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ABSTRACT. We shall consider weak solutions of initial-boundary value
problems for nonlinear parabolic functional differential equations contain-
ing discontinuous terms in the unknown function. There will be proved the
existence of solutions and formulated some properties of the solutions.

AMS SuBJECT CLASSIFICATION. 35R10

KEYWORDS. partial functional differential equations, differential equations
with dicontinuous terms.

1. INTRODUCTION

We shall consider initial-boundary value problems for the equation

Dyu(t, x) ETL:DJ Uitz u(t,z), Vu(t, x))] + fo(t,z,u(t, ), Vu(t, z)) +
j=1
1) +g(t, 2, u(t, ) + h(t, 7, [HW)](t 7)) = F(t,2),

(t,7) € Qr = (0,T) x £2

where {2 C R™ is a (possibly unbounded) domain with sufficiently smooth bound-
ary, H is a linear continuous operator in L?(Qr), the functions f; are measurable
n (t,x), continuous with respect to u(t,z), Vu(t,x) but the functions g, h are
assumed to be only measurable in all variables. Further, f;, g, h have certain poly-
nomial growth in u(t, x), Vu(t, z). The case when (2 is bounded, was considered,
e.g., in [11] where certain terms were rapidly increasing in u(¢, z). In [13] there were
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considered equations of more general form where all the terms were continuous in
u(t,z) and Vu(t, ).

The problem was motivated by the climate model considered by J.I. Diaz and
G. Hetzer in [8] where a particular case of the equation (1) (also with discontin-
uous terms in u) was investigated on the unit sphere in R? (instead of £2). Some
qualitative properties of the solutions of the climate model (without delay terms)
were proved in [1] and [7]. Functional partial differential equations arise also in
population dynamics, plasticity, hysteresis (see, e.g., [2], [4], [10], [15]).

The aim of this work is to formulate and prove new results in the case of
unbounded (2. We shall formulate conditions which imply the existence of weak
solutions of initial-boundary value problems for (1) and to show that in the case
of unbounded (2, the limit of solutions of problems in large bounded domains is
a solution of the problem in 2. There will also be proved the boundedness of the
solutions under some conditions and a theorem on the stabilization of the solutions
as t — oo. Our results can be easily extended to equations, containing higher order
derivatives with respect to x.

2. EXISTENCE THEOREMS

Let 2 C R™ be a (possibly unbounded) domain with sufficiently smooth boundary,
p > 2. Denote by W1P(£2) the usual Sobolev space with the norm

1/p

o |l= / (> |Djul? + Jul?)
(o Rt

Let V be a closed linear subspace of W1P(£2) and denote by X1 = LP(0,T;V) the
Banach space of the set of measurable functions w : (0,7) — V such that || u ||P is
integrable. The dual space of LP(0,T;V) is X3 = L9(0,T;V*) where 1 /p+1/g=1
and V* is the dual space of V' (see, e.g., [14]).

On functions f; we assume that

A (i) fj : Qr x R™"! — R are measurable in (t,2) € Q7 and continuous in
neRCeR™;

(i) |fj(t,z,m, Q)| < er(In|P~t + [¢|P~1) + ki(z) with some constant ¢; and a
function k1 € L9(£2) (j =0,1,..,n); ) )

(111) Z?:l[fj(tvxvna C) - fj(tv T, 1, C)](CJ - CJ) > 0if ¢ # G

(iv) Z?:l fit,z,n, Q)¢ + fo(t,z,m,Q)n > c2[|C[P + [n|P] — k2(x) with some
constant c3 > 0 and ke € L(£2).

Remark 1. A simple example for f;, satisfying A (i) - (iv) is
fj(tvmvnaé-) :aj(tax)<j|<-j|p72v .7 = ]-a"'anv

fo(t, 1, ¢) = ao(t, z)nln|"~2,
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where a; are measurable functions, satisfying 0 < ¢o < a;(t,z) < ¢ with some
constants ¢, .

On functions g, h we assume that

B (i) g=0914+929j : Qr x R — Rand h: Qr x R — R are measurable
functions;

(i) |g1(t,z,n)| < ks(z)|n[P~! and g1(t,z,n)n > 0 with some function k3 €
LY(2) U]L%(2)

(i)
|92(8, 2, m)| < ks(@)ka(In)nlP~" + ks(@), At 2,0)] < Ks(x)ka(|0])|0 ™" + K5 ()

where ks € L%({2) and k4 is a continuous function, satisfying lime, k4 = 0.

Further,

C H : LP(Qr) — LP(Qr) is a linear and continuous operator such that for
any compact K C {2 there is a compact K C 2 with the following property: the
restriction of H(u) to (0,t) x K depends only on the restriction of u to (0,t) x K
for all t € (0,T7.

Remark 2. The operator H may have e.g. one of the following forms:

)

[H(w)](t,z) = /0 Bo(s,t,x)u(s,z)ds or [H(u)|(t,z) = u(r(t),x)

with some By € L*>°((0,T) x Qr) and a continuously differentiable function 7
satisfying 7/ > 0,0 < 7(t) < t.
Since g1 is locally bounded, for any € > 0 we may define (with fixed (¢, z) € Qr)

gi(txﬂﬂ = ess Sup\n—f]\<sg1(t7xvﬁ)7

Qi (t7 Zz, 77) = €88 inf|n*ﬁ|<€gl (ta xz, ﬁ)
For fixed ¢,2,n gi(t, 2, n) is nonincreasing and g5 (¢,z,7) is nondecreasing as ¢ is
decreasing thus

gi(t,z,n) = lim g{(¢, z,m), g, (t,z,n) = lim g;(¢, 2,7)
e—0 e—0
exist. Similarly may be defined g2, g,, h,h (by functions g, h, respectively).

Theorem 1. Assume A (i) - (iv) and B (i) - (#i) and C. Then for each F €
Xr,up €V there exists u € Xp with Dyuw € X7 and @1, @2, € LYQr) such that

(2) u(0,-) = uo,
for arbitrary v € V. we have
(3) §
(Dyu(t,),v) + zzl /Q fit, z u(t,z), Vu(t, z))Djv(z)de +
i=

/ folt, 2, u(t, z), Vu(t, 2))o(z)dz + / o1 (t,2) + 2t 2) + (b, 2)o(x)de =
0 0
(F'(t,-),v) for a.e. t €]0,T]



606 LASZLO SIMON

and for a.e. (t,x) € Qr
(4) g,(tz,ut, @) < @it z) < gtz ult z), 1=1,2
h(t,z, [H(u)](t,2)) < 9(t,x) < h(t,z, [H(w)](t, 2)).

Proof. Consider the function j € C§°(R) supported by [—1, 1] with the properties
J >0, [rj=1and for any positive integer k define the functions ji. by jr(n) =
kj(kn). Then the convolutions (with fixed t,z) gix = gixji (1 =1,2), hi =
hx ji are smooth functions (of 7, 0, respectively). Further, define functions

Guk(t,z,n) = gt z,n) if x| <k,  Gui(t,z,n) =0if [z| > k

hi(t,z,0) = hy(t,2,0) if |z| <k, hip(t,2,0) =0 if |z| > k.
Then we may define operators A, By, Cy : X7 — X7 by

T
[A(u), 0] = / (A(u) (1), o(t))dt,
(A0, o) = /Q £5(t, 2, u, V) Dyodar + /Q Folt, 2, u, Va)vda,

T
(Bl (u), 0] = /0 (BL(w)(t), v(t))dt = / Gun(t, 2, wyvdtde, 1=1,2,

T

[Br(u),v] = [By(u),v] + [Bi(u), v],

T
[C’k(u),v]:/o (Cr(u)(t),v(t))dt = ; hi(t, z, H(u))vdtde, u,v e Xp.

By using the assumptions of our theorem, Holder’s inequality and Vitali’s theo-
rem it is not difficult to show that the operator A+ B, +C}, : X7 — X7 is bounded
(i.e. it maps bounded sets of X into bounded sets of X7) and demicontinuous,
ie.

(w;) — win Xp implies (A + By + Cx)(w;) — (A + By + C)(u) weakly in X7.

Further, by using compact imbedding theorems we obtain (as in [12]) that
A + By + C} is pseudomonotone with respect to

D(L) ={u € Xr: Diu € X7, u(0) =0},
ie. if u,u € D(L),
(u;) — u weakly in Xp, (Dyu;) — Dyu weakly in X7, and

limsup[(A + By + Ci)(ug),u; — u] <0

l—o0
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then
(A+ Bi + Ci)(w) — (A+ Bg + Cy)(u) weakly in X7 and
llim [(A+ By + Ci)(w),u; — u] = 0.

Finally, we show that A + By + C} is coercive, i.e.
[(A + B + C’k)(u), u]

g 1m = +o0.
?) lull = (RIS
Assumption A (iv) implies
t
©) [ @, utryir =l wl, = [ ke
0 2

By B (ii)
Gre(t,z,mn > 0if g > 1, gkt z,mn > —ks(x) if [n] < 1
thus

t
) [ B>~ [ o
0 I7)
Let a > 0 be an arbitrary number. Since lim, k4 = 0, there exists b > 0 such

that || > b implies k4(|n|) < a. Hence, by using the notation Q? = {(7,z) € Q; :
|u(7, x)| < b} we obtain from B (iii)

(8) | / (B2(u)(r), u(r))dr| <

| 92.5(T, x, w)udrdz| + |/ Go.x (T, z, u)udrdz| <
Q! Q:\Q?Y

1/q
Ca) +a |l ks lomqol w %, + [t / W] o lx,

with a constant C'(a) (not depending on ).
One gets similarly

(9) | / (Ci(u) (), u(r))dr| <

1/q
() +a | ks el u %, + [t / W} e fx, -

Choosing sufficiently small a > 0, from (6) - (9) we obtain for all ¢ € [0, 7]

(10) /O ((A+ Bi + Cr)(u)(7), u(r))dr = e2/2 [ u |, =5 [ ullx, —c3
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(with some constants ¢, ¢4, not depending on u) which implies (5) since p > 2.
Thus, by Theorem 4 of [3], for any F' € X%, uy € V there exists u, € X7 such
that Dyuy € X7 and

(11) Dtuk+(A+Bk+C'k)(uk) = F,
(12) ur(0) = uo.
Since

= 3 (00 = 3 0k i

(see, e.g., [14]), applying both sides of (11) to uy , we find by (10), (12)
(13) 1/2 || u(t) 7200y =1/2 | wo 7200y +c2/2 || uk 1%, <

U F llx; +cb] l ue llx, +c5, ¢ €[0,T].
This inequality implies that

(Drug(t), uk(t))

(14) || Uk ||XT7 || Uk ||Loo(O)T;L2(_Q)) are bounded.

Hence the sequence (A+ By, + C)(ug) is bounded in X7 and so (Dyuy) is bounded
in X7, too.

Consequently, there exist u € Xp, w € X7, 1,9 € LI(Qr) and a subsequence
of (uy), again denoted by (uy) such that

(15) (ug) — u weakly in X,
(16)
(ur) — uw in LP((0,T) x £2) for each fixed bounded 2y C 2 and a.e. in Qr;
thus by C
(17) (H () — H(u) ace. in Qr;
(18) (A+ Bi + Cy)(ug) — w weakly in X7,
(19) Gkt up) — o and hy(t, 2, ug) — ¥ weakly in LY(Qr).

From (11), (12), (14), (15), (18), (19) it follows (see, e.g., [14]) u(0) = uo,
(20) Diu+w+ @1+ 92+ =F.

Now we prove w = A(u). Apply (11) to (ur — u)¢ with arbitrary fixed ¢ €
C§°(£2) having the properties : ¢ > 0, ((z) = 1 in a compact subset K of 2. So
we obtain

[Dyur, — Dyu, (ug — w)C]+[Dyu, (up — u)C] + [A(ur), (up — u)¢] +

2D (B + O (un)s (us — w)C] = [F, (g — w)C.
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For the first term we have

T d 2 _
PPl 2 / [@ [ ) = utt) e an -

172 [ (@ (T) — u(T)cda >0,
further, by (15), (16), (19)
Ji [Dew, (up—u)¢] =0, lim [(By, + Cp)(ur), (ur, — u)¢] =0,
(23) lim [F, (ue = u)¢] = 0.
Thus (21) - (23) imply
(24) limsup[Ayg (ur), (ur — u)¢] < 0.

k—o0

Since by A (ii) and (16)

lim fo(t, @, ug, Vug) (ur — w){dtdx = 0,

k—oo Qr

from (24) we obtain

(25) lim supi/ fi(t, @, ug, Vug) (ug — w)¢dtdr < 0.
k—oo = JQr
By using arguments of [5], we obtain from (25)
Vur — Vu a.e. in (0,7) x K
(see [13]). Since K can be chosen as any compact subset of 2, we find
(26) Vup — Vu a.e. in Qr.
Thus Vitali’s theorem and Hélder’s inequality imply
A(ug) — A(u) weakly in X7

(see, e.g., [5]), i.e. w = A(u).

In order to show the inequalities (4), one applies arguments of [9], by using
(16), (17). (16) implies that for each positive a there exists a subset w C Q7 with
Lebesgue measure A(w) < a such that

(ug) — w uniformly on Q7 \ w and u € L*™(Qr \ w).
Thus for any € > 0 there is kg such that kg > 2/¢ and k > k¢ implies

(27) luk(t,x) —u(t,z)] <e/2if (t,z) € Qr \ w.
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Let k > ko, (t,z) € Qr \w. From 1/k < £/2, (27) and the definition of g1, g5, 97
it easily follows

g5tz ult, @) < gtz uk(t, 2)) < g5t 2, u(t, z)),
hence for sufficiently large k
gi (tv x, U(t, x)) S gl,k(tv xZ, Uk(t, ﬁE)) S gi(tv x, u(ta x))
Consequently, for any ¢ € C§°(Qr) with ¢ > 0 we have
/ gi(tvmvu)@ < / gl,k(tvmvuk)so < / gi(t,x,u)@
Qr\w Qr\w Qr\w

which implies by (19)

Qr\w Qr\w Qr\w

Since u € L>®(Qr \ w), Lebesgue’s dominated convergence theorem implies as
e—0

(28) / g, z,u)p S/ P10 S/ gi(t, z, u)p.
Qr\w Qr\w Qr\w

(28) holds for arbitrary nonnegative ¢ € C§°(Qr), thus we find

(29) gl(taxau(tvm)) < 901(75’ x) < gl(tvmvu(ta x))

for a.e. (t,2) € Qr \ w. Inequality (29) holds true for any a > 0 and w C Q7 with
Aw) < a, thus we obtain that (29) is valid a.e. in Q7.

Remark 8. In certain particular cases (if some Lipschitz conditions are satisfied)
one can prove uniqueness of the solution (see also [11]).

It is not difficult to prove an existence theorem for the interval (0, 00). De-
note by Xo and X% the set of functions u : [0,00) — V, w : [0,00) — V*,
respectively, such that for any finite 7w € LP(0,T;V), w € L4(0,T; V™), respec-
tively. Further, define Qo = (0,00) x §2 and let I} (Qs) be the set of functions

loc

v : Qoo — R such that v € LP(Qr) for arbitrary finite 7.
Theorem 2. Assume that functions

i Qo xR SR, g,h:Qsx xR—R
satisfy A (i) - (iv), B (i) - (iii) and C for any finite T > 0.

Then for arbitrary F € X there exists u € Xoo such that for any finite T' the
assertion of Theorem 1 holds with some functions i, € L} (Qxc)-
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Theorem 2 is a consequence of Theorem 1, the proof is based on simple and
standard arguments. (Similar arguments can be found e.g. in [12].)

By using arguments of the proof of Theorem 1 we obtain that in the case when
2 is unbounded, the limit (as k — o0) of certain problems in ”large” bounded
), C £2 is a solution in 2. Now we give the exact formulation of this statement.

Let 2;, C {2 be bounded domains with sufficiently smooth boundary such that
BN C 2 (B ={x € R":|z| <k}) and introduce the notations

Vi = WP (), XE=1LP0,T;Vi), (XE)*=L90,T;V})

where W "P(£2) is the completion of Cg°(f2) with respect to the norm of
WLP(0). Further, let My : Xk — X7 be the following (extension) operator:

Mv(t,x) = vi(t, z) for © € (4, Mok (t,x) =0 for x € 2\ 2
Define the restriction Fy, of F' € X4 (to §2) by

T T
/ (Fi(t), v ()t = / (F(t), (Myop)(®))dt, vg € XE.
0 0

Finally, let ¢ € C§°(R"™) be a function with the properties
ple)=1if |z] <1/2, @(z)=0if |z| >1
and define ¢y by @i (x) = p(x/k).

Theorem 3. Assume that the conditions of Theorem 1 are satisfied and the func-
tions ux € XX are solutions of the following problems in (2:

uk(0,-) = pruo (€ Vi);
Dyuy, € (X%)* and for any v, € Vj,

(Dyug(t, ), ve)+ Z /Q fi(t, z, ug(t, z), Vug(t, ) Djvg(x)dr +
B fo(t, x, uk(t, z), Vug(t, ) v (z)de +
/Q o1kt ) + ok (t, @) + Vi (t, x)]vp(x)de =

(Fx(t,-),v) for a.e. t €10,T]

with some functions ¢1 i, 2.6, Yk € LI((0,T) x %) such that for a.e. (t,z) €
(O,T) X (2

gl(t7x7uk(t7x)) < @l,k(tx) < gl(t,x,Uk(t, Qf)), l= 172

D(t, @, [H(Myup)](t, 2)) < it @) < h(t, @, [H(Myug)|(t, 2)).-

Then the sequence (Myuy) is bounded in X1 and it has a subsequence which is
weakly convergent in X to a function u € Xr satisfying (2) — (4).
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3. BOUNDEDNESS AND STABILIZATION

Theorem 4. Assume that the conditions of Theorem 2 are satisfied such that co
and kz in A (iv) are independent of T, p > 2, || F(t) ||v+ is bounded,

(30) lg(t, " < cilnl* + ki(2), [h(t,2,0)|* < IO + ki()

with some constant ¢ and a function ki € L*(£2). Further, for any u € L} (Qx)

(31) /|H(u)|2(t,x)dac§const sup / lu(r, z)|*da.
2 T€[0,t] J 2

Then for the solution u the function

mwzémwmwx

is bounded in (0,00) and there exist constants ¢’, ¢ such that for sufficiently large
le T2

Ts
/ () |17, dt < &(Ty —T1) + .
T,

Idea of the proof. Apply (3) to v = u(t,-) and integrate over (T7,7T%). Then one
obtains the inequality

T2 T2

[y(#)]P/2dt < const / [sup [y + 1]d¢
T1 [0,¢]

mgwwan+a/

Th

with some constant ¢* > 0 which implies the assertion of Theorem 4. (See, e.g.,
the proof of Theorem 2 in [12].)

Now we formulate a theorem on the stabilization of the solution as t — oc.
Assume that the conditions of Theorem 4 are satisfied. Consider a sequence (t;) —
400 and define for a solution u

Ui(s,z) = u(t; + s,x), s€(—a,b), ze
with some fixed numbers a,b > 0. By Theorem 4 (U;) is bounded in LP(—a,b; V).

Theorem 5. Let the assumptions of Theorem 4 be satisfied; assume that fj,g,h
are not depending on t, there exists a (finite) p such that for sufficiently large
t > 0, [H(u)](t,z) depends only on the restriction of u to (t — p,t) X 2 and it is
not depending on t if u is not depending on t. Further, there exists Foo € V* such
that

T+1
lim | F(t) — Fso ||v+ dt = 0.
T—o0 T—1
Finally,
(32) Fueo € LP(£2) and (t;) — +0o such that (U;) — ueo weakly

in LP((—1 — p,1) x £2).
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(uso s not depending on t!)
Then there is a subsequence of (t;) (again denoted by (t;)) such that for the
sequence (U;) (defined by the subsequence (t;))

(33) (U1) — uso weakly in LP(—1,1; V),
(34) (Up) — ueo in LP((—1,1) x £29)

for each bounded 2o C 2 and a.e. in (—1,1) x £2.
Moreover, us s a solution of the stationary problem

(35)
jz_;/Qfj($7U,oo($)7Vuoo(x))Djw(x)dx+/Qfo(x,uoo($)7vum(gj))w($)dx_|_

[ 101(0) + a(a) + dw(a)ds = (Froyu), weV
0
with some functions @y, € Li(82) satisfying for a.e. x € 2

(36) 9,(%, uoo (1)) < Pu(2) < Gi(w, uco(w)), 1=1,2

h(z, [H(uso)](x)) < () < h(z, [H(uso)](x)).

Remark 4. In (36) uso means the constant function in ¢, defined in an interval
(t — p,t). By the assumption of our theorem, H (us,) does not depend on t.

Remark 5. The operators H, defined in Remark 2 satisfy the assumptions of The-
orem 5 if
Bo(s,t,x) = B(s —t,x) for max{t — p,0} < s <+,

BGo(s,t,z) =0 for 0 < s < max{t — p,0}

with a function 8 € L>®((—p,0) x 2); t — p < 7(t), respectively.

Remark 6. By Theorem 4 (U;) is bounded in LP((—1 — p) x £2) for any sequence
(t;) — 400, hence a subsequence of (U;) is weakly convergent to a function U €
LP((—=1 = p) x £2). In (32) we assume that there exists U, not depending on ¢.

A sufficient condition for (32) is

(37) Dyu € L*(0, 00; L2(£2)).

For the proof see [11]. In [11] there are given simple sufficient conditions for (37)
which imply a stabilization result in the case when g, h are depending on ¢t and (2
is bounded. The formulation and proof of this result for unbounded (2 is similar
to the case of bounded (2.
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The sketch of the proof of Theorem 5. By Theorem 4 (U;) is bounded in LP(—2p —
1,1; V) thus D;U; is bounded in LI(—p—1,1; V*) which implies by (32) that there
is a subsequence of (U;) (again denoted by (U;)) such that

(38)
(U1) — uoo weakly in LP(—p — 1,1; V) and strongly in LP((—p — 1,1) x )

for any bounded 2y C 2;
(39) (U1) = uso ae. in (—1,1) x 2.
Define the functions ¢1 1, 2,1, ¥ by

pri(s,z) = @i(ti+5,2),  w2u(s,2) = pa(ti +5,2), (s, z) =¢(t +5,2).
Since (¢1.1), (¥2,1), (1) are bounded in L((—1,1) x §2), we may assume that
(40) (o) =@l (p20) =95 (Y1) = " weakly in LI((—1,1) x £2).
Finally, we may assume that
(41) A(Uy(t)) — Y weakly in LI(—1,1; V*)

with some Y € L%(—1,1; V*) where the operator A:V — V* is defined by
= Z/ fi(z,v,Vv)Djw +/ fo(z,v, Vo)w, v,weV.
j=1"% 2
Now we apply arguments of [7]. Let

1
(42) pECT(-1,1), 12920, /sozl, wev.

-1

Since u is a solution of (3), we have (for sufficiently large 1)

(43) / / Uywe' dtdzx + / (A(UL(t)), w)pdt +

1 1
/ / (01 + 9o + V) wpdtde = / (F(tr + 1), wypdt.
—-1J0

-1

By (38), (40) - (42) we obtain from (43) as I — oo

(44) / (0. + / 1 /Q (% + 0%+ P wpdtds = (Fro, w).

It is not difficult to costruct fuctions ¢ = ¢; satisfying (42) such that

lim (¢;) =1/21in (—1,1).
j—o0
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Applying (44) to ¢ = ¢;, we obtain as j — oo

1
(45) % /_ V(D). + /n (B1 + B2 + D)wdz = (Fuao, w)
where
~ 1 ! * T 1 ! *
(46) wkzgllwkdt, w—5[1wdt.

Now we show Y = A(us). Let £2y C £2 be any bounded domain and ¢ € C§°(£2)
with the properties: ¢ > 0, {(z) = 1 for x € 29 and denote by K the support of
¢. By (38) (for a suitable subsequence)

(Uy(t)) = o in L*(K) for a.e. t € (—1,1),
hence there exist d;,&; > 0 such that (for a suitable subsequence of (U;))

lim (§;) =0, lim(g) =0, and Uj(—1+ ;) — teo,
(47) l—o00 l—o0

Ui(1—¢;) = tus in L2(K).
By (3) we find

(48)
1 178[

§/Q|Ul(1—€l)|2Cdif—%/Q|Ul(—1+5l)|2Cdif+/ (AUi(t), Uy (t)¢)dt +

—1+9;

178[

/ (P10 + @2, + P)Ui(dtde = / (F(t; + 1), Ui(t)C)dt,
o

—1+44;

178[

—1+44;
hence by (38), (40), (45) - (47)

1761
(49) Jim (A(U(1)), Uy (t)¢)dt =
—J 144

1

1
2 Fro e C) / 1 /Q (1 + 05 + U uoeCdtde = / (Y (8), woe)dt.

—1
By using arguments of [5] we obtain from (49)

VU, — ux a.e.in (—1,1) x 2
which implies by (39)
(A(U))) — A(us) weakly in LI(—1,1; V*),

e Y = Aus).
Finally, by (39), (40) we get (similarly to the proof of (4))

Ql(%uoo(l’)) < @?(tv 33) < gl(x7u00(x))7 =12
bz, [H (uce)](x)) < 9*(t,2) < Az, [H (ux)](x))

Integrating these inequalities over (—1,1), we obtain (36).
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