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Definition. A category is said to be connected if for every pair of its morphisms
/. f' there exist morphisms f;, i =0, 1, ..., n, n an odd natural number, such that
Jo=ff,=f,domf;, =dom f;_, for 2,4, ...,n — 1 (even) and cod f;_, = cod f;
fori =1, 3,..., n (odd).

Such an (n + 1)-tuple of morphisms will be called the path from fto f.

Let o denote the category the objects of which are all small connected categories
and morphisms all surjective covariant functirs between them.
Monomorphisms in ¢ are to be found.

Definition. Let F : B — A be a morphism in . Two paths (fy, ..., i), (fo, -5/
will be called F-isomorphicif m = nand Ff; = Ff; fori =0, ..., n.

Morphisms f, ' €B, f # f’ will be called F-symmetrical if for each morphism
g € B there aré F-isomorphic paths (f = foseeisSmn =8 (f' =14, --»fy) and F-iso-
morphic paths (f = fo, w0, £, (f = foserSu =8
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Lemma. Let F ‘B - A be an element of Mor A and f, f' F-symmetrical. Let C
denote the set of all ordered pairs (g, '], g, g €B such that there exist F-isomorphic

paths (f = fo, ..o, fu=28), f =1fo, ..., , =8). Then C is a connected subcategory
of the category B x B and the restrictions of both projections are surjective.

Proof. 1. Identities:
[g,8 1€ C= [domg,dom g} e C:

domg

NS
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Let(f=fo, ... /o =8 (f' = f3, ..., f = g") be F-isomorphic, Then (f = fos - /i
=& for1 = dom & fus2 = dom g), (f’ =Jos s Su = =&, fu+1 =dom &’ f;-+2 =
= dom g’) are F-isomorphic, too.

[s,8]€C=[cod g, codg] e C:

Let(f =fo,..0. fn =8, (f" =15, ..., fn = g’) be F-isomorphic. Then(f = f,,...f, =
= g’ f;H-l = g’ .f;:+2 = COdg)’ (fl =f(;a af,: = gl’ f;.’+1 = g'; f;.'+2 = cod g’) are
also F-isomorphic.

2. Composition of morphisms:

/\
.
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Let [, 8] [ i) existin B x B, i.e. g. 4, g'. i’ exist. If [¢, &'] € C and [, A" e C
then [¢.h, &' . W]eC: Let (f=fo,....f, =g), (f' =fs .Sy =) be Friso-
morphic. Then (f = f,, ..., = g, fo41 = dom g (= cod h), far2 = h), (f" =15, ...
fa=8, fars =domg’ (= cod k), f,\, = k') are F-isomorphic and (f = f,, ...

Si=8 S =8 forza =8 W) ([ =S5, s fi =8 fles = & Sz =8 . ) are
F-isomorphic.

3. Connectedness:

Let [g, &1, [h, h]eC, (f=580,...8. =g), (f =g, ..., & = g) F-isomorphic,
(f=ho, ..y by = h), (f' = hy, ..., b, = k") F-isomorphic.

ARG
/\

Then ([g; &1 = [8m> &n)s s [815 811 [hys ], ..., [hay 1] = [h, B']) is evidently
a path from [g, g'] to [4, #"] because both [g;, g/] and [4;, h;] € C. The surjectivity
of projections follows immediately from the construction.

Theorem. For a functor F : B — A, F e Mor X, holds: F is monic if and only if
there exists no pair of ¥-symmetrical morphisms in B.

Proof. = : Suppose that f # f' € B are F-symmetrical. Then, by the lemma, it is
easy to see that there exist a small connected category C and a pair of different surjec-
tive functors G, H : C —» Bsuch that F. G = F . H. Hence F is not a monomorphism.
< :Let F: B — A be a morphism that is not monic.

Then there exist a small connected category C and a pair of different surjective
functors G, H: C — B such that F. G = F. H. Let, for instance, e be one of those
morphisms in C, for which He # Ge. It will be shown that He, Ge are F-sym-
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metrical. Clearly FHe = FGe. Let g be an arbitrary morphism in B. In C there must
exist morphisms g;, gy such that Gg; = g, Hgy = g. Let (e = g¢, ..., & = &¢)
be a path from e to g; and (e = Ay, ..., h, = gg) a path from e to g,. It is obvious
that the paths (Ge = Ggo, .., Gg, = g), (He = Hg,, ..., Hg,) are then F-isomorphic
and so are the paths (He = Hhy, ..., Hh, = g), (Ge = Gh,, ..., Gh,,).

Note. The preceding construction is possible and the theorem is valid whenever
is a full subcategory of the category of all small connected categories such that ¢
contains, together with every small connected category B, at least one isomorphic
copy of each of its connected subdirect power C = B x ; B. Especially, the category
regarded in [1] is of this type.
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