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Abstract. Modules over a not necessarily commutative multiplicative sup-lattice 4 are described
as the Eilenberg—Moore algebras of a fairly elementary monad (T, 7, u) over Set with 7X = 4*
which was considered before for commutative A, in particular when A is a frame. These modules
are shown to carry a generalized metric structure, inducing another monadic functor.
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INTRODUCTION

For a frame A (= complete lattice with xA V y; = VY xA y;) Machner [4] gave
a rather technical description of the algebras of the following monad t, = (T, n, u)
on Set:

TX = A5, (T (@) ) = V{e(®) | xe 'V} (f: X > Y,pe A, yeY),
X A5 with  ge(x)(x) = 6,»  (Kronecker’s delta),

et A > A5 with  uy(@) (6) = V{S(9)A 0(x) | ¢ € 47} (D € 44T, xe X).

However, from Joyal’s and Tierney’s work [3] one now has a nice characterization
of these algebras: interpreting 4 as a commutative monoid (with A as multiplica-
tion) over the sup-lattice (= complete lattice in which one considers V the only
structural element) A4, Eilenberg —Moore algebras with respect to 7, are nothing
but modules over the monoid 4, i.e. sup-lattices M which come equlpped with an
associative and unary action 4 ® M — M of sup-lattices.

* Partial support by the Université Catholique de Louvain (Belgium) and by NSERC (Canada)
is gratefully acknowledged.
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In this short note we present this observation in the non-commutative case.
More precisely, we show that the above monad exists for every sup-lattice 4
which comes equipped with an associative, but not necessarily commutative
multiplication and a one-sided unit (so in particular for every quantale ia the sense
of [1], and that the algebras are the same as in the localic case described above.
We also observe that they carcy a generalized metric structure which we discuss
in terms of adjoint functors.

1. SUP-LATTICES

The category SupLat has as its objects partially ordered sets X ‘which admit
arbitrary suprema (in particular, one has 0 = Y@ and 1 = VY X), and as its morphisms
f: X = Y mappings which preserve suprema. Every such morphism has a right
adjoint f,,, Y - X, given by the formula

fx)sy
' x< fo(y)’ _
(or fo(») = V{xlf()t) < ¥}); fa preserves all infima, so 1t can be interpreted as
a morphism f°: ¥ 5"X? in SupLat with X° the sup-lattice provided with the

partia! order opp031te to that one of X. (Recall that the existence of arbltrary
suprema implies the existence of arbitrary infima.) Obviously,

(—=)° : SupLat — SupLat

is a contravariant isomorphism of categories, yielding a strong self-duality of the
category SupLat.
A bimorphism f-: Xx Y = Z of sup-lattices satisfies the laws

S5 ) =V, V) = VA »).
The tensor product of two sup-lattices X, Y is given by a universal bimorphism
XxY—>X®Y xy) Px®y,

so that Bihom (X xY,Z) ~ Hom (X ® Y, Z). Therefore, b1morph1sms can be
always written as SupLat-morphlsm> on the tensor product.

2.'M ODULEMS OVER MULTIPLICATIVE SUP-LATTICES
A sup-lattice A is called muItipIicative When it comes equipped with a nullary
operation & : 1 - A.(i.e. an element ¢ € 4) and a binary operation
AQA-A4, aQ®Pp+apf,
in SupLat A left A- mdule Mis a sup-lattnce together with an action
A ® M- M, a2 ® x b ax,
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in SupLat such that
(af) x = a(Bx) and ex=x (e, fe A, xe M)

hold. The morphisms of the cate'gory A-Mod of left 4-mcdules are morphisms
I M- N in SupLat such that f{ax) = af(x). A right A-module M is a left
A*-module where 4* has the multiplicative structure given by ¢ and a * f = fo.
We write Mod-A4 for A*-Mod.

If 4 with its multiplicative structure is itself a left (right resp.) 4-module, then 4
is called a lefi (right resp.) monmd over SupLat; it is a monoid if it is both a left
and right 4-module. :

Every frame (= locale) is a monoid when puttlng aff = aA ﬁ and ¢ = 1;
in fact, frames are those monoids over SupLat with ¢ = 1 and a? = «. (The
Joyal —Tierney (3] proof survives dropping commutativity.) Piime examples of
locales are the lattices of oren sets of a topological space.

More generally, quantales in the sense of Borceux and van den Bossche [1] are,
by definition, right monoids over SupLat with ¢ = 1 and a? = a. Those were -
‘introduced to describe, inter alia, the lattice of closed right ideals in a C*-algebra.

For a mulitiplicative 4, a left A-module M, and every « € M, the SupLat-
morphism «(—) : M - M has a right adjoint, denoted by (—)% so .

ax <y
x < )”

One has a SupLat-morphism-
M° ® A - MO, y® a )y

which provides M° with a right 4-module structure:

x < )" x < y*®

ex <y (aP)yx<y

X<y afx) <y
Bx < y*
x <

This way one obtains a strong duality
(=)0 : A-Mod — Mod-A.

. For A commutative this gives a strong self-duality of 4-Med (which is the seif-
duality of SupLat mentioned before when taking 4. to be the 2-element chain).
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3. MONADICITY OF LEFT A-MODULES

Theorem 1. For a left monoid A over SupLat, A-Med is monadic over Set.

Proof: Forevery set X, AX = Set (X, A) carries the structure of a left A-module,
with (ag) (x) = ap(x) (x € 4, ¢ € AX, x € X), which is simply a direct product
of X copies of the left 4-module A4. It is indeed the free left A-module over X,
since every Set-map f: X - M into a left A-module M factors through

Nx:X—- 4%, with nux)(x)=¢ and 7n(x)(x)=0 for x # X,
by a unique morphism in SupLat, namely
g:A¥> M  with g(@) = V{o(x) f(x) ]| xe X}

for all ¢ € 4%, _

It is elementary to show that the forgetful 4-Mod — Set creates coequalizers
of absolute pairs, so it is monadic (cf. [5]). But it is not difficult either to see directly
how 1 ,-algebras (M, m) correspond to left 4-modules M (here 7, is the monad
induced by A-Mod — Set which may be described as in the Introduction, replac-
ing A by the multiplication of A): for a left 4-module M, the Eilenberg—Moore
structure m is a morphism 4™ — M in A-Mod with mn,, = 1p, SO

m(p) = V{o(x) x| xe M};

on the other hand, given an Eilenberg—Moore structure m on a set M, A acts
on M by
ax = m(any(x)). a
Analogously one can show that Mod-A4 is monadic over Set when A is a right
monoid. So one has: :

Corollary 1. For a commutative monoid A over SupLat, both A-Mod and (A-Mod)°?
are monadic over Set. o

4. THE INDUCED HEYTING STRUCTURE

For a left monoid 4 and a left A-module M and every x € M, the SupLat-
Morphism (=) x: 4 - M has a right adjoint, denoted by x - (—), so
axsSy
a<x_y ’
One has a SupLat-morphism
M®M°— A% x@ypr(x-y)

satisfying the following laws for all x, y € M:

)
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Proposition 1.
(0] X<y<se<x—-y,

2 . VX(z->y)(x—>z) =Xx-).

Proof: (1) is trivial, and it implies
x>y =¢x-y)<(y—-y)(x-y) <Lhs. of (2).
For the other inequality needed in (2), first observe that trivially
(x>2)x <z (&)
for all x, ze€ M; therefore,
(=2 x->2Dx=z->N((x>2)x)<(z->y)z<y,

hence (z » y)(x > z) < x > yforall x,y,ze M. a
Passing to the induced Heyting structure causes no problems when forming
direct products:

Proposition 2. For families (x;);, (v;); in the dtrect product H M; in A-Mod
one has

(xDi = ) = é (x; = o).
Proof: Since the partial order in [] M, is componentwise, we have
i

a < (x) = ()
a(x;) < ()
Vi:ax; <y

Viia <x;-y

“S_iA(xi‘*Yi) ‘ o

However, morphisms require more detailed considerations:

Proposition 3. For left A-modules M, N and a Set-map f: M — N one has*

1) x>y < f(x) > f(») (x, y € M) holds if and only if f is monotone (i. e.
x <y= f(x) £ f(y)) and satisfies af(x) < f(ax)(xe 4, xe M).

(2) For f monotone and onto, f(x) — f(¥) < x = y (x, y € M) implies f(ax) <
< af(x) (x € 4, xe M). .

(3) flax) < of(x) (« € 4, x € M) implies f(x) - f()) < x >y (x, ye M) if
and only if f reflects the order (i.e. f(x) < f(y) = x < ).

Proof: (1) “=" fis monotone by Prop. 1 (1). From « < x - ax < f(x) - f(ax)
one obtains af(x) < f(ax). “<" In a < f(x) = f(ax) we may substitute & = x — y
to obtain with (*)

x =y < f(x) = fl(x = p) x) < f(x) > f)
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since f'is monoto‘ne. s

(2) We may write, for « € 4 and x € M given, af(x) = f(y) and have a < f(x) —
- f(») < x > y, hence ax < y, so f(ax) < f(») = af(x).

(3) “="" Reflection of the order foilows from Prop. 1 (1) again. “<" With
o = f(x) = f(y) one obtains from (*)

AU =) x) < (f(x) = F)) fix) < fO), ,
hence (f(x) = f(3) x < p, s0 f(x) = f()) < x - . o

5. THE METRIC POINT OF VIEW

If, for a left monoid 4 over SupLat with ¢ = 1 and for a left 4-module M,
we write

dix,y)=x—y, a+f=po, a<fof<a 6=s
then Prop. 1 gives
)] dix,y) =0 =d(y,x) = x =y,
(2) d(x,y) < d(x, z) + d(z, y)

for all x, y,ze M.

For a partially ordered (Set-based) semigroup (S, +, <) (so (S, +) is a not
necessarily commutative semigroup and (S, <) is a poset with the binary + mono-
tone in each variable) such that there is a bottom element @ with ® + @ = @, we
consider the category

S-Met -

whose objects are pairs (M, d) with a set M and a function d: M x M — S that
satisfies (1) and (2), and whose morphisms f': (M, d) = (M’', d') are non-expanding
maps, i.c.

d'(f(x), f(y) < d(x, ).

Putting (x < y <> d(x, y) = @) defines a functor S-Met — PoSet (the category of
partially ordered sets and monotone maps).

- If we denote by A* the partially ordered semigroup as described above (so A*
is, as a semigroup, 4* and as a poset, 4°) then Propositions 2 and 3 give
1mmed1ately

Corollary 2. There is a faithful functor A-Mod — A™-Met that preserves products
and reflects isomorphisms. ,
- Next we shall point out that the functor is actually monadic.
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6. SUMMARY IN TERMS OF ADJOINTS

For a left monoid A over SupLat with ¢ = 1 # 0 one has:

Theorem 2. In the diagram

of forgetful functors, each one has a left adjoint; U,, U, Uy, Us, Ug are monadic
whereas U,, Us and U, induce trivial monads.

Proof: Denoting the left adjoint of U; by F;, one has F, X the power set PX
of the set X, F,X = X with the discrete order, and F;X the system of down-sets
in the poset X (cf. [2]). F, is tensoring with A, so F,F,; gives an alternative way
of constructing the left adjoint Fg as in Theorem 1, i.e.

A® PX = A%,
For a poset X, the metric structure of FsX = X is given by

eif xy
0 otherwise

d(x,y)={

(recall that O is the bottom element in A, i.e. the top element in A¥). Since U, =
= U,Us trivially has a left adjoint, we just need to show existence of Fg: this can
be derived from Corollary 2 above and Theorem 3 of [6], applied to the triangle

\

Ug -
A-Mod — A -Met

UG\A' //7

Set

(we do not have an explicit construction of Fy).

Monadicity of U,, Us, U,, Ug, Uy is easily checked with the Beck—Paré
criterion (cf. [5])); U,, Us and U, obviously induce identical monads (to have
UsFs = 1d, one needs 1 # 0 in A). : - o
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