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LONG CHAINS IN RUDIN-FROLIK ORDER
Eva BUTKOVICOVA

Abstract: We construct chains of ultrafilters in Rudin-Fro-
1i{k order of AN , order-isomorphic to (2%°)".

Key words: Ultrafilter, type of an ultrafilter, Rudin-Fro-
1ik order, dependent family, stratified set.

Classification: O4 A 20

§ 0. Introduction. In Rudin-Froli{k order of types of ultra=-
filters in AN (shortly RF) there are at most 2™ predecessors
of the type of an ultrafilter [3]. The cardinality of each
branch in RF is at least 2%° , These two results yield that
there are only two possibilities for the cardinality of branches
in RF and these are 2°° or (2™)",

The main result of this paper is the following assertion.

THEOREM. Tn RF there exists a chain order-isomorphic to (2"*)°.

This chain is, of course, unbounded.

THEOREM is a particular solution of the problem: Which of
two possible cardinalities of the branches in RF can ocour? »

Note, that the existence of a branch of the cardinality 2%
is not proved.

The author would like to thank Lev Bukovsk§y for his useful

discussions.
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§ 1. Basic conocepts. The notation and terminology
used here oan be found e.g. in [1], [3]. Let p,gepnN, then
P¢g in RF iff there exists a countable discrete set X such
that g=2(X,p) o If G is a centered system of sets then (G)
denotes the filter generated by this system. F refers to the
Fréchet filter,

Definition 1,1: A set of filters {G, mijBe<cln, mecw]
is stratified irr

(1) the set {Ga,m jwew) is disorete for each el , 1.8,
there exists a set (D, S mecw] satisfying D¢ € Gu4 TOor each
4¢w and Dy NDy, =~ @ for & #¢ ,

(2) for each pBe< , m€w and each >4 , ¥ << the set
{¢;A€Gu,l 18 infinite for all A€ Go,m -

Definition 1.2.: Let {Gs,. €<, meéw]} be a stratified
set of filters and C be its subset, Ve define
cwy =¢c,
C(¥) ’}‘J”C(o*) sy Af P dis limit,
Clrs)=Cr)U{Ga,e; IE>B, TAEG,, such that

{Geei A€Gee} € C(») modulo finite} ,
€=u cm.
»ecay

Definition 1,3: The system o ={A( ;i §cl,jeJ}, Iug, J»d
is oalled independent family with respeot to (IF w.r.t.)
the filter ¥ 2 F ife

(1) }"),AE»J =@ A nAye =F for emch fcI, &.CcJ, &%,

(2) Enpn Ay, +#¢ whenever Ec¥, 7 ¢[I]°” and for each

Yew, 4, €J.
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§ 2. Proof of THEOREM, Theorems 2.1 and 2.2 imply
jismediately the assertion of THEOREM, Note, that Theorem 2,2
snsures net only the existence of the chain of the order-type
(2%)" but also the existsmce of a special system of such chains.

Theorem 2,1: Let {(, 2F; ¢, nwew] be a stratified set
of filters. Then there exists a stratified set of ultrafilters
{gpam j Be4, mcw] satisfying Gam 2Gaim o

The eriginal proof of Theorem 2.1 needed the techmique
of the imdependent family of sets. Petr Simon has pointed out
how to avoid the use of this technique what led to the simpli-
fiocation of the proof,

Proof, Ve shall construct the ultrafilters g, . ; Be<,
mec> by the tramsfinite induction in 2™ steges.

Let {B,; 1€2™}] be the fixed exmumeration of all subsets
of v . At the stage { ¢ 2™ we oomstrmoct filters 9,},,.. ; AL,
~wéco with the following properties:

1) 9:,- d 9»,~ '

2) (Glni BE€L , mecw} is a stratified set,

3) By or w-B; belemgs to 9'”

LT

B) Af § 4is & limit ordimal them GJ . -19; G

Suppese that we are at the step {+1 end we have
oconstructed the filters 9,!,., for eaoh A6k ,nmeEw , Lot
C={9,!,m i Bg € Qﬁ.m} . BEvidently, g,!m Ui -B¢} is a cen-
tered system if G! ¢ T , Ve show that g,t,,. U iB) dis a
centered system if g,i,ﬁ € C , Suppose in order to got & ocontra-
diotion that * is the least ordinal number such that there
exists a filter g,ﬁ € C(») -C and 95,; v ib;} is not a
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centered system. This meens that ¢ -3 € 9},¢ « Since the set
(Gl (Besmec) 18 stratified there exists £ >J° such that
the set (g,{t € cw-n,-a-z,eg;‘,.} is nonempty. This is & ocomntra-
diction with the minimality of 7 ,
Novw, we are ready to defime
(G u B, 1 GAn €€,
| Rk -
Bym

(92.» v {“’_55))| otherwise.

Ve prove that the set (G)'L ;ses mecw) 18 a stratified
set of filters.

The assumption that the set {gjlm ;ACdL wew) is stratified
and definitions of C and C yield that for each Ae G},
where g‘,f,,.,eﬁ' and each £ >4 the set [Qé? i AnBy 592,:.' }
is infinite.

If G, ¢ C then for each £>5 and for emch A€Gf .
the set (G, ; A€Gl, and G},  ¢E) 1s infinite. Therefore,
(GleiAntw-BleGl} 1s infinite, too.

One oan easily see that we can proceed the imdmctien
for each { < 2%° and it does not depend om whether G . is
a filter or an ultrafilter.

Finally, ve set a;,.m-‘l‘-’z,' C,‘.!,..., . The comdition 2) ensures
that the set (g, ,.?c4, méw} is stratified and the comdition
3) euarantees that g,,. is an ultrafilter.

| qe.e.d.

Theorem 2,2: There exists a set of ultrafilters
{gamimecs, £<(2™)", <k} such that

(1) {g3,~ ;vew) ia a discrete set of ultrafilters for
each <« <(2%)" B <L
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(2) &f p <dcw , 4 eco then q_;:‘,'i({q‘;;d ; eew},q,f,‘).
(hemce %4 ¢ §5,.).

Proof. Ve shall construct the proposed set of ultrafilters
by the transfinite induction in (27°)* stages. More preoisely,
at each stage < <(2%°)" we construct all ultrafilters gga,. |
BeL, meco.

The sets (3 ;.m ;7 e} have to be disorete for every '
4 <(2%)* and B<< , Therefore, define at first the system
{{DF;meco}; « <(2%°)", <L) of partitions of c such that
Dan will belong to Q5 m o

Let ot = {Ag,;5€2"°, mew] be IF w,r.t. F . Such an
independent family exists (see e.g. [4]).

For emch « < (27%°)* take all partitions {{Ag,., ;~vew};§€l<l}
and renumerate them in such a way that they will be ordered
in the type £ , i.e. we take a bijection Y from < omto |<]
and for all 3<& we set Dj... = Ayp) m -

Now, we can start the construction.

Let {q;, ;~ew} be an arbitrary set of the montrivial
ultrafilters satisfying Dj. € Gd.c -

Suppose that we have construoted the ultrafilters q?r....
for each p<c«<, < 3, mecw with required properties and we
want to construot the ultrafilters d.3,,. . Firstly we define
filters .

Gae= (FULD(m §¢6 ¢ £ D&} UDga V
UﬁL‘/g“‘ (};I“ Diim ; DE q,,i,‘}) for each A<(L, & €.
9,,,,,, is a filter because we use only the sets from

IF wer.t, F
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Ve prove now that tho set of filters (G, ;Be<, weco}
is stratified.

It follows from the definitiomn of 5,5,4,, that the set
{Gam;mecw) 1s discrete for each <L and thus the first
condition is fulfilled.

To verify the second ocondition suppose that A€ G,, and

d>0 . We show that (¢; AcGse} € g% 4 . It is suffioient to
consider the sets A satisfying A2D¢, . ND;, n[l a‘szm De.g

where §.<B<§,<§,=d <§, and 346(;,‘,&_ . The proof for the

sets from (G, 4 of the other form as A
only.

is more compliocated,

By the definition of G, the set D(;, belongs to all
Gém ouch that om €D, € 97, ¢ . It follows from the

construction that the set D{,, belongs to all g5, such

that meDgl( and therefore D{;.c € q,,":.,,, , too.

The set Dj, belongs to all G, , such that owcDj g
and DSy € 9%, .

The -otiglbg’:l" , where B, ¢ ?rif&, » belongs to all G/, ..
such that o e',t‘.zb‘bg’w- . The ultrafilter q7, was constructed
in such a way that ‘_EJ‘LD:“{ € q',‘f.&

The set '_‘LL D,‘.'- is an element of all G,,, such that
mebyand B, € qf, .

The set B, is from g' . It follows from the induction
that ‘1{.&. < q,f,"‘& and therefore there exists a set E € q,‘,’;,g,

and there exist sets Z € q?{':c such that §“=¢%}e Z. » Then for

each {<¢E the set U D

Y ;”" belongs to §., ¢ , hence
<
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< < .
,'lej»,Df"'i €G- This means that a'yh Dgyj € Gmm for each

e E .

From the reasons mentioned above the set A belongs to
s '
all G,,. such that v eDg o NDsy ",’%,Df“i NByNE ., This
set is from the ultrafilter t;,"::" . Hence, the validity of

the second condition is proved.
It follows from Theorem 2,1 that there exists a strati-

N

fied set of ultrafilters {qj, Bc<, necw} such that

‘l/:m 2 glb.m' .

Let p<df <4 and #€w , By the definition of the filter
G4 it holds true that q,’,’:"gi({;'\ﬁgdn}; A€Gn,e} o This

fact ensures that q,';"‘b < ‘i:.h .
q.0.d.
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