider a difference equation

(2) Azp, = f(n,z,),

where f(n,z) is defined od Ng x £2, 2 C C being a simply connected region
containing 0. Let h be a holomorphic function defined in (2 and satisfying the
conditions A'(0) # 0, h(0) = 0 <= 2z = 0. Define the functions V', v, r and
the sets K(\), K(X), K(\1, \2) as before. If the function f(n, z) is in some sense
close to h(z), it can be expected then the function V and the sets K (X), K (),
K (A1, \2) might be also suitable for the investigation of the asymptotic behaviour
of the solutions of (2). In the present paper we attempt to give several results on
the asymptotic behaviour of the solutions of (2) and apply some of these results
to a special type of difference equation — Riccati difference equation. The exact
meanig of the closeness of f to h will be given by the assumptions of results. Notice
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that the scalar or matrix Riccati or generalized Riccati difference equation in real
domain is studied in many papers, such as [1]-[2], [11]-[12] and [20], mainly in
the connection with the investigation of the oscillation and asymptotic properties
of linear difference equations of the second order. Observe that the method of
Lyapunov functions for difference equations is described in several monographs,
such as [14] and [13].

2. RESULTS

Theorem 1. Suppose 0 < v < Ag, f(n,0) =0 for n € Ng. Assume that there is
a sequence {a, 152 such that v, > 0 for n € Ny,

n

(3) supl_[ozk:%<oo7
neNy k=0
z+f(n,z)
(4) ‘1 + MHexp/ r()dd| < a,
< z
forn € No, z € K(0,v). If a solution {z,}32, of the equation (2) satisfies
(5) zn € K(Ao) for m €N,
(6) Zo € CIK(’YO) ;

where 0 < yo max(1, ») < v, then
Zn € CIK(’Y()%)
for n € N.

Proof. Let {z,}22 , be any solution of (2) satisfying (5), (6). With respect to (4)
we have

AV (zn) = V(znt1) = V(zn) = [v(znt1)] = [0(2n)]

Zn+f(n,zn)
= fzo + 0 20)] | exp [ r(9)d9] — |zl
0

exp/ nr(ﬁ)dﬁ‘
0

fln, zn) ‘ exp /zn-‘rf(",zn) T(qﬂ)dﬂ‘ B 1}

Zn

- V(zn)Hl +

< (an =1V (zn),
for any n € Ny such that z, € K(0,v). Hence
(7) V(zng1) < anV(zn).

In view of f(n,0) = 0 the inequality (7) holds also if z, = 0. Put 8 = 3. We
shall prove that z, € ClK(f) for n € N. It holds zy € K(v). In view of (7) we
obtain V(z1) < agV (20) < apyo < . This implies z; € C1 K (). Suppose now for
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the contrary that there is an n; € N such that z, € ClK(B) for n = 1,2,...,n4,
Zna+1 € CLK(B). The inequality (7) yields

V(ZTL1+1) S anlv(znl) < anlanl 1V(Zn1 1 (H aj) ZO < Yo = 16)

which is a contradiction with z,, 1 ¢ C1K (). O

Remark 1. If V(z) > Ao for z € 2\ K (o), then the condition (5) can be omitted,
because (7) together with (3) imply z, € K(\o) for n € N.

Theorem 2. Suppose 0 < 0 < v < Ag. Assume there is a sequence {a,}52 o such
that o, > 0 for n € Ny,

(8) nléleOHak—%>0

o+ f(n,2)
9) ‘1 + @‘ ‘ exp/ r(9)dd| > ay
forn € Ny, z € K(6,v). If a solution {z,}22, of (2) satisfies
(10) zn € K(0,v) for meNp,
(11) 20 € K(7),

where 6 < 9 < v, § < yox < v, then
(12) zn & K(vo») for mneN.

Proof. Let {z,} be any solution of (2) satisfying (10), (11). Similarly as before

we have
Zn+f(n,zn)
‘ exp/ r(ﬁ)dﬁ’ — 1}

n

f(n,z)

Zn

AV (2) = V(zn) Hl +

> (an = 1)V(2n)
and subsequently
V(znt1) 2 anV(zn)

for any n € Ny such that z, € K(d,v). Put § = . Then V(z1) > agV (20) >
apyo = 7y and z1 € K(B). We have to prove that (12) holds. Suppose on the
contrary that (12) is not true. Then there exists an ny € N such that z,, € K(6,v)
and z, € K(8) forn=1,2,...,n1, and, z,,4+1 € K(4,5). Now

V(Zn1+1) Z (670 V(an) > Qpy Opy — IV(an 1 Z (H ag) ZO > Yo = ﬁ

This contradicts to z,,+1 € K(4, 5). O
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Theorem 3. Suppose 0 < 6 < B <y <v < Ay, N €N. Assume that there is a
sequence {on, 152 such that 0 < o, <1 for n € N,

N
(13) T[ox <5,

k=0
(14) ‘1 + @Hexp /Hf(n,Z) r()dd| < a,
forn=0,1,...,N, z € K(6,v). If a solution {z,}°, of (2) satisfies
(15) zn € K(Ng) for n=0,1,...,N+1,
(16) 20 € K(0),

then there is an n1 € N such that
Zn, € K(B), 2,€K(0,v)\K(B8) for n=0,1,...,n7 — 1.

Proof. Clearly zo € K(6,v) \ K(8) holds. Suppose that z, € K(d,v), where
ke€{0,1,...,N}. Then

AV (z) < (o — 1)V (21)

and
k
V() < axV (o) < g Vizen) < o < (T oy )Vizo) 0 < v

This implies that
(17) zp+1 € K(v).

If 2z, ¢ K(B) for k = 0,1,. N + 1 then, in view of previous consideration,
zr € K(6,v)\ K(B) for k =0, ., N+ 1 and

B<V(ent1) < (HO‘J) (20) <75 B0 =B,
which is a contradiction. Therefore there exists an n; € {1,2,..., N + 1} such
that z,, € K(8) and z, € K(o,v)\ K(8) forn=0,1,...,n1 — 1. O
Remark 2. If V(z) > v for z € 2\ K ()\g), then the condition (15) can be omitted.

Theorem 4. Suppose 0 < § <y < < v < X, N € N. Assume that there is a
sequence {on, 12 such that a, > 1 for n € N,

N
(18) IIex>%'8.

k=0

+f(n,2)
(19) ‘1 + @Hexp/ r($)dd| > ay
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forn=0,1,...,N, z € K(6,v). If a solution {z,}°, of (2) satisfies
(20) zn € K(X\o) for neNp,
(21) 20 € K(70),
then there is an n1 € N such that
zn, € K(B,X0), 2zn€ K@, v)NCLK(B) for n=0,1,...,n1 —1.

Proof. It holds that zg € K(d,v) N C1K(8). Suppose 2z € K(4,v), where k €
{0,1,...,N}. Now
AV (z) > (ax — 1)V (2g)

and
k
V(zkt1) = apV(zk) > agag—1V(zg-1) > -+ > (H Oéj)V(Zo) >y >0

This together with z;11 € K(\g) yields
(22) zr+1 € K(9, Ao) -

If 2z, € K(B,\o) for k =0,1,..., N+1 then, in view of the previous consideration,
2z € K(6,v)NCLK(B) for k=0,1,...,N+1 and

8> V(zni) (Haj) (20) > 70 B0 = B,
a contradiction. Therefore there exists an ny € {1,2,..., N+1} such that V(z,,) €
K(B,X0), zn € K(0,v)NCLK(B) for n =0,1,...,n7 — 1. O

Theorem 5. Suppose 0 < v < Xg, f(n,0) =0 for n € Ng. Assume that there is
a sequence {an}22  such that 0 < a,, < 1 for n € Ny,

(23) lim H ap =0,
z+f(n,z)
(24) ‘1 + Z Z)Hexp/ r()dd| < a,

forn € Ny, z € K(0,v). If a solution {z,}52, of (2) satisfies
zn € K(v) for neNp,

then

lim 2z, =0.
n—oo

Proof. In view of the condition f(n,0) = 0 it can be assumed without loss of
generality that z, # 0 for n € Ng. Put 79 = V(20). Similarly as before we have

Vear = (T Ve = (T
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Using (23) we get lim,, o V(2p41) = 0. Since V is positive definite, we have
limy, 00 2n4+1 = 0. [l

Remark 3. If V(z) > v for z € 2\ K(v), then the condition z, € K(v) for
n € Ny can be replaced by zg € K(v).

Theorem 6. Suppose 0 < & < N\g. Assume there is a sequence {a, }22, such that
an > 0 forn € Ny,

(25) liminf [T ox =5 >1,
z+f(n,z)
(26) ‘1 + @Hexp/ r()dd| > a,

forn € No, z € K(6, o). If a solution {z,}52, of (2) satisfies
zn € K(0,A\) for m €Ny,
and zg € IA(('yo), where y92 > Ao then
lim V(z,) = Xo -

n—oo

Proof. Similarly as before we have

V(zns1) > (H ak)V(ZO) = (H ak)% > (H ak)%71>\0 .
k=0 k=0 k=0
Moreover V (z,) < X in view of z, € K(J, A\g). With respect to (25) we obtain

lim V(z,) =liminf V(z,) = Ao

n—oo

3. APPLICATIONS

Consider a Riccati difference equation

n - bn — <n
Zn — dn
where a € C, b,, g, € C for n € Ng. The equation (27) can be written in the form
[(@a+bn) — qn]zn — aby,
Zn — dn .

A substitution w = z — a transfers (27) to

Zn+4+1 =

wp, (by, — a — wy,)
Wy + 0 — qpn

Aw, =

Writing z,, instead of w,, in the last equation, we have
2n(bn —a— zp)

Zn +a—qy
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Notice that the function f(n,z) = z(b, —a—z,)/(z —a—q,) satisfies the condition
f(n,0) = 0 which is required in Theorem 1 and Theorem 5. This is a reason for
our supposition that a is constant in (27) and not a sequence.

The right-hand side of (28) can be written as

1

29 — 5 Zn
(29) |zn +a — qn|?

(b —a—zp)(zn +a —qn) .

If we replace z,, by z and suppose that b, is sufficiently close to b € C\{a}, then ne-
glecting the real factor 1/]2, +a — g,|? and a nonholomorphic factor (2, + a — ¢,),
we can try to suppose that the function (29) is close to a holomorphic function

(30) hz)=z20b—a—=z).

Putting 2 = {2z € C : 2Re[(b — a@)z] < |a — b|?}, we observe h'(z) = b —a — 2z,
KO)=b—a#0,7(z) =1/(b—a—2z), Ao =|a—1|,

v(z) =(a—b)z/(z—b+a),

(31) V(z) = |a—b|%.

Then we have K(u) = {z € C:|a—b||z| < u|lz —b+al} for 0 < px < |a — b| and
KX)=K(a—0]) =92 If0<u<la—>b| then K(u) ={z € C:la—Db|z| =
|z —b+al} and K(u) are circles (see figure).

Im z

02 =K() .

(b a)/2

N ;

0 Rez
K(u)j

Suppose 0 < v < |a — b| and put f(n,z) = z(b, —a —2)/(z +a — ¢,). It holds

that
R A

- ‘1+ f(T:Z)Hz—l—fZ(T—Li_,:)_—i—ba—b‘

z+a—0»

z(by,—a—2z)
z+ I — +a—->5

‘1 b, —a—=z
Z+a—gn
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Therefore
z+f(n,z)
e L5 ey [
_‘1+bn—a—z N 2(by, —a— 2) -1
B zZt+a—qn (Z+a’_Qn)(Z+a’_b)
B 2(by —a—2)| "
= bn — qul Z"'G—Qn'i‘m

|bn _Qn||z_b+a|
|(a+ b, —b—gn)(z+a) — aby, + by,

|bn_Qn|

o+ by — b — g + L)

for z € K(0,v). Clearly z € K(0,v) if and only if 0 < |a — b||2|/|z — b+ a| < v.
Putting w = (a — b)z/(z — b+ a), we obtain (a —b)z = (z — b+ a)w, z =
(b—a)w/(w—a+b),z—b+a=—(b—a)*/(w—a+1),0<|w| <v. Hence

1+ @H exp /:H(W) r(Q)dc]

|bn - Qn|
(w—a+b) (b, —b)
bn+a—b—qn+T‘

_ lbu = galla b
b — bl | Lotept )@=t gy — g p)

n

_ Du—aulla—b
(a— n)(a_b)
|bn — gnlla — b]

IN

|bn _ b| (afgn)(afb) + V(Qn*ba)(afb) [bn—b]

n—b n—=b  lgn—alla—b]

|bn _Qn||a_b|

- |qn_a’||a’_b|_V|bn_b|7

if we assume |b, — b| < v~!|a — b||g, — a|. Similarly we obtain the inequality

] / o b — qulla — b)
1 — 7 > .
L+ 2 e | rOd] 2 e = b + oo, =1

Remark 4. The condition h(z) =0 <= z = 0 is satisfied on 2. However this
condition is not true on C. Nevertheles the functions h, v and V are defined not
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only on {2 but even on C. The function v is meromorphic on C with a pole at the
point b—a. It can be easily seen that, on the assumption |b, —b| < v~Y|a—b||g,—al,

b — qulla — b
Viz <
) < o alla= o) = vlor =1

holds for any solution {z,}22 , of (28) and any k € Ny such that z;, € K (v) without
the supposition zx11 € §2. Obviously Remarks 1-3 remain true if we replace (2
by C.

Theorem 7. Let a,b € C, a#b, b,,q, € C forn eNp, 0 <9 <1 and
|bn — b <97V |g, —al for neENg.

V(zk)

Suppose there is a sequence {ay, }02 such that oy, > 0 for n € Ny,

n
sup H o = < X0
n€Np k=0

and

1o — 2| <ap
|gn — a| = 9|bn, — b|
for n € No. If a solution {z,}32, of (27) satisfies |zo — a| < do|zo — b|, where
0 < dpmax(1,s) <V, then
|z, — a| < o3|z, — b
forn € N.

Proof. Put ¥ = v|ja — b|=!, 69 = Yola — b|~! and define A and V by (30) and
(31), respectively. Applying Theorem 1 to the equation (28) and transferring the
variable z back to that of the equation (27), we obtain the given result. Notice
that V(z) > A for z € C\ K(Xg) and Remark 1 together with Remark 4 can be

used. O
Theorem 8. Let a,b € C, a # b, by, g, € C forn € Ny, 0 < 0 < dg <V <1,
N e N,

lbn, — b <9 g, —a| for neN.

Assume that there is a sequence {apy, }o2 such that 0 < ay, < 1 for n € Ny,

N
[Tex<ds'e
k=0

and

|bn - Qn| S an
|Qn - a| - 19|bn - b|
form =0,1,...,N. If a solution {z,}°2, of (27) satisfies |zo0 — a| = do|z0 — b],
then there is an ny1 € N such that
|Z7L1 - a| < 9|Z7L1 - b|7

(32)

Olzn, — b| < |20, —al < V|2 —b] for n=0,1,...,n1 — 1.
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Proof. Since 0 < «;, < 1, the assumptions of Theorem 7 are fulfilled with § = 0,
¥ =v|a—b|"t, 6o = yola—b|7t, 0 = Bla—b|~t, s = 1. Hence |z, —a| < do|z, — b]
for n € N. From Theorem 3 and from Remarks 2,4 it follows that there is an
ny € N such that (32) holds true. O

Theorem 9. Let a,b€ C, a#b, b,,q, € C forn e Ny, 0 <9 <1 and
|bn — b <97 g, —al for neEN.
Assume that there is a sequence {a, }22 o such that 0 < ay, < 1 for n € Ny,

n
lim H ap =0
n—oo
k=0

and

|bn - Qn|
< ap
|gn — a| = 9|bn, — b|
for n € No. If a solution {z,}22 o of (27) satisfies |zo — a| < V|20 — b|, then
(33) lim 2z, =a.

n—oo

Proof. Since 0 < a,, < 1, the assumptions of Theorem 7 are satisfied with sz = 1.
Hence |z, — a| < 9|z — b| for n € N. Using Theorem 5 and Remarks 3,4 with
Y = v|a — b| =1, we obtain (33). O

Theorem 10. Let a,b € C, a # b, b,,q, € C forn € Ny, 0 < 9 < 1 and
b, — b] < vt qn — a| for n € Ng. Assume there is a sequence {ay, }5° such that
oy > 0 forn € N,
nlggonak =x>0,
k=0
and
|bn - Qn| > ay,
lgn — al +J|b, —b]
forn € No. If a solution {z, }2, of (27) satisfies conditions 0 < |zp—a| < 9|z, —b|
forn € Ny, |z0 — a| = do|zo — b|, where 0 < domax(1,s) <V, then

|z, — a| > o3|z, — U]
forn € N.

Proof. Putting § =0, ¥ = v|a — b|™1, 6y = 7o|a — b|~! and applying Theorem 2,
we obtain the statement of Theorem 10. O

Theorem 11. Let a,b € C, a # b, b,,qn, € C forn € Ny, 0 < §g < 0 <9 < 1,
N € N and b, — b| < vt g, — a| for n € No. Assume that there is a sequence
{an}22, such that a,, > 1 for n € Ny,

N
I ox >0
k=0
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and

|bn - Qn| >
Z Qp
|gn — af + J[bn — b|
form =0,1,...,N. If a solution {z,}°2 of (27) satisfies conditions |z, — a| <
|z, — b| for n € Ny, |z0 — a| = do|z0 — b|, then there is an ny € N such that
0zn, —b| < |2n,—a| < |zn, =b|, 0<|zn—al <O|z,—b] for n=0,1,...,n1—1.

Proof. The result follows from Theorem 4, if we put § = 0, ¥ = v|a — b|7!,
8o =ola — b7, 0 = Bla —b| L. O

Theorem 12. Let a,b € C, a # b, b,,q, € C for n € Ny and |b, — b| < |g, — a]
forn € No. Assume there is a sequence {a, }52 o such that oy, > 0 for n € Ng and

liminf [T ox = 2> 1,

n—oo
k=0
|bn - Qn|
>«
|qn_a|+|bn_b| -

for n € Ng. If a solution {z,}22 of (27) satisfies 0 < |z, — a| < |zn, — b| for
n € Ny and |29 — a| = do|z0 — b|, where §p3c > 1, 09 < 1, then

lim |2n —al -1.

Proof. The result follows from Theorem 6, if we put § = 0, o = Yola — b|~L. O
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