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OSCILLATORY AND ASYMPTOTIC
BEHAVIOUR OF SOLUTIONS
OF ADVANCED FUNCTIONAL EQUATIONS

JOZEF DZURINA

ABSTRACT. In this paper we compare the asymptotic behaviour of the advanced
functional equation

*) Lnu(t) = F(t,u[g(t)]) = 0
with the asymptotic behaviour of the set of ordinary functional equations
au(t) — F(t,u(t)) = 0.

On the basis of this comparison principle the sufficient conditions for property (B)
of equation (*) are deduced.

This paper is concerned with the oscillatory and asymptotic behaviour of the
solutions of the functional differential equation with advanced argument

(1) Lpu(t) = F(t,ulg(t)]) =0,
where n > 3 and L, denotes the disconjugate differential operator

(2) I 1 d 1 d4 d 1 d -

It is assumed that
(i) 7i, g : [to,00) — IR are continuous r;(¢) > 0, 0 <i < n and g(t) > ¢;
(ii) F : [to,00) x R — R is continuous and sgn F'(¢,z) = sgnx for each ¢t €
[to, OO)
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In the sequel we will suppose that
(3) / ri(s)ds =00 for 1<i<n-1.

The operator L, satisfying (3) is said to be in canonical form. Tt is well-known that
any differential operator of the form (2) can always be represented in canonical
form in an essentially unique way (see Trench [6]).

The following notation is employed:

Lou(t) = 11(?

1 d
Liu(t) = —L;iqu(t), 1<i<n.

i(1) dt

The domain D(Ly,) of Ly, is defined to be the set of all functions u : [T, 00) — R
such that L;u(t), 0 < ¢ < n exist and are continuous on [T,,c0). A nontrivial
solution of (1) is called oscillatory if it has arbitrarily large zeros; otherwise it is
called nonoscillatory.

If u(t) is a nonoscillatory solution of (1) then according to a generalization of
a lemma of Kiguradze [3, Lemma 3]. there exists a ¢; € [tp, o0) and an integer

£e€{0,1,---,n} such that £ =n (mod 2) and

bl

~

~—

~

wt)Liu(t) >0, 1<i<{,

(4) it :
(=1~ fu(@)Liu(t) >0, (4+1<i<n,
for all t > #;.

A function u(t) satisfying (4) is said to be a function of degree £ (see Foster and
Grimmer [1]). The set of all nonoscillatory solutions of degree £ of (1) is denoted
by N;. If we denote by A the set of all nonoscillatory solution of (1), then

N=NUN3U---UN, ifnisodd,
and

N=NyUNyU---UN,, if nis even.

Definition 1. Equation (1) is said to have property (B) if for n odd every nonoscil-
latory solution of (1) is of degree n, i. e. N'= A, and for n even every nonoscil-
latory solution of (1) is either of degree n or of degree 0,1. e. N = Ny UN,,.

The objectives of this paper is to establish a comparison principle between ad-
vanced equation (1) and corresponding ordinary equation and to obtain sufficient
conditions for equation (1) to have property (B).

We remark that for delay equations (g(¢) < t) of the form (1), efforts in this
direction have been undertaken by Kusano and Naito [4] in which delay equation
of the form (1) is compared with ordinary equation without delay and on the
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basis of such comparison theorem we can deduce criteria for property (B) of delay

equation (1).
Let us consider the set of the disconjugate differential operators

fori=1,2,--- ,n—2.
Theorem 1. Suppose that

(5) F(t, ) is nondecreasing in .
(6) g(t) € C'([to,20)), ¢'(t) >0, g(t) > 1.
Further assume that for1 =24,--- 'n—2ifn iseven and fort =1,3,--- ;n—2

if n is odd, the functional equation
() a;u(t) — F(t, u(t)) =0

has not any solution of degree i. Then equation (1) has property (B).

Proof. Let u(t) be a solution of (1), which is eventually positive and let £ €
{0,1,---,n} be the integer such that £ = n (mod 2) and (4) holds for all large
t, say t > t;. We claim that £ = 0 (if n is even) or £ = n. Assume that £ €
{1,2,--+,n — 2}. An integration of (1) yields

—Lp_qu(t) > / rn(s)F(s, u[g(s)]) ds, t>1.
t
Continuing in this manner we obtain
Lyu(t) > / reg1(seen)
t

« / / Pn($n)F (Sn, ulg(sn)]) dsp -+ - dsps1,
Se41 n—1

5

(7)

for t > t;. We multiply (7) by r¢(t) and integrate over [t1,?] to obtain

Lo_1ulg(t)] > Lequ(t) > / TZ(SZ)/OO Peg1(Set1)
(8) (o) (o) tl *
. / / ra(s)F (s, ulg(5n)]) ds - dse.

The first inequality in (8) follows from the facts that g(¢) > ¢ and L;_ju(t) is an
increasing function as £ > 1. If £ > 2 then we multiply (8) by r,—1[¢(?)]g’(¢) and
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integrate the resulting inequality over [t1,t]. Repeating this procedure, we arrive
at

Loal0]> [ mloteig e [ [ el )

© /<> /w / iwn)F(sn,u[g(sn)D dsy - -dsy, 131y,

Denote the right hand side of (9) by v(t) and define z(t) = ro[g(¢)]v(t). Repeated
differentiation of z(¢), shows z(¢) is a function of degree £ and, on the other hand,
(10) aez(t) — F(t,ulg(t)]) = 0.

Since u[g(t)] > z(t), we obtain in view of (10) that z(¢) is a solution of the differ-
ential inequality

{azz(t) - F(t, z(t)) } sgn z(t) > 0.
But then Corollary 1 of Kusano and Naito in [4], ensures that equation (E;) has
also a solution of degree £, which contradicts the hypotheses.

If ¢ = 1 then (8) implies

Loulg(t)] > / nis) | °° ratoo) | °° - °° (50 ) F (50, ulg(50)]) s - dsy.

Again, denote the right hand side of above inequality by v(t) and define z(¢) =
rolg(t)]v(t). Proceeding similarly as above we can verify that equation (F;) has
a solution of degree 1, which contradicts the hypotheses. The proof is complete
now. |

Now, we apply our comparison principle to the linear form of equation (1),
namely, to the advanced equation

(11) Lnu(t) = p(t)ulg()] = 0,

where function p(t) is continuous and positive on [tg, o0).
Let 1 <i<n—1andt s € [tg,o0), for convenience we make use the following
notations:

Iy =1,
t
Lt s;rg, - 71) I/ ri(x) i1 (®, 8571, 1) de.

For simplicity of notation we put

Ji(t,s) = rolg(O] Li(t, s;m(9)g’, -+, ril9)g’),
Ki(t,s) = ry(8) L (t,8;rn—1, i) -

First note that the following formula holds for the function J;(¢, s) defined above
Jl(t’ 5) = To[g(t)]fl (g(t)a g(S), 1, 7”2') .
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Theorem 2. Suppose that (6) holds. Let

qi(t) = rH_l(t)/ Kn_i—a(s, ) Ji—1(s,)p(s)ds, i=1,2,--- ,n—2.
t

Assume that the second order equations

- 1 !

E; —'(t {()z(t) =0
() (+570) +a:0
are oscillatory fori =2,4,--- n—2ifniseven and fort =1,3,--- n—2ifnis
odd. Then equation (11) has property (B).
Proof. Let ¢ € {1,2,---,n— 2} be fixed. By Theorem 1 equation (11) has not
any solution of degree / if the equation

apu(t) — p(t)u(t) =0
has not any solution of degree £, which according to Theorem 2 in [5] comes if
equation (Fy) is oscillatory. The proof is complete. a
As application of Theorem 2 we give the following result:

Corollary 1. Let all conditions of Theorem 2 hold. If

(12) lim inf (/: ri(s) ds) (/too 2(5) ds) .1

fori =2,4,--- , n—2ifniseven and fori = 1,3,--- ,'n— 2 if n is odd. Then

equation (11) has property (B).

Proof. Let i € {1,2,--- ,n — 2}, such that n + i is even, be fixed. By the well-
known criterion of Hille [2] condition (12) is sufficient so that all solutions of
equation (Fj) are oscillatory. Hence Corollary 1 follows from Theorem 2. |

Let us consider the fourth order advanced equation

(YY) -
(13) (%@)(m@)(m@yww))) p(Ouly(0)] = 0.

Let us denote

Then from Corollary 1 we obtain:
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Corollary 2. Suppose that (6) holds. Equation (13) has property (B) if

(14)  Timinf Ry(t) /t " ra(s) / h (Rl[g(x)] —Rl[g(s)])p(x) deds > %

As a matter of fact we are able to relax condition of monotonicity imposed
on the advanced argument in Theorem 2. Let us consider functional equation of
the form (1) with larger advanced argument Q(¢), where Q(t) : [to,o0) — R is
continuous.

Theorem 4. Suppose that (6) holds and Q(t) > ¢(t). Further assume that
equations (F;) are oscillatory for i = 1,3,--- . n — 1 if n is odd and for i =
2,4,--- ,n—11ifn is even. Then the equation

Lpu(t) — p()u[Q()] = 0

has property (B).

Proof. By Theorem 2 equation (11) has property (B). Our assertion now follows
from Theorem 1 in [4]. O

Example 3. Let us consider the advanced equation

1 1 LY /_ %% + con ] —
(15) (7“3(15) (rz(t) (rl(t)u (t)) ) ) p(t)ul2t + 1] = 0.

Letting ¢(t) = 2t — 1 and applying Corollary 1 and Theorem 4, one gets that
equation (15) has property (B) if (6) holds and (14) is satisfied with g(¢) = 2¢ — 1.
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