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ON FIRST ORDER IMPULSIVE SEMILINEAR
FUNCTIONAL DIFFERENTIAL INCLUSIONS

M. BENCHOHRA, J. HENDERSON AND S. K. NTOUYAS

ABSTRACT. In this paper the Leray-Schauder nonlinear alternative for multivalued
maps combined with the semigroup theory is used to investigate the existence of
mild solutions for first order impulsive semilinear functional differential inclusions
in Banach spaces.

1. INTRODUCTION

This paper is concerned with the existence of mild solutions for the impulsive
semilinear functional differential inclusion of the form:

11) ¢y —AyeF(ty), teJ=[0b], t#tr, k=1,...,m,
(1.2) y(th) = In(y(t,)) k=1,...,m,
(13) Yo :d)a

where F : J x D — 2F is a closed, bounded and convex valued multivalued map
D = {¢ : [-r,0] — E | ¢ is continuous everywhere except for a finite number of
points s at which ¢(s~) and ¢(sT) exist and ¢(s~) = ¢(s)}, ¢ € C([-r,0], E), A
is the infinitesimal generator of a strongly continuous semigroup T'(t), ¢ > 0 and
E a real Banach space with the norm |- |, 0 =ty < t1 < ... <t < typ1 = b,
I, € C(E,E) (k=1,2,...,m), y(t;) and y(t;) represent the left and right limits
of y(t) at t = ¢, respectively.

For any continuous function y defined on the interval [—r,b] — {t1,...,tn} and
any t € J, we denote by y; the element of C([—r,0], E) defined by

ye(0) = y(t+0), 6 €[-r0].

Here y;(.) represents the history of the state from time ¢ — r, up to the present
time .

2000 Mathematics Subject Classification: 34A37, 34A60, 34G20, 35R10.

Key words and phrases: initial value problem, impulsive functional differential inclusions,
convex multivalued map, fixed point, mild solution.

Received April 19, 2001.



130 M. BENCHOHRA, J. HENDERSON AND S. K. NTOUYAS

Impulsive differential equations have become more important in recent years
in some mathematical models of real world phenomena, especially in the biolog-
ical or medical domain (see the monographs of Lakshmikantham et al.[10], and
Samoilenko and Perestyuk [16], and the papers of Agur et al.[1], Erbe et al.[6],
Goldbeter et al. [7], Kirane and Rogovchenko [9], Liu et al. [12] and Liu and Zhang
13)).

This paper will be divided into three sections. In Section 2 we will recall briefly
some basic definitions and preliminary facts from multivalued analysis which will
be used throughout Section 3. In Section 3 we establish an existence theorem for
(1.1)-(1.3). Our approach is based on the nonlinear alternative of Leray-Schauder
type for multivalued maps combined with the semigroup theory [15].

In our results we do not assume any type of monotonicity condition on Iy, k =
1,...,m which is usually the situation in the literature, see for instance, [6], [9]
and [12].

2. PRELIMINARIES

We will briefly recall some basic definitions and facts from multivalued analysis
that we will use in the sequel. Let the Banach space E. B(E) denotes the Banach
space of bounded linear operators from F into F.

A measurable function y : J — F is Bochner integrable if and only if |y| is
Lebesgue integrable. For properties of the Bochner integral, we refer to Yosida
[17].

L(J, E) denotes the Banach space of functions y : J — E which are Bochner
integrable normed by

b
ol = [ wolde forall yeLiE).
0

Let (X,|| - ||) be a Banach space. A multivalued map G : X — 2% is convex
(closed) valued if G(x) is convex (closed) for all z € X. G is bounded on bounded
sets if G(B) = UzepG(x) is bounded in X for any bounded set B of X (i.e.

sup{sup{llyl| : y € G(2)}} < o0).

G 1is called upper semicontinuous (u.s.c.) on X if for each z, € X the set G(z.)
is a nonempty, closed subset of X, and if for each open set B of X containing
G(xz+), there exists an open neighbourhood V of z, such that G(V) C B.

G is said to be completely continuous if G(B) is relatively compact for every
bounded subset B C X.

If the multivalued map G is completely continuous with nonempty compact
values, then G is u.s.c. if and only if G has a closed graph (i.e. z, — z«, yn —
Y, Yn € G(xy,) imply y« € G(z.). G has a fixed point if there is z € X such that
z € G(x).

In the following BC'C(X) denotes the set of all nonempty bounded, closed and
convex subsets of X.
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A multivalued map G : J — BCC(FE) is said to be measurable if for each z € F
the function Y : J — R defined by

Y(t) =d(z,G(t)) =inf{|z — 2| : z € G(t)}
is measurable. For more details on multivalued maps see the books of Deimling
[4] and Hu and Papageorgiou [8].

Definition 2.1. A multivalued map F : JxD — 2¥ is said to be L'-Carathéodory
if
(i) t— F(t,u) is measurable for each u € D;
(ii) w+ F(t,u) is upper semicontinuous for almost all ¢t € J;
(iii) For each p > 0, there exists ¢, € L'(J,Ry) such that || F (¢, u)|| = sup{|v| :
v € F(t,u)} < ¢,(t) for all [|u|| < p and for almost all ¢t € J.

In order to define the mild solution of (1.1)-(1.3) we shall consider the following
space

Q={y:[-rb = E:y,€C(Ji,E),k=0,...,m and there exist
y(ty) and y(tf),k=1,...,m with y(t;)=y(t)
with y(t) = ¢(t), vt € [-r,0]}

which is a Banach space with the norm

HyHQ = maX{HkaOO’ k=0,... am}’

where yy, is the restriction of y to Ji = [tk, tk+1], K =0,... ,m.
So let us start by defining what we mean by a mild solution of problem (1.1)-
(1.3).

Definition 2.2. A function y € Q is said to be a mild solution of (1.1)-(1.3) (see
[15]) if there exists a function v € L(J, E) such that v(t) € F(t,y;) a.e. on Jy,
and

¢(t)a te [*7’, 0]

y(t) = T(t)$(0) + /0 T(t — s)v(s) ds, t €[0,t41],

Ik(y(t,:))+/ T(t — s)v(s) ds, teJg, k=1,...,m.

tr
For the multivalued map F and for each y € C([—r,b], E) we define S, by
Spy={veL'(JE):v(t)e F(t,y;) forae teJ}.

Our main result is based on the following:



132 M. BENCHOHRA, J. HENDERSON AND S. K. NTOUYAS

Lemma 2.3 [11]. Let I be a compact real interval and X be a Banach space.
Let F: I x X — BCC(X);(t,y) — F(t,y) measurable with respect to t for any
y € X and w.s.c. with respect to y for almost each t € I and S}?,y # 0 for any
y € C(I,X) and let T be a linear continuous mapping from L(I, X) to C(I, X).
Then the operator

ToSE:C(I,X)— BCC(C(I,X)), y+— (Lo Sp)(y) :==T(Sk,)
is a closed graph operator in C(I,X) x C(I,X).
Lemma 2.4 (Nonlinear Alternative [5]). Let X be a Banach space with C C X

convex. Assume U is a relatively open subset of C with 0 € U and G : U — 29 is
a compact multivalued map, u.s.c. with conver closed values. Then either,

(i) G has a fized point in U; or
(ii) there is a point u € OU and X € (0,1) with u € AG(u).

Remark 2.5. By U and OU we denote the closure of U and the boundary of U
respectively.
3. MAIN RESULT

We are now in a position to state and prove our existence result for the IVP
(1.1)-(1.3).
Theorem 3.1. Letty =0, t,,+1 = b. Suppose:

(H1) A is the infinitesimal generator of a linear bounded compact semigroup
T(t),t > 0 and there evists M > 1 such that |T(t)|ppy < M;

(H2) F:Jx D — BCOC(E) is an L*-Carathéodory multivalued map and for
each fized y € C([—r,b], E) the set

Spy={veL'(JE): v(t)€ F(t,y;) forae teJ}

18 nonempty;
(H3) there exists a continuous nondecreasing function 1 : [0, 00) — (0,00) and
p € L*(J,R,) such that

1E(t, w)|| := sup{[v| : v € F(t,u)} < p(t)i([lull)
for a.e. t € J and each u € D with

b ©  dr
p(s)ds</ —, k=1,... , m+1,
/tkl Ne_y ¥(7)
where No = M |||, and for k=2,... ,;m+1,

Ny—1 = sup [I1(y)l, My—o =T, <M /t“p(S) d8>
YE[—Mp_2, My _2] ti_2
with
Fl(z):/z ia ZZlela l€{177m+1}
Ny ¥(7)
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Then the problem (1.1)-(1.3) has at least one mild solution y € Q.

Remark 3.2. (i) If dimF < oo, then for each y € C([-r,b], E), S}, # 0 (see
Lasota and Opial [11]).

(ii) If dimE = oo and y € C([—r,b], E) the set S}, is nonempty if and only if
the function Y : J — R defined by

Y(t) :=1inf{|v| : v € F(t,y)}

belongs to L!(J,R) (see Hu and Papageorgiou [8]).

Proof. The proof is given in several steps.
Step 1. Consider the problem (1.1)-(1.3) on [—r, 1]

(3.1) y — Ay e F(t,y;), ae tedJy,

Yo=9.
We shall show that the possible mild solutions of (3.1)-(3.2) are a priori bounded,
that is, there exists a constant by such that, if y € © is a mild solution of (3.1)-(3.2),

then
sup{|y(t)| : t € [-r,0] U Jo} < bo.

Let y be a (possible) mild solution to (3.1)-(3.2). Then for each t € [0, ¢4]

ym—T@MMeA3w—ﬂﬂ&%m&

From (H3) we get

ly(®)| < M{|o]| +M/O p(s)y(llysl)ds, ¢ €0, t].

We consider the function pg defined by
wo(t) = sup{|ly(s)| : —r < s < t}, 0<t<ty.

Let t* € [—r,t] be such that po(t) = |y(¢*)|. If t* € [0,t1], by the previous
inequality we have for ¢ € [0, ;]

po(6) < M6l+ M | pls)i(uo(s) ds.

If t* € [—r,0] then po(t) = ||#|| and the previous inequality holds since M > 1.
Let us take the right-hand side of the above inequality as vg(t), then we have

v0(0) = M||¢]| = No, po(t) <wo(t), te(0,t]
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and
vo(t) = Mp(t)y(uo(t)),  te€0.t].
Using the nondecreasing character of v we get

vo(t) < Mp(t)v(wo(t)),  tE[0,ta].

This implies for each t € [0,¢] that

U(J(t) dT t1
BV ds.
/No TER AL

In view of (H3), we obtain

t1
loo(t*)| < Tt (M/ p(s) ds) = M.
0
Since for every t € [0, t1], ||y < 1o(t), we have

sup |y (t)| < max(||¢[], Mo) = bo -
te[—r,t1]

We transform this problem into a fixed point problem. A mild solution to (3.1)-
(3.2) is a fixed point of the operator G : C([—r,t], E) — 2¢{=m1lE) defined
by

o(), te[-r,0]
T(t)$(0)

Gly):=S he C([-r,t1],E) : h(t) = ¢
+/ T(t — s)v(s) ds, teJy

where v € S};yy. We shall show that G satisfies the assumptions of Lemma 2.2.
Claim 1: G(y) is convez for each y € C(Jo, E).

Indeed, if h, h belong to G(y), then there exist v € S}Qy and v € S’}J’y such that

t
h(t) = T(1)6(0) + / T(t—s)o(s)ds,  te Ty
0
and .
R(t) = T(H)$(0) + / T(t— s)o(s)ds,  t€Jy.
0
Let 0 <[ < 1. Then for each t € Jy we have

[th+ (1 — DR)(t) = T(£)6(0) + /0 T(t — s)[lv(s) + (1 — 1)o(s)] ds.
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Since Sk y Is convex (because F has convex values) then

Ih+(1—0)heGy).

Claim 2: G sends bounded sets into bounded sets in C(Jy, E).
Let By :={y € C(Jo, E) : ||y|lcc = sup |y(t)| < ¢} be a bounded set in C(Jy, E)
tedo

and y € By, then for each h € G(y) there exists v € Sf,, such that
t
h(t) =T()p(0) + / T(t— s)v(s)ds, teJo.
0
Thus for each t € Jy we get

t
wmzmeMAw@m
< M|l + M| byl -

Claim 3: G sends bounded sets in C(Jo, E) into equicontinuous sets.

Let 1,72 € Jo, 11 <12, By :={y € C(Jo, E) : ||yl]lo < ¢} be a bounded set in
C(Jo, E) as in Claim 2 and y € B,. For each h € G(y) there exists v € S}, such
that

h(t) = T(t)6(0) + /tT(t —sy(s)ds,  tedo.
Hence,
|Mm%%@M§uﬂmW@—memw+Aﬂﬂm—@—ﬂn—@wﬂw

/ " T — s)o(s) ds

T

+

suﬂmW@—memw+AﬂNm—@—ﬂm—aM@w

ro
b M / lo(s)]| ds
r1

SWW&M@NHW@IFAﬂﬂm$Tm$WA$@
+ M/T2 |dr(s)] ds.

The equicontinuity for the cases r1 < r5 < 0 and r; <0 < ry are obvious.
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Set
U={yeC(-rti,E): |yllooc <bo+1}.

As a consequence of Claim 2 and Claim 3 together with the Arzela-Ascoli theorem

we can conclude that G : U — 2¢(="1].E) i5 a compact multivalued map.

Claim 4: G has a closed graph.

Let y,, — ys, hn € G(yn) and h,, — h,. We shall prove that h, € G(y.).

hn, € G(yn) means that there exists v, € Sg,, such that

hi(t) = T(t)p(0) + /Ot T(t — s)vn(s)ds, tedy.

We must prove that there exists v, € S},ﬂ,y* such that

hy(t) = T(£)$(0) + /O t T(t—s)v.(s)ds, teldy.

Consider the linear continuous operator I' : L!(Jy, E) — C(Jo, E) defined by

(Tw)(t) = /0 T(t—s)v(s)ds.
We have
[(hn = T(t)$(0)) = (hs = T()9(0))|occ = 0 as n — oo.

From Lemma 2.1 it follows that I o S}, is a closed graph operator.
Also from the definition of I" we have that

ha(t) = T(t)$(0) € (k) -
Since y, — vy, it follows from Lemma 2.1 that

ho(t) = T(£)$(0) + /0 T(t— s)v(s)ds, tedo

1
for some v, € Sp,, -

From the choice of U there is no y € OU such that y € AG(y) for any A € (0,
As a consequence of Lemma 2.2 we deduce that G has a fixed point yy €

which is a mild solution of (3.1)—(3.2).

Step 2. Counsider now the following problem on J; := [¢1, to]

y — Ay e F(t,y;), ae teJp,
y(t) = Li(y(ty)).

1

).
U
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Let y be a (possible) mild solution to (3.3)—(3.4). Then for each ¢ € [t1,t2]

o)~ hy(E) € [ Tl 5)F(s,) ds.

t1

From (H3) we get

WOIS s o™ |+M/ Oyl ds,  t € fta,ta].
te|l—nr,t1

We consider the function p; defined by
w1 (t) = sup{ly(s)| : t1 < s < t}, t1 <t <ts.

Let t* € [t1,t] be such that p;(t) = |y(¢t*)]. Then we have for ¢ € [t, 2]

() < N+ M [ eyt (s) ds.

Let us take the right-hand side of the above inequality as v;(t), then we have

vi(t1) = N1, (t) <ovi(t),  tE€ [t o]

and
vi(t) = Mp(t)p(ua (1),  tE€[tr,ta].

Using the nondecreasing character of v we get

vi(t) < Mp)p(vi(t)),  t€ [ta,ta].

This implies for each t € [t1, t2] that

Ul(t) dT t2
<M ds.
Al¢m— LP®S

In view of (H3), we obtain

o1 (#)] < T3 (M /t2p(s)ds> = M.

t1

Since for every ¢ € [t1,t2], [|y:]| < pa(t), we have

sup |y(t)| < M.
tE[ty,ta]
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A mild solution to (3.3)-(3.4) is a fixed point of the operator G : C(J1,E) —
2C(J1LE) defined by

G(y) := {h e C(J1,E): h(t) = Li(y(ty)) —&—/t T(t—s)v(s)ds: v e S};y} .
Set
U={ye C(J,E): ||ylloc <My +1}.

As in Step 1 we can show that G : U — 2¢(/1:F) is a compact multivalued map
and u.s.c. From the choice of U there is no y € 9U such that y € AG(y) for any
A€ (0,1).

As a consequence of Lemma 2.2 we deduce that G has a fixed point 3; € U
which is a mild solution of (3.3)-(3.4).

Step 3. Continue this process and construct solutions y, € C(Ji, E), k =
2,...,mto

v — Ay e F(t,y), ae teyg,
y(t) = In(y(ty)) -

Then
yo(t), t e [ T,tl]
Y1 (t)a te (t17t2]
y(t) =
ym—l(t)7 te (tm—la tm]
Ym (1), t € (tm,b]
is a mild solution of (1.1)-(1.3). O
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