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Remark on the structure of the range of second order
nonlinear elliptic operator

PAVEL DRABEK, PETR TOMICZEK

Dedicated to the memory of Svatopluk Fué&ik

Abstract. In this paper we study the solvability of the boundary value problem for semi-

linear second order elliptic partial differential equation at We consider nonlin-
earities g satisfying the sign condition and investigate the set of right hand sides for which

the problem has a solution. N
Keywords: Nonlinear second order elliptic equation, semilinear p
with linear growth

Classification: 35165, 35J60, 35J25

(R} 1: 42

1. Introduction.
Let 2 ¢ RN(N > 1) be a bounded domain with the smooth boundary 9Q, we

suppose AN is at least of a class C1*, 0 < u < 1, and let

Za, (o) ) — e

iyj=1

be a second order symmetric uniformly elliptic operator with smooth coefficients.
More precisely, we suppose

a;j(z) = aji(z), 1 <4, < N, ap(z) 20 on R,
N

z a;;(z):€; > 0,

,)=1

forall z € 1, £ € RV \ {0}, a;; € C* (), 1 < 4,5 < N,ap € L™(R).

We shall discus the solvability of the selfadjoint boundary value problem

(1.1) Lu+\u+g(z,u)=f inQ,
u=0 on 89,

where A; > 0 is the first eigenvalue of -L, f € L?(2) withp > N,and g : R xR — R
is a Caratheodory’s function which grows at most linearly, i.e. g(-,u) is measurable
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function for any u € R, ¢(z,-) is continuous for a.e. z € Q, and there exist a
constant ¢; > 0 and a function c; € LP(?), p > N such that

(1.2) lg(z, u)| < e1]ul + ex(2)

for a.e. z € R and for all u €R.

When this is the case, the first eigenvalue A; > 0 of -L is simple and the cor-
responding eigenspace is generated by a smooth function ¢. It is ¢ > 0 in Q and
%‘f < 0 on 99, where 5% is the outer normal derivative. These facts follow from
the Bony’s maximum principle and the abstract Krein-Rutman theorem (see e.g.
Bers, John, Schechter [2]).

In what follows we shall denote by P the orthogonal L2(2)-projection onto the
eigenspace generated by ¢, |l¢|lL2 = 1 and by Q = I — P the complementary pro-
jection.

2. Preliminaries.
The following lemma is proved in Iannacci, Nkashama, Ward [7].

Lemma 2.1. LetT'_ € LP(Y), p > N. Then there ezists a constant d = d(I'~) > 0
such that for all py,p_ € LP(Q) satisfying

0<p4(z) < d,
(2.1) 0<p_(z) <T_(2)

for a.e. €K, and all u € W¥P(Q), p > N, for which

@2) Lu4 Mu+py(z)ut —p_(z)u="=0 inQ,
’ u=0 on 99,

one of the following assertions hold:
@ u=00ng;
(ii) u(z) > 0 for all z € Q and 5% < 0 on 89;
(iii) u(z) < 0 for all z € Q and 5 > 0 on 9.

Remark 2.1. Similarly it is possible to prove a “dual version” of Lemma 2.1. with
an arbitrary 'y € LP(), p > N, a constant d = d(I'y+) > 0 and functions p4(z)
satisfying 0 < p4(z) STy (), 0 < p-(z) < d.

If0 <T_(z) < A2 — A for ae. z € (D, then the assertion of Lemma 2.1. holds
with any d < Az — A; (A2 is the second eigenvalue of —L). This follows immediately
from Lemma 1 in [7].

Remark 2.2. Using the shooting argument in one-dimensional case (N = 1) we
can find the explicit relationship between I'_ and d (see Drébek [4]). That is why
in the case N = 1 the results of this paper can be proved with more accurately
formulated assumptions.
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Remark 2.3. Let us consider the operator A : W¥P(Q) N H}(Q) = LP(R), p > 2,
defined by
A: yr Lu4 \u.

Then it is well known that
L}(Q) = N(4) ® R(4)

(the orthogonal decomposition of L?(f2)), where N(A) is the kernel and R(A) is
the range of A. Moreover, K = A~! is a well-defined operator from R(A) onto
D(A) N R(A) (D(A) C L*(R) is the domain of A), K(R(A) N LP(Q)) c W2*(Q) N
H§(Q), p22, and

1K fllwer < epllfller,

for any f € R(A) N LP(). The operator K is called the right inverse of A.
Any function f € LP(Q), p > 2, can be written in the form

f=sp+h=Pf+Qf,

where s € R, h € LP() N R(A).
In what follows G will be the Némyckij’s operator generated by g = g(z,u), i.e.

G(u)(=) = 9(z,u(<)).

Due to (1.2) G is a continuous operator from L?((2) into itself, p > N.
Due to our notation the boundary value problem can be written in the equivalent
form

(2.3) Au+G(u)=f.

3. Main result.

Let g : 2 x R — R be a Carathéodory’s function satisfying the growth condition
(1.2). Then we can assume, without loss of generality, that for the functions 'y
defined by

limsupg(z'u) =T4(z),
(3.1) sote U
limsupg(—{’—“—) =T_(z),

% —+—00 u

for a.e. z € , we have 'y € L?(2), p> N.
Let us suppose that g satisfies the following sign condition

(32) g(z,u)u 2 0

forae. z€Qandallu €R.
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Theorem 3.1. Let us suppose that I'_ € LP(2), p > N, is the function defined in
(8.1) and let d = d(T'-) be the constant associated with I'_ by Lemma £.1. Suppose

"that the function T'y from (3.1) is such that

0<T4(z)<d

for a.e. z € Q. Moreover, assume the validity of (3.2). Then the boundary value
problem (1.1) has at least one solution u € W*?(Q) N H}(R), p > N, for any
f € L?(Q) salisfying the orthogonality condition

(3.3) /n f(z)o(z)dz = 0.

The proof of Theorem 3.1 can be found in Iannacci, Nkashama and Ward [7].
In addition to (3.2) we shall assume
(g) let at least one of the following conditions be fulfilled:

(i) there are open sets of positive measure 24 C Q, Q4+ N O # § and real
numbers u4 > 0,u_ < 0 such that g(z,u4) > 0, for a.e. z € R4, g(z,u-) <
0, forae. z€Q_;

(ii) there are real numbers uy > 0,u_ < 0 such that g(z,u) > 0 for ae. z €
Q4(u) and all u > uy, g(z,v) < Oforae z € Q_(v)and all v < u_,
respectively. Here Q4 (u), 2_(v) are subsets of Q of positive measure.

Note that in the case (ii) it is possible Q4 (u) N 9Q = 9,80Q_(v) NN = 8.

If g = g(u) does not depend on z € , the previous condition (g) has this more

simple form: .

(€2} there are u; > 0 and uz < 0 such that g(u;) > 0 and g(u2) < 0.
Theorem 3.2. In addition to the hypothesis of Theorem 3.1 suppose that (g) s
fulfilled. Then for any fized h € R(A)NL*(Q), p > n, there ezist Ty = Ti(h) <0<
Ty(h) = T3 (where possibly Ty = —oco or Ty = +00) such that the boundary value
problem

Lu+Mu+g(z,u)=sp+h in Q,

(34) u=0 on 09,
has at least one solution u € W?(Q) N H}Q provided that
) s € (T;,Tz).

Remark 3.1. If g(z,u) =0, the Fredholm alternative implies that the problem

Lu+Nu=f inQ,
u=0 on 99,

has a solution for f satisfying (3.3). Theorem 3.2 asserts that if nonlinearity g is
in some sense “nontrivial” (see condition (g)) then right hand sides f satisfying the
orthogonality condition (3.3) form a proper subset of the set of all right hand sides
for which (1.1) has a solution. Moreover, the orthogonal decomposition of f gives
more precise information about the structure of the range of the operator defined
by the left hand side of (3.4) (see the definition of T} = Tj(h), T; = T3(h) in section
4).
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Remark 3.2. The proof of Theorem 3.2 uses essentially the assertion of Lemma
2.1. Taking into the account the Remark 2.1 then also “dual version” of Theorems
3.1 and 3.2 hold: the function Iy € L?(R), p > N given in (3.1) may be arbitrary
and I'_ (given also in (3.1)) must be such that

o<T_(z)<d
for a.e. z € §, where d = d(T'; ) is the constant associated to I';. by a “dual version”

of Lemma 2.1.

Remark 3.3. Theorem 3.2 completes Theorems 1 and 2 in Iannacci, Nkashama
and Ward [7]. Our result is also a generalization of the result of de Figueiredo,
Ni[5], Gupta [6] and Drabek (3].

4. Proof of the main result.

Let f =sp+h,s € R,h € R(A)NL*(R),p > N, be arbitrary but fixed. We
shall suppose that g fulfills both (3.2) and (g). Assume, at first, that g = g(z,u) is
bounded in the following sense: there exists b € LP(R) such that

l9(z,u)] < ¥(=)

for a.e. z €  and for all u € R.
Step 1. (Liapunov — Schmidt reduction). Using the usual decomposition of (2.3)

we obtain an equivalent bifurcation system

(4.1) v+ KQG(ty + v) - KQf =0,
(4.2) PG(tp +v)-Pf =0,
u=tp+v,vERA),teR.

Step 2. (golvability of (4.1)). Let v € R(4) N L?(2) be an eventual solution of
(4.1) for arbitrary but fixed ¢ € R. It follows that v € W2*(Q) N H}(), p > N,
and moreover

(4.3) lvliwss < cplllbllzr + IAlLe), p> N

(for cp see Remark 2.3). Applying the Schauder fixed point theorem and using (4.3)
we can prove that for any fixed ¢ € R there is at least one v € R(A) satisfying (4.1).

Step 3. (solvability of (4.2)). The Sobolev imbedding theorem and (4.3) yield that
v € CY*({1) and

(44) llvllcrs < const.
for any solution of (4.1) with the constant independent on ¢t € R. Set
S ={(t,v) € R x [R(A) N L*(Q)]; v + KQG(ty +v) = KQf}
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and define a real function ¥ : S — R by
(t,0) = ]n 9(2,4(z) + v(2))p(z) dz,

(t,v) € S. Then the solution of (2.3) is exactly u = ty + v such that (¢,v) € S and
¥(t,v) = fo f(2)p(z)dz = 5.
From (3.2), (g) and (4.4) follows that there exists t; > 0 such that

(4.5) P(t1,v) >0 and ¢(-t;,w) <0,

for all (¢;,v) € S and (—¢;,w) € S. according to Lemma 1.2 from Amann, Am-
brosetti, Mancini [1] there exists a connected subset S;, C S such that [—t;,t;] C
projg St,. Since the function ¥ = ¥(¢,v) is continuous on connected set S;,, there
are due to (4.5) at least one ¢ € (—t;,t;) and v € R(A) such that (¢,v) € S and

¢(t’ ") =0,

ie. u = tp + v is a solution of (1.1) with the right hand side f satisfying the
orthogonality condition (3.3). For fixed h € R(A) set

Ty =inf inf t,v), T, =sup su t,w),
1 =ip “’v)es“'/’( ) T “p(“w)gs‘:ﬁ( )

where the first “inf” and “sup” are taken over all ¢, satisfying (4.5). Note that
Ty < 0 < T;. Then for any s € (T}, T;) we can find ¢ € R and v € R(A) such that
(t,v) € S and

¢(t) t') =38,
i.e. u = tp + v is a solution of (1.1) with the right hand side f = s + h. This
completes the proof of Theorem 3.2 for a bounded g.

Further, let us suppose, that g is not bounded in the sense mentioned above. For
fixed n € N we shall define a new function g, in the following way

g(z,u) , z €, lu] < n,
gn(z,u) = { g(z,n), z €N, u2>n,
g(z, —n), z €N, u<-—-n.

Then, with respect to (1.2), for any n € N there exists b, € LP(2), p > N, such
that

l9n(z,u)| < ba(z)
for a.e. z € Q and all u € R, i.e. each g, is bounded.
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Step 4. (an apriori estimate). Let us suppose that f € LP(S) satisfies (3.3). We
shall prove that there exists ng € N such that |luljc: < no for any solution of

Lu+ Au+gp(z,u)=f inQ,

4.6
(4.6) u=0 on 09Q.

Suppose the contrary, i.e. there is a sequence of u, € WP(Q) N HY(N) with
lluallcr > n such that

(4.7 Lug + Aup + gn(z,un) = f in Q.

Setting v, = up/||un|lct, we have from (4.7)

(4.8) " Tunllor ~ Tallos
v, =0 on 8.

From the growth condition (1.2) it follows that 'lr-(—“—“-l is bounded in L?(2). Hence

the right side of (4.8) is bounded in LP(Q). Using a standard LP-estimate and the
compact imbedding of W??(Q) into C* (Q) (for p > N), we deduce from (4.8) that
there exists v € C*(2) such that

vy — v in C'(Q), (vl =1,

(49) v=0 on 9N

(we pass to a subsequence if necessary).

Since ||Lvn||L» < const, LP(R) is reflexive Banach space and L is weakly closed
operator, we get that v € W2P(Q) N H}(), Lv, — Lv in LP(2). Hence we can
pass to the limit in (4.8) and obtain that v solves the problem

Lv=-P(z)-—\v in%,

(410) v=_0 on 90.

The function P € L?(R) is the weak limit in L?(Q) of the sequence

gn(2,un) | %
{ “u""C‘ }n=1 ’
Let us define function p = p(z) by p(z) = ;%;} ifv(z) #0, p(z) =0if v(z) =0 and
set

p+(z)=p(z) forz € {z€Q;v(z)>0},
p-(z)=p(z) for z € {z € ; v(z) < 0}.

461
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Then clearly

0 < p4(z) < T4 (2),
0 < p-(z) <T-(2),

for a.e. z € Q (see (3.1)) and the equation (4.10) can be written in an equivalent
form

Lo+ Mo +py(z)ot —p_(g)v” =0 inQ,
0 ondQ.

v=

It follows from Lemma 2.1 that either

v>0 inQ, z—vn-<0 on 8, or

v<0 inQ, %>0 on Q.

Let us assume that v > 0 (the case v < 0 can be treated similarly). Since by
(4.9) va — v in C(Q) with v > 0 in  and §2 < 0 on 8N, we have un(z) — oo
uniformly on each compact subset of Q and

un(z) >0

for all z € N and n sufficiently large. Multiplying the equation (4.7) by the eigen-
function ¢ and integrating over 2, we get

/n gn(z,un(z)) ¢(z)dz =0.

But our hypotheses (3.2) and (g) imply

/ gn(z,un(z)) @(z)dz >0,
Q

for n large enough, which is a contradiction.
The apriori estimate just proved yields that any solution of the problem (4.6) is
simultaneously the solution of (1.1).

Step 5. Take f € L?(), p > N, satisfying (3.3). Define g,,, with ng so large that
gn, satisfies (g) and any solution of (4.6) satisfies the apriori estimate |Ju|lcr < no.
Since gn, is bounded, (4.6) has at least one solution by Step 3. It is the solution of
(1.1) too (see Step 4).
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Step 6. (proof of Theorem 3.2). Let h € R(A) N LP(R),p > N, be fixed. Let us
consider the boundary value problem

Lu + A\u+ gno(z,u) =sp+h in Q,

11
(411) u=20 on 09,

where gn, was defined in Step 5 for f = h. Then any solution ug of (4.11) with
s = 0 satisfies

(4.12) "uo"cl < no.

It can be also written in the form ug = top + vo, where
Broltor v0) = /n Gno(2, t0(2) + v0(2))p(2) dz = 0,

(o, v0) € S™ (see Step 3). Moreover, there exists ¢; > 0 (which only depends on h
and not on s) and a connected set S;.° C S™° such that [—t,,t,] C projp S°,

(4.13) Pno(t1,v) >0, no(—t1,w) <0

for any (t1,v) € S§°, (—t1,w) € S;.°. Since n, is continuous on S7°, its Darboux
property together with (4.12) and (4.13) imply that for any s € (T (h), T2(h)) with
Ty(h) < 0 < Ta(h), |Ta(h)], T2(h) sufficiently small, there exists at least one solution
u of (4.11) such that

”u“cl < ny.
This completes the proof of Theorem 3.2.

Remark 4.1. Let
g™ %°(z) = limsupg(z,u) and g4oo(z)=liminfg(z,u)
§——00 w—+400'

be well defined functions bounded from above and from below respectively, and
instead of (3.2) assume that

[ o=@t i < / 040o(@)p(2) dz.
Q Q

Then the boundary value problem (1.1) has at least one solution u € W2?(2) N
H}(Q) for any f € LP(Q), p > N, satisfying

w1 [ =(@we)ds < [ fo)dz < [ pruclalela) .

Let us give a sketch of the proof. We can make an apriori estimate similarly
to the Step 4 for any right hand side f satisfying condition (4.14). Then using a
truncation of g outside of a sufficiently large interval we prove the solvability of
(1.1). We proceed by the same way as in Steps 1-3.
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Remark 4.2. The same result as mentioned in the previous remark can be proved
using the degree-theoretical approach (see e.g. [7] and [4]).

Remark 4.3. The same result as our Theorems 3.1 and 3.2 holds also for Neumann
boundary value problem

Lu+g(z,u)=f in ,

Su
a_o on 90.

To prove it we have to use the corresponding modification of Lemma 2.1 and a
“stronger version” of condition (g):

(gn) there are Q4 (u) C Q,measQ+(u) > 0 such that g(z,u) > 0 for all u large
enough and a.e. r € Q4(u), g(z,u) < 0 for all —u large enough and a.e.
z € Q_(u).
If g = g(u) is independent on z € 2, then the condition (gn) is of the form:
(gn) g(u) > 0 for u large enough and g(u) < 0 for —u large enough.
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