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HIGHER MONOTONICITY PROPERTIES
OF CERTAIN STURM-LIOUVILLE FUNCTIONS

ELENA PAVLIKOVA, Zilina
(Received March 24, 1980)

I. INTRODUCTION AND NOTATION

In [1] there is derived a simple sufficient condition for the monotonicity of order n
of the sequence of diferences of consecutive zeros of linear combination of any
solution and its first derivative of the differential equation

y s d
(@ Y +4qx)y=0 ( =d—x)
in the interval (a, o), where a is a real number.

In [4] there are given sufficient conditions for the monotonicity of the sequence
of extremants (i.e. zeros of the 1-st derivative) of an arbitrary solution of the differen-
tial equation (q).

In this paper, using the first accompanying equation with regard to the basis «, 5,
where «, f are real numbers with the property az__+ B? > 0, we extend the above-
mentioned results from [1] and [4] to the function

ay + Bg(x) y,

where y(x) is a solution of the equation

@@ ) + [y =0,

Finally, we introduce certain applications of the derived results for Bessel func-
tions.

In [2] M. Laitoch introduced the first accompanying equation (Q) towards the
differential equation (q) with regard to the basis a, § in the form

Q Y+ 0(x)y =0,

where )
’ 2 n 4 12

ay 00 = g + aBq 1 p9g" 3 PBq

+— 2 9
od+pq 2 at+pq 4 (@ +p9)
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under the assumption that g(x) € C,, q(x) > 0 for x e (a, o), and «a, B are real
numbers with the property «> + f2 > 0.
In [2] it is proved that if y(x) is a solution of (q), then the function
Y(X) = "% ,
Vo + gg(x)
is a solution of the differential equation (Q) and conversely, if Y(x) is any solution
of (Q), then there exists a solution y(x) of the equation (q) such that

gy
S 4 I ()
Ja? + B2q(x) g

A function f(x) is said to be n-times monotonic (or monotonic of order n) on an
interval (a, o) if

(03] (=DfDx)z0, i=0,1,....,n, xe(a, o).

For such a function we write f(x) € M,(a, o). If strict inequality holds trough-
out (2), we write f(x) € M (a, c0). We say that f(x) is completely monotonic on (a, ©)
if (2) holds for n = 0.

A sequence {x;};>,, denoted simply by {x;}, is said to be n-times monotonic if
©) (-D'A% 20, i=0,1..,n k=12,..

Here
A% = Xy, AXe = Xgpy = Xgs o0s A" = A" ' Xypy — A"

For such a sequence we write {x,} € M,. If strict inequality holds throughout (3),
we srite {x,} € M}. The sequence {x,} is called completely monotonic if (3) holds
forn = 0.

2. NEW BASIC RESULTS

In this section we consider the differential equation

@ (&X)YY +f(x)y =0,

with f(x) and g(x) continuous, g(x) > O for x € (a, 0) and g(x) € M, (a, ©), n 2 2.4
_The change of variable

® ¢=f[e(0] " dr,
where the integral is assumed convergent, transforms (4) into

’ v od
©® i+ o =0, (-%)

where 7(£) = y(x) and @(¢) = f(x) g(x).
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For n 2 2, g(x) is non-increasing. Hence, the mapping (5) takes the x-interval
(a, ) into the ¢-interval (0, o0).

Let (&) e Cz, () > 0 on (0, o). The first accompanying equatxon towards
the differential equation (6) with regard to the basis «, f has the form

M n+ en=0
where &(¢) is given by (1¢).

Lemma 1. Let n = 2 be an integer. Let f(x), g(x), (f(x) g(x))’ in (4) be positive on
(a, ) and let g(x), (f(x) g(x))’ belong to M,(a, o). Then for the carrier ¢(§) of the
differential equation (6) we have

0 >0, ¢¢)>0 on (0,0) and @) e M, 0, x).
Proof. Consider a carrier ¢(&) of the equation (6). It is obvious that ¢(¢) =

= f(x) g(x). Therefore, by hypotheses, we have ¢(¢) > 0 on (0, o).
The second part of the assertion is proved in [3], Theorem 3.1.

Lemma 2. Let the assumptions of Lemma 1 hold. Let o, B be real numbers such
that a* + B* > 0, aB < 0. Then for the carrier ®(&) of the first accompanying equation
towards the differential equation (6) with regard to the basis a, B we have

dE >0 on (0,0), PEeM, ,0 00) and 0 < H(0) = ¢(0) S .

Proof. Consider a carrier #(¢) of the equation (7). Lemma 1 implies that ¢(§) > 0
on (0, o) and ¢(¢) € M,(0, o). Since a? + B > 0 and ¢(¢) € M,(0, c0) we receive

from ([5], Lemma 2.3), that -—i——_ M40, o).

+ Bo(8)
— B € M, (0, o) because the sufn and the product of two
o’ + BZp(¢)

functions of the class M,(0, o) are functions belonging again to the class

M,(0, ) [5]
Therefore, using ([5], Lemma 2.3), we have

3 2,:\2 1 1 2.
[-—-‘-‘— @%]EM;.A(O, ), ['2— ;%;]EM;.- (0, )

and since af < 0 also

The functions

afo | ,
[———————-az T Fo ] eM,_,(0, ).

This implies (&) € M,_,(0, o) and since ¢(¢) > 0 on (0, 00) we receive from (1,)

that #(¢) > 0 on (0, o). From Lemma 1 and ([1], Lemma 1) we get 0 < ®(») =
< @(00) £ 2 and the proof is complete.
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- Let us denote, for fixed 1 > —1,
Xk +1 ' i :
© Po= | W) () BV Fax, k=12,
e 8 | Vo2 + B3 (x) g(x)

where y(x) is an arbitrary solution of (4) and {x,} is a sequence of consecutive zeros
of the function az(x) + PBg(x) z'(x), where z(x) is any solution of (4) which may or
may not be linearly independent of y(x). The function W(x) is any sufficiently mono-
tonic function.

Theorem 1. Let n > 2 be an integer and a,, B be real numbers such that o> + p* > 0,
af £ 0. Let f(x), g(x), (f(x)g(x)) in (4) be positive on (a, ©), g(x) € M,(a, ©),
(f(x) g(x))' € M,(a, ) and let

(10) - W(x) > 0, W(x)e M,_,(a, ©), x € (a, ).
Then for P, defined by (9) there holds
an {P}eM]_,.

Proof. Let y(x), z(x) be solutions of the differential equation (4) and n(§) = y(x),
{(£) = z(x) be solutions of the equation (6). It follows from [2] that the functions

HE) = 21+ Bn_ _ oy + Bgy’
Jor + Bo(8) Vo + Bg
2(¢) = al + B¢ _ %z + Bgz’

Vor & BPp(&)  Vo* + g

are solutions of the equation (7).

By Lemma 2, we have 0 < &(x) < 2. This shows that az(x) + Bg(x) z'(x)
does indeed have an infinite sequence of zeros on (a, ).

Using the change of variable (5) we get

Pey . 5" an+pn |
W) oy + dx = [ W(xE) )’ b l d¢,
0 g(x) V& + B (x) g(x) V¥ + B(8)

where {¢} are consecutive zeros of al(£) + B{({) corresponding, respectively, to
consecutive zeros {x,} of az(x) + fg(x) z'(x), here al(&) + (&) = az(x) + Bg(x) 2'(x).
By hypotheses, we have W(x(¢)) > 0 on (0, ). Since W(x)e M,_,(a, ),
“using (8) and ([15], Lemma 2.3), we have W(x(£))e M, _,(0, ). By Lemma 2,
#(¢) > 0 on (0, 2) and B(¢) € M, _,(0, ). So, the conditions of ([3], Theorem 3.1)
are fulfilled. Using this theorem we have

{N:} eM,_,,
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where N, is defined by
T+ 1
Ne= | W) HOPE 1> -1, k=1,2,.
ik '

Here H(&) is the solution of ‘(7) and {¢,} denotes the sequence of consecutive zeros
of the solution Z(&) of (7).

Since Z(¢) \/07_4- B2o(&) = a&(&) + BE(E), we have {t.} = {&}. Hence it
follows that
Sk +1 an + B’i .).
) ‘5 @) Vo + B2p(¢) )

so that (11) holds, and the theorem is proved.

Corollary 1. Let the conditions of Theorem I are satisfied. Then

Xk +1

{ | W) lay(x) + Bg(x. y'(x)|*dx} e Mp_3,
forAe(—-1,0),k=1,2,...
Proof of this corollary follows directly from Theorem 1. (11) remains valid when
W(x) is replaced by
W(x) g(x) (@* + B*f(x) g2, Ae(~1,0),

since the last function belongs to M, _,(a, ).
If we put W(x) = 1, we receive

Corollary 2. Under the hypotheses of Theorem | we have

Xk + 1

{ | 1ay(x) + Pg(x) y'(x) |*dx} e M,_,,
fordie(-1,0),k=1,2,...

Remark 1. If in the above considerations we choose « = 1, B = 0, then we obtain
the results from [ 1] concerning the monotonicity of consecutive zeros of any arbitrary
solution y(x) of the equation (4).

If we choose « = 0, § = 1, then we obtain the results from [4] for the mono-
tonicity of the sequence of extremants of an arbitrary solution of the equation (4). .

3. APPLICATIONS TO BESSEL AND GENERALIZED
AIRY FUNCTIONS

Throughout this section we suppose that «, f are real numbers such that a +

+p*>0,0850. ,
1. Let €,(x) denote any Bessel (cylinder) function of order v, i.e. any nontrivial
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solution of the Bessel equation

2
(12) v+ —l-y' + (1 - l;-)y =0, xe(0, ).
x x

Then the function
y(x) = x'*€ (x)

is a solution of the differential equation

2ot )
13 y +\11 - 4 y=0.

x
Let {a,:} denote the sequence of consecutive positive zeros of the function
ax'?€,(x) + B(x' € (x))
and let {4,,} denote the analogous sequence of the function
ax2€,(x) + Bx*E(x)),
where ©,(x) denotes any Bessel function of order v, possibly €,(x) again.
Theorem 2. Let n = 2 be an integer, v > %- be an arbitrary number and a =
1 1/2
= 2 —_——
(4 2)" e
W(x) > 0’ W(JC) € Mn-Z(a: w)’ X€ (a9 w)

and let R,, be defined for x € (a, ©) and A > —1 by

Avik+1 1/2 1/2 ' A
A8 Ra= ] Weo| 2SO+ ETEW) Fyo k1,2 ..
. Awk

\/az2 +l5'2(x2 —-vi 4 —li—)x'2
Let p be the smallest integer satisfying a < A,,. Then
19 ARuNZ, €M, .

Proof. In the case of the differential equation (13) the coefficients f(x) and g(x)
have the form

f(x)=1- (v’ - —:—-)x'z and g(x)=1.
It is obvious that f'(x) € M *(a, ) and f(a) = 0. This implies f(x) > 0 for x €(a, o).

The expression Py defined in (9) is of the form (14). So, the assertion (15) follows
immediately from Theorem 1.
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1/2
Remark 2. Let v > —%— be an arbitrary number and a = (v’ - %) . Let

W(x) > 0, ‘ W(x) e M (a, ©), x € (a, ),
and let R,, be defined by (14). Then
{Rvk}:)-pe M; .
The remark is the case n = oo in Theorem 2.

Corollary 3. Under the hypotheses of Theorem 2 we have

Avik+1

{ I W(x) | ax'/*@,(x) + B(x'*€ () |* dx}iv oMy s,

for some fixed e (—1,0).
The proof of this corollary follows from Theorem 2 The assertion (15) remains
valid when W(x) is replaced by

1 A/2
W(x)(ac2 + B (xz -vi 4+ -4—) x") , Ae(—=1,0),

since the last function belongs to M, _,(a, o).

Remark 3. As a direct conclusion of Theorem 2 we get

s

(16) {(av,k+ l)7 - (avh)r}:;pEM:n 0 < )’ é 19
an {lg *} M.
Ayx k=p .

The assertion (16) is an immediate consequence of Theorem 2 with €,(x) = €,(x)
A=0and W(x) = yx""L ~

The assertion (17) follows from Theorem 2 if €,(x) = €,(x), 4 = 0 and W(x) =
=x"1 -

Remark 4. Let the assumptions of Theorem 2 hold and let y > 0. Then

(18) {(avk)—y}:;pEM:n
19) {lgaw) " }=peMy,  a,>1,
{exp (—ya)}%,€ My

The assertion (18) follows from Theorem 2 if @,(x) = E,(x), A =0and W(x) =
= —w'(x), where w(x) = x™.
It is obvious that w(x)e M%(a, ). Therefore we have A°w(a,) > 0, k=p,

P + 1, ... Moreover,
Gyyk+1

—Aw(a) = | [—w(®]dx,
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and, since —w'(x) e M%(a, ), we can see, from Theorem 2, that
{ _Aw(avk)}:;p € M:o .
This implies
{w(avk)}:;p € M:o .
Thus (18) holds.

The assertions (19) and (20) follow from Theorem 2 if
€W =6, 4=0 Wx=-[1gxn7] and Wx)=—-[e"],

respectively.

2. We apply Theorem 1 to certain generalized Airy functions, i.e., solutions of
@n Y+ 8272y =0,
where 1 <0 £ % The solutions y(x) of (21) are expressible in terms of cylinder
functions:

y(x) = xllzcil/(za)(xa)«

Let {b,:} denote the sequence of consecutive positive zeros of the function

ax'/2E 1/(25)(3"’) + ﬂ(xllzel/(za)(xa))'

and let {B,.} denote the analogous sequence of the function

3 o 1/2c5 ’
o"51/2‘51/(2.5)(" ) + B(x /2‘51/(26)()‘6)) R

where €,(x) denotes any Bessel function of order v, possibly € ,(x) again.

Theorem 3, Let n = 2 be an integer and 1 < 6 < % be an arbitrary number. Let

W(x) > 0, W(ix)e M,_,(a, ), x € (a, ), 0<a<3B,,
and let Ny, be defined for x € (a, ) and A > —1 by

@ Na= | | L e A [y,
2ok \/az + pr%x2072
k=1,2..
Then
@) {Na}eM,_,.

Proof. The assertion (23) is an immediate consequenoé‘ of Theorem 1, applied
to the equation (4) with
’ f(x)=6%x*"2 and g(x) = 1.
It is obvious that f(x) > 0 on (a, ) and f'(x) € Mx(a, ). The expression P,
defined in (9) is of the form (22), so that (23) holds and the theorem is proved.
Vd
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Remark §. Let 1 <6 < -;— be an arbitrary number. Let

W(x) > 0, W(x)e M (a, ), x € (a, o), 0La<B,,
and let Ny, be defined by (22). Then
{Na}eM :o
Rhe remark is the case n = oo in Theorem 3.
Corollary 4. Under the hypotheses of Theorem 3 we have
{Mf” ‘| ax '€y 54(x%) + ﬁ(xllz(ﬁx/(za)(xd))' |*dx} e My-,,

Bsk
for some fixed A€ (-1, 0).
Proof. In Theorem 3, we set
W(x) = (@® + p26*x*~)*2 je(—~1,0).

" Remark 6. As a direct conclusion of Theorem 3 we get

(24) {(bs,k+1)" — (ba)"} eM;, 0<y<i,
25) {lg L} eM,

bax
(26) {(bs) ™7} eM;, ?>0,
(27) {(g bs) "} eMy, ?> 0, by > 1,
(28) {exp(~yba)}eM, 7>0.

The proof is quite similar to the proof of Remark 3.

!
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