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On the non-lﬁ,l) and locally uniformly non-lsll) properties,
and ! copies in Musielak—Orlicz spaces

GHASSAN ALHERK

Abstract. It is proved that a Musielak—Orlicz space L%(u) over a non-atomic measure is
locally uniformly non—ls,l) if and only if ® satisfies the A3-condition. Moreover, there are
given some criteria in order that Musielak—Orlicz space be non-ls.x) as well as in order
that it contains an isometric copy of {!. These results generalize the results of [1], [2], [4]
and (8].
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1. Introduction.

At the beginning, let us give some terminology and definitions concerning Mu-
sielak—Orlicz spaces and geometry of Banach spaces. In the whole paper, (T, X, u)
denotes a positive non-atomic measure space, N denotes the set of all natural num-
bers, R denotes the reals, R} denotes the non-negative reals, x4 denotes the char-
acteristic function of a set A € L.

A function @ : T'x R — [0, +00] is said to be a Musielak—Orlicz function if ®(¢,-)
is even, convex, vanishing and continuous at zero, left continuous on the whole R
and not identically equal to the 0 function on R for p-a.e. t € T, and such that
®(-,u) is a X-measurable function for all u € R.

A Musielak—Orlicz function @ such that &(¢;,u) = ®(¢2,u) for all ¢,t2 € T
and u € R is called an Orlicz function. For a given Musielak—Orlicz function &
and a measure u, the Musielak—Orlicz space L¥(u) is defined as the set of all
equivalence classes of E-measurable functions z from T into R such that Is(Az) =
Jr®(T, \z)dp < +oo for a certain A > 0 depending on z. If @ is an Orlicz
function, then L*(u) is called an Orlicz space (see [11], [12], [13] and [14]). We
denote by E%®(u) the subspace of L*(u) defined as the set of all z € L®(p) such
that Ig(Az) < +oo for every A > 0.

A Musielak—Orlicz space L®(u) equipped with the Luxemburg norm

llzlle = inf{r >0 I.,-f— <1}

is a Banach space (see [11], [12] and [13]). For any Musielak—Orlicz function
®, the function ®*, complementary to ¢ in the sense of Young, is defined by the
formula
#"(t,u) = sup{Julv - &(t,)}
v30
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forallt € T and u € R.

We say that a Musielak—Orlicz function ® satisfies the Aj-condition if there
exist a constant k > 2, a null set Ty € ¥ and a X-measurable non-negative function
h with [ ®(t, h(t)) du < +oo such that &(t,2u) > k®(t,u) for any t € T \ Ty and
u > h(t) (see [9]).

Every Musielak—Orlicz function which satisfies the A;-condition has finite val-
ues.

A normed space (X, || ||) is said to be locally uniformly non-I$" (n€N,n22)if
for every z; € X with ||z;]| = 1 there exists §(z,) in the interval (0, 1) such that for
all norm-one elements z,,...,z, in X, the inequality ||z, +-- -+ z,|| < n(1-6(z,))
holds for a certain choice of signs +1 (see [186]).

A normed space (X, || |0 is called non-I{" (n € N,n > 2) if for any norm-one
element z,,...,%, in X, we have ||z; & -+ £ z,|| < n for a certain choice of signs
+1 (see [3)).

Now, we shall give some lemmas which will be used in this paper.

Lemma 1. (see [4]) The space I° is not non-IP.

Lemma 2. (see [8]) The space I® contains an isometric copy of I.

Theorem 3. (see [3]) A normed space (X, || |) is non-I" if and only if it does
not contain any isometric copy of 1,

2. Results.
For a Musielak—Orlicz function ® that has only finite values, define

g(t) = sup{u € R, : ¥(t,-) is linear in the interval [0, u]};

obviously , g is a £-measurable function, and g(t) = +oco whenever &(t,-) is linear
on the whole R.
Theorem 4. A Musielak—Orlicz space L*(p) equipped with the Luzemburg norm
is non-I) (n € N,n > 2) if and only if:

a) ® satisfies the A,-condition,

b) [r®(t,g(t)) dp < n.

PROOF : Sufficiency. Let ||zifl¢ = -+ = ||zalle = 1. In virtue of the A,-
condition, we get Ig(z;) =--- = Is(z,) = 1 (see [7]). Now, we shall prove that for
all uy,...,us € R and u-a.e. t € T, we have

zn:d’(t, u;) > &(¢, g(t)) implies ( '-‘l—:'k—i-'-‘ﬁ) Z P(t, ui),

i=1 lcl

for a certain choice of signs +1. For this purpose we shall consider two cases:
I. max |u;| > g(t). For the choice of signs +1 such that

Jug £+ Fu,l € lrgaix Juil,



437

On the non- l( ) and locally uniformly non-I( ) properties, and I! copies .

we get

® (t, '—‘-‘——i—n—ﬂﬂ) <@ (t, 5‘—%) < (lé(t,mum) =
= — max ®(t,u;) < Zé(t ;).

n l—l

(=

II. max |ui| < g(t). Then at least two numbers among ®(t,u;) ¢ =1,...,n are
positive. In the opposite case, we have Y I ®(t,u;) = ®(t,ux) < 3(t, g(t)), where
1 < k < n, which contradicts to the assumption in condition (*). Thus, we get

max $(t, u.)/ZQ(t u;) <1

i=1

For a certain choice of signs 1, we have |u; % - -+ u,| < max;ign |ui|. Therefore,

¢ (p i) cg (5,20 - Lo maxiu) =

%ma.xd)(t u.) < - g@(t Ui

For this choice of signs +1, combining the cases I and II, we get (*). Define

A= {t eT: En:@(t,z.-(t)) > &(t, g(t))} .

=1
Then, in virtue of (*), we have

s (t’ oa(t) £+ 3n(t)) Z‘I’(t 2(t))

n

l—l

for all t € A and a certain choice of sign +1. Therefore,

n

Z‘I’ ( zi(t) £ -- :tzn(t)) 2r! 3 (2, 24(t)).

=1
Integrating this inequality on both sides over A, we get

ZI ((z;:&: :l:z,.)xA) on — 121.(3'“)

i=1
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Hence, we obtain

pret ZI ((zl:t :I:zn)) li’é(z-‘)—zh (f_li_ni_&) >
2n ih(:ﬁXA) ZI (______________(3:1:1: izn)XA)

i=1
Hence, in virtue of the previous inequality, we get

ZI (————x‘i iz“)<2""1.

Then, for a certain choice of signs £1, we have

w(aEsin)

Thus, in virtue of the Az-condition, it follows that
" T +... + Tn
n

for a certain choice of signs +1. The proof of sufficiency is finished.

Necessity. If & does not satisfy the A,-condition, then L®(u) contains an isomet-
ric copy of I (see [5], [6]), so L#(p) is not non- 18 (see Lemma 1).

Now, assume that ® satisfies the As-condition and the condition (b) does not
hold, i.e. [, ®(t,g(t))du > n. In virtue of the Az-condition, ®(¢,-) is continuous
for p-a.e. t € T. If g(t) < +oo for p-a.e. t € T, then there are pairwise disjoint sets
AI,AQ,...,An (> such that

[ etandu== [ staw)du=1
Ay An
Define z; = gxa; fori =1,2,...,n. We have Is(z;) =1, and

Is (M) qu, (%)= —Zlq»(z.) -1

for any choice of signs +1. Thus, we have
" I :{: e i’: Tn

n
for any choice of signs 1. It means that L?(u) is not non-I8".

If g(t) = 400 for t € A, where A € T and p(A4) > 0, then &(¢,u) = P(t)|u| for
every t € A and u € R4, where P is a T-measurable function positive on A. Define
on £ N A a new non-atomic measure v by

W(B) = /B P0ds (VBeznA).

||q><1

le =1

is finished.

Now, we shall give a criterion in order that a Musielak—Orlicz space L%(u)
contains an isometric copy of I.

Then L*(p, A) = L(v, A), and therefore L®(u) is not non-I$" (see [4]). The proof
u
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Theorem 5. A Musielak—Orlicz space L% (1) equipped with the Luzemburg norm
contains an isometric copy of I' if and only if:

c) ® does not satisfy the Aj-condition, or

d) Is(g) = +oo, where g is the function defined before Theorem 4.

PROOF : Sufficiency. If & does not satisfy the A,-condition, then L%(u) contains
an isometric copy of I*° (see [5], [6]) and, in view of Lemma 2, it contains an
isometric copy of I'. Now, assume that & satisfies condition (d) and (g(t) < 400
for p-a.e. t € T. We can assume that  satisfies the Az-condition. The measure v,
defined on ¥ by the formula

vu(A) = Is(gxa)

is non-atomic and infinite.

Therefore, there exists a sequence (Ax )52, of pairwise disjoint sets in X such that
Is(gxa,) =1 for every k € N.Denote ax = gx4, and define an operator P from [*
into L¥(u) by

oo

Py=>) car (Yy=(cx)€l').
k=1

P is linear and it is easily seen that Py € E®(u) for any y € I*. In fact, taking into
account that ®(%, -) is linear on the interval [0, g(¢)], we get ®(t, ag(t) = |a|®(t, g(t))
for every |a| < 1. Given A > 0, choose ng € N in such a manner that Ajc;| < 1 for
n > ng. We have

no—l
Is(A\Py) = / &(t, Aexa(t)) dp + E / ®(t, Ackax(t)) du

k"no

no—1
Z / ®(t, Ackax(t)) du + Z Alek! / ®(t, ar(t)) dp

k—ﬂo

oz" / ®(t, Aekar(t)) dp + A Z ekl < +o0.

k—ﬂu

Now, we shall prove that P is an isometry. We have

() = 2 (i) 4= Z/ ‘I’( T(;Tﬁl)"

=Z le] / ®(t,ax)dp =
Ap

2Tyl

k=1

Hence,

= Lie. ||Pylle = |lylln-

“ llylle
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Assume now that g(t) = +oo for t € A, where A € ¥ and p(A) > 0. Then
L*(u,A) = L'(v,A), where v is defined as in the proof of Theorem 4. Since
L(v, A) contains an isometric copy of I! (see [8]), L*(s, A) contains an isometric
copy of I.

Necessity. Assume that none of the conditions (c) and (d) is satisfied. This means
that ® satisfies the Az-condition and [ ®(t,g(t))du < +oco. Therefore, there is
k € N,k > 2, such that [.®(¢,9(t))du < k. In view of Theorem 4, L%(y) is non-
1Y for all n > k,n € N. In virtue of Theorem 3, L%(u) contains no isometric copy
of I'. The proof is finished. .
Theorem 6. Let & be o Musielak—Orlicz function such that ®(t,-) is linear in
no neighbourhood of 0 in Ry for p-a.e. t € T. Then the Musielak—Orlicz space

L%(p) equipped with the Luzemburg norm is locally uniformly non-I& if and only
if @ satisfies the Ay-condition.

PROOF : Sufficiency. Let ||z1]l¢ = --- = ||znlle = 1. Then, in virtue of the A,-
condition, we have Ig(z1) = --- = Is(zn) = 1 (see [7]). Let ¢ > 0 be such that the
set

Ai={teT: <t zi(t) <c}

satisfies the condition Is(z1A4,) > 1. Let m > 0 be such that £ < )] L5, and
define
Ai={teT: &tzi(t))<m} fori=2,...,n

we have

mp(T \ A,‘) < Iq;(a:,'/\T\A'.) <1
Thus, 1

w(T\ A) < - fori=2,...,n.

Hence, we get

1
Ta(z1 2 ap\a0) < cp(Ar\ Ai) < i_ 8(n—1)

Denoting D = (=7 4i, we have

7
g < Ig(zlz\Al) = IQ(IV\A‘\D) + L)(xlz\p)
= Jg(z1 )‘U:.,(AI\A‘)) + Is(z1\D)

1
< é(—n_—ﬁ(n — 1)+ Is(z1AD),

whence Ig(z;\p) Z 2. Define

P(t)~sup{ q‘f’((‘ )) a(t, u)e[c“,m]}
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On the non-
In virtue of the assumption that ®(¢, ) is linear in no neighbourhood of 0 in R+, we
get 0 < P(t) < 1 for p-a.e. t € D. Hence, we have &(¢, %) < f—g)-d)(t, u) for p-a.e.
t € D, and all u satisfying ®(¢,u) € [c™!,m]. Define

B,,={t€D:P(t)<1—-71c-}.
By Z-measurability of P, it follows that By € £ for k = 1,2,...,. Thereisl€ N
such that Is(zixB,) > }. Denote 0 =1— } and B = B;. Now, we shall prove that
for every t € B, we have

(+%) Y@ (t, n®)E+ "'(t)> <X ;1 12 S8, zi(t)).
+1 =1

n

For at least one choice of signs +1, such that |z;(t)%- - -+ z,(t)| < max;giga |Zi(t)],
we have

1 @ (t, nit) & = = ’"(t)) <@ (Ea_"l?_ﬁﬂ) <

n

o o

—~®(t, max|z;(t)]) = — max &(t, zi(t)) < ; &(t, 7, (1)),
for every t € B. For the remaining 2"~! — 1 choice of signs +1,by the convexity of
P, we have

@) ® (t, z(t)x---+ zn(t)) < %i@(t, z;(t)), for every t € B.

n

Combining (1) and (2), we get (+*). Integrating the inequality (*+) both-sides over
B, we get

EI ((zl:t ixn)XB)\z "1+°ZI¢(I.XB)

i=1

Hence, we obtam

gn-1 EI (zl:!: :i::c,,)
on-1 2"21‘,(1") ZI (zl:t :tz,.)

=1

n-1 2 (($1 +. :i:z,.)xg)
2"’1 = "1 _140
Zlq(z.m) L2 O N L aixs)
=1 n =1
aI’(ziXB)
=1
l—-0
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Thus, we have

n

Sl ((ﬂ_i___jfﬂ)) <2 lop=2""11-y),
£1

where ¢ = 1/2"~! and it depends only on ;. Therefore, for a certain choice of
signs *1, we get
I (zl_i_;_i_f’_) <l-gq

In virtue of the A;-condition, we have

+...+z,
2=, <1 Ag)

for a certain choice of signs +1, where 3 is a function from (0,1) into (0,1) such
that ||z|| < 1 — B(q), whenever Ig(z) < 1 — g (see [1]).

Necessity. If ® does not satisfy the A,-condition, then L?(x) contains an isomet-
ric copy of I (see [5], [6]). Therefore, in view of Lemma 1, L#(4) is not locally

uniformly non-I$". The proof of the Theorem 6 is finished. n
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