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A contribution to the theory
of countably modulared spaces of double sequences

ALEKSANDER WASZAK

Abstract. For the sequences of p-functions (v;) and (®;) we may define two sequences of
pseudomodulars (p;) and (v;), which are generated by variation and sequential modulus.
In the following, we define new modulars and respective countably modulared spaces, and
next some properties of these spaces and connections between them are considered.
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1. Notation.

In order to built up a general theory of modular spaces it is advisable to investigate
concrete examples of modular spaces which may be applied in various problems of
mathematical analysis. The theory of countably modulared spaces was started by
(1] and next was developed in [4], [5] and also for instance in [6], [9] and [10]. In
this paper we consider countably modulared spaces of double sequences, which are
generated by sequential modulus and variation.

1.1. Sequences. Let X be the space of all real, bounded double sequences. Se-
quences belonging to X will be denote by

z = (t;w) = (tuu);o:u=0 = ((x)nv) = ((x)llv)fy::O’ Ix‘ = ('tulll), zP = (tfw)'

By a convergent sequence we shall mean double sequence converging in the sense
of Pringsheim.

The translation operator Tjnn, (m,n=0,1,2, ... ) of the sequence z € X is defined
by the formula Tpnz = ((TmnZ)pv ), Where

tuw foruy <mandv<n,
tutm,p for y > mand v <n,
(T = tuvin for p <mand v 2 n,
tutmytn fory>mand v >n.

The sequence ((Tmn®)uv)pv=0 is called the (m,n)-translation of the sequence

ze X.

1.2.Functions. Let (v;)52; and (®;)%2, be two sequences of p-functions, and let
¥ be a nonnegative, nondecreasing function of 4 > 0 such that ¥(u) — 0asu — 0.
In the sequel the following hypotheses will be used from time to time:
(1°) There exist positive constants K, ¢, u' and an index iy such that ®;(cu) <
K'®; (u) for 0 < u<u' and i > i,.
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(2°) There exist positive constants I, ¢, uo and an index jp such that pj(cu) <
Kopj,(u) for all j > jo and 0 < u < u,.

(8%) There exists a ug > 0 such that for every 6§ > 0 there is an 5 > 0 satisfying
the inequality ¥(nu) < 6¥(u) for 0 < u < uy.

(4°) For any u; > 0 and &; > 0 there is an n; > 0 such that ¥(nu) < 6;%(u) for
al0<u<u;and0<n <.

1.3. Variation and sequential modulus. The ®;-variation of the sequence
z € X is defined as

o0

va, () =vi(e) = sup D Billtmu_imr = tmuoriny = tmuinucy +tmgn, )
1

(ma)in) 52

where the supremum runs through all increasing subsequences (m,) and (n,) of
indices.

Let us remark that we may introduce more general functional v, (z) = ®:(|teo])+
ve;(z), but in this case we limit ourselves to the space of all sequences z € X such
that tgo = 0.

The sequential p;-modulus of the sequence z € X is defined as

wy; (T;1,8) = wj(x;71,8) =
= sup sup sup sup tpj(|(TooI)py - (Tmoz);w - (TOnI)pu + (Tmnz)lwl)

m>rn>su>mvn

2. Countably modulared spaces. Let ¥ be a given function (defined as in 1.2).
For every convex -function ¢; (j=1,2, ... ) we may define pseudomodulars

(1) pe;(z) = pi(z) = s:xyrs\ll(wv,i(x;r,s))

and respective modular spaces

X,,, =X, ={z€X:pj(Az) 20 as A 04}

Po;

Moreover, we may introduce an F-norm
. z
llzllp,; = llzlle; =inf{e >0: pi(Z) <}
and 3-homogeneous norm

Pl — Co( =
el = el = {e> 0: () < 1 = sup (%2

rs>1

(if ¥ is an 3-convex function and p-functions ¢; are convex.)
Moreover, for a given p-function ®; and pseudomodular v; we define a space

Xoy, =Xo, = Xo, = {z€ X :vi(Az) = 0 as A — 04},
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By means of the sequences () and (®;) we shall define two sequences of pseudo-
modulars (p;) and (v;), and the following extended real-valued functionals (which
are modulars) in X:

po(z) = sup p,(z), ps(z) = ZPJ(“-')»
J )=1
(2) 1 k 0o 1 ( )
—_ - - = — Pi\T
pa(@) = sup ¢ j;m(z), pu(T) = 2% TJFL;»;GT
and
vo(z) = supvi(z), vs(2) = ng(:r),
(3) =1

LA 1 v(x)
vo(2) = sup ¢ ;v,(x), vu(z) = ; 214 vi(z)

In consequence, we may obtain the following countably modulared spaces X; and
X3, where ¥ and g denote any of the symbols (2) and (3), respectively.
3.Properties of countably modulared spaces.

Theorem 1. Let(p;) be a given sequence of -functions which satisfy the condition
(2°), and let ¥ be a function (defined as in 1.2) which satisfies the property (A;)
for small w. The spaces X,, X, , S,, are identical.

PROOF: Kz € X,, =2, X,,, then p;(Az) = 0as A — 04 for each j separately.
In consequence
rs¥(wy,; (Azir,s,)) =0 as A — 04

for each j separately and for all » and s. Applying properties of ¥ and definition
of wy, (z;7,3) we have

sup sup sup sup @;(Altmipntv = tmapw — tuntr +tuul) = 0
m2rn>sp2my>n

as A — 04, for all r and s and for each j separately. Thus
Pi(Mtmapntr = tmtuw = tunss +tupl) = 0

as A = 04, for p > m >r, v >n > s, where r and s are arbitrary and for each j
separately. Hence, by assumptions

’\ltm+u,n+v —tmtpy — tu,n-fv + tn,ul <up
and
PilAltmtpnty = tmauy = tuntr Htup|) <

A
< Kpjo Sltmtunts = tmtuw = tunts + tusl)
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for m, n, u, v as previously and for all j > jo, and for sufficiently small A > 0. In
consequence for j > jo we have the following inequalities

gy Az, 5) < K™%0 (i)
and A\
rs¥(wy, (Az;1,8)) < I_{rs‘I’(wwo(zz; r,3)),
where K denotes a certain constant defined by the condition (A;). Finally
i At
pi(A2) < Kpjo(22)
for all j > jo and for sufficiently small A > 0. Thus ¢ € X,,. By conditions

X,, € X,, C X,, and X, C X, we have X,, = X, = X,,,. n

Theorem 2. Let us suppose that p-functions pj(u), (7=1,2, ... ) satisfy the con-
dition (2°), and the function ¥ satisfies the condition (Az) for smallu. IfzP € X,
then the condition zP £ 0 implies 2P £% 0.

PROOF : By assumption z? £ 0, there exists a positive constant Ay dependent
on the sequence (z?) such that

Z _pi(Xez?)
21 + p,(/\o:ﬂ')

as p — 0o. In consequence pj(Aoz?) — 0 as p — oo for each j separately, with a
constant Ag > 0. In particular, pj,(Agz?) — 0 as p — oo. Takingho = % we find N
such that

*) » pin(5a") <

for p > N, where € and k are some positive numbers. Let us remark that the
condition (2°) implies that: There exist a positive constant ¢ and an index jo such
that for every u’ > 0 there is a k' such that p;(u) < k'@jo(%) for all 0 < u < u' and
for all j > jp. By assumptions we have that the p-functions ¢j(u), (j = 1,2,...)
are equicontinuous at u = 0, and moreover that ¢;(AzP) — 0 as A — 0,4, for each
J separately and for all p. Therefore,

} 4 [
’\ltz." - tfl*!»m‘v - tfl,y-{rﬂ + tu+m,y+nl fu

and
‘Pj(Mt:,v - tz-{»m,v - t,’;,y+n + ‘z+m.v+n|) <

A
< k'¢)’o(:|tfa,y - t:+m,v - t:'p+ﬂ + t:+m,y+n|)
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for sufficiently small A >0 andforj 2 jo, g 2m 2r,v > m > s, wherer and s
are some positive integers. In the following for j > j, we have

rs¥(wy; (AzP;r,8)) < I-{rs\Il(wwo(%z’; r,8))
and
Kok . P I - A P
*" ps;(Az?) < Kpjo(Z27)

for all j > jo, for all p and for sufficiently small A > 0, where K is a constant defined
by the conditions (Az) and (?°). The inequalities (*) and (**) lead to the condition
pi(AzP) < e for p > N and j > jo. (K < k). Finally, if we choose Ny in such a
manner that p,(Aoz?) < € for n > Ny and j =1,2,...,j0 — 1, then pj(M12?) < ¢
for all 7, Ay = min{A, Ao} and for all p > max{N, N;}. Thus z? £ 0. ]

Remark. Let ¥ be a function defined as in 1.2, which satisfies the condition (3°)
and let ;(u), ( = 1,2,...) be wonvex p-functions. The element z € X belongs to
X,, if and only if p,; (kz) < co for some constant k > 0.

PROOF : Let us take = € X and let py, (kz) < 00, i.e. re¥(w,, (kz;r,8)) £ M for
some k > 0, M > 0 and for all r and s. It is well known that the condition (3°)
implies the condition (4°). We choose u; = sup, ,ws,; (kzjr,s) < oo and §; > 0.
Let 0 < A < kny. In the following we have

rs¥(wy; (Az;r,8)) < rs\Il(%ww(k.t; 7,8)) S b1rs¥(wy, (kz;r,8)) S HM

for all r and s. Finally, p,; (Az) < 6:M and p,, (Az) > 0as A — 04. Thusz € X,
| ]

Remark. It is clear that if p-function @; is convex, then the element z € X belongs
to X, if and only if v;(kz) < oo for some constant k > 0.

Theorem 3. If the p-functions ®,(u),(i=1,2, ... ) satisfy the condition (1°), then
the spaces X,,, Xo, and X,, are identical.

The proof runs on the same lincs as proof of Theorem 1.
Theorem 4. If the p-functions ®i(u), (i=1,8, ... ) satisfy the condition (1°) then,
if zP € X,,, the condition 2P 2% 0 implies the condition z? 22, 0,
PROOF : First, let us remark that by previous theorem z? € X,,. The condition
(1°) may be written in the form: There exists a positive constant ¢ and an index
io such that for every u’ > 0 there is a k' > 0 such that ®;(u) < &'®;,(2) for all
0<u<u and: > i,

Hence

™ ve,(A2?) < k'ut.,.o(%‘xr)
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for i > to and A > 0. By assumption zP 2, 0, there exists a positive constant
Ao dependent on the sequence (z?) such that vw(AozP) — 0 as p — oo. From the
condition

P
ch _ueios?) —0asp— oo

1+ VY; /\01')
we conclude that ve,(Aoz?) — 0 as p — oo for each 7 separat.’ | with a constant
Ao > 0: In particular, vg,,(Aoz?) — 0 as p — 0o. Choosine = & we may find
N’ such that
AI
(**) v ") <

for p > N, where ¢ is an arbitrary small number. Applying inequalities (*) and
(*+) we get vg,(MzP) < e for p > N’ and i > 4;. Now, we choose N in such a
manner that ve,(Moz?) < £ for p > N and i < 4p. Taking A = min{)g, \'} we
obtain ve,(Az?) < ¢ for p > max{N', N} and for all i. Consequently, z» = 0. =
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