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THE APPROXIMATION AND EXTENSION OF UNIFORMLY CONTINUOUS
BANACH SPACE VALUED MAPPINGS

RONNIE LEvY , MIcHAEL D.RICE

Abgstract: The aim of this paper is to present several
resulis concerning the extension of uniformly continuous map-
pingg and the approximation of uniformly continuous mappings
by Holder mappings in the setting of infinite-dimensional Ba-
nach spaces, In particular, we show that every uniformly con-
tinuous mapping between Hilbert spaces can be uniformly appro-
ximated by Lipschitz mapping.
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The principal results of the paper are the following.
Theorem 1 establishes the equivalence of extending a uniform-
1y continuous mapping with values in an ell-infinity space
and uniformly approximating the mapping by Lipschitz mappings,
while Theorem 3 establisghes a similar result for uniformly
continuous mappings between subsets of Hilbert spaces. Corol-
lary 2 establishes that every uniformly continuous mapping
between Hilbert spaces can be uniformly approximated by Lip-
schitz meppings. Pinally, Corollary 3 characterizes the sub-
sets of Hilbert space for which every uniformly continuous
Hilvert space valued mapping can be extended; these are pre-
cisely the U-embedded sets studied in [LR]l_B. This result
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generalizes the extension theorem found in [GZl.

Notation and definitions. Assume that (M,d) and (N,e) are

metric spaces. The family of uniformly continuous mappings from
M to N will be denoted by U(M,N). If N = R is the set of real
numbers with the standard absolute value metric, the notation
U(M) will be used.

Given a mapping f:M—> N, the modulus of continuity of £
is defined by @,(%t) = sup {e(f(x),f(y))sd(x,y) < ¢ for t>0.
The general term modulus of continuity will denote any non-de-
creasing mapping @ :[0,+®)—> [0,+c0) which satisfies
]%.13 0 @ (t) = 0. A modulus of continuity is subadditive if

w(s + t)2 w(s) + w(t) tor s,t>0.
It is well known that every concave modulus of continuity is
subadditive.

A mapping f:M—> N is Holder of class o< , 0 <cc £1, if

128, = sup { e(2(x),2(y))/d(x,y)™ 1x,5€ M, x$yi<+ .

If o¢ = 1 and ltﬂ1<+oo , then f ig called a Lipschitz mapping.
The femily of all Holder mappings of class o« 1s denoted by

A w(u,n) and the family of all Lipschitz mappings is denoted
by Lip(M,N).

The pair (M,N) has the contraction-extension property with

respect to A if each Holder mapping £:S—> N of class oc de-
fined on & subset S of M can be extended to a Holder mapping
F:M—> N of class oc such that \\Nw= L), L If =1, we
will simply use the phrase "contraction-extension property".
m (resp. m)) will denote the family of map-
pings f:M—> N that can be uniformly epproximated by members
of J\-OG(II,N) (resp. Lip(M,N)); that is, for each < > O there
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exists a mapping g in the respective family such that
e(g(x),2(x)) < & for every x in M.
A mapping f£:M —> N is Holder of class o for large distan-

nces if for each ¢ > 0, there exists a constant Kesuoh that
d(x,y) > & implies e(f(x),f(y))< Ked(x,y)"“. If o= 1, we say

that the mepping is Lipschitz for large distances.

Seotion One. Our first goal is to establish an approxime-

tion-extension theorem for mappings with values in Banach spaces
of the form 1 w(I) or co(I).'.I.‘his will require two preliminary

results.

Lemma 1: Agsume that £3M —> (B,0l ||) is a bounded uniform-
ly continuous mapping on the metric space M, where B denotes ei-
ther the Banach space 1 (I) or co(I) with the usual supremum
norm | | . Then for every & > 0O, there exists a Lipschitz map-
ping 1:¥ —> B such that

N1(x) - £(x)V< €& for every x in M.

The proof of Lemma 1 for B = lm(I) is found in [LR]3. The
result for o (I) follows from the result for 1@(1) since by [ILi]
co(I) is a Lipschitz retract of 1,,(I).

The next result shows that in certain cases a Holder map-
ping £ of class o« for large distances can be approximated by
a Holder mapping which is only a "finite distance" from f.

Lemma 2: Assume the pair (M,B) has the contraction-exten-~
sion property with respect to A-ec' for some 0 < oG & 1, where
(M,d) is a metric space and (B, | 1) is a Banach space. Assume
that f:M —> B is a uniformly continuous mapping. Then £ is
Holder of class o¢ for large distances if and only if there
exists a Holder mepping 1:M —> B of class o such that
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(%) wsup{l2(x) - 1(x)l1xeM < + @ -

Proof. PMirst, assume that & Holder mapping 1 of class o
exists such that (i) is satisfied. A straightforward computa-
tion shows that

1£(x) - £(3)8< 28 + 11(x) = Ly)h< 28 + D1k La(x,3)1%

for each pair of points x and y in M. If a(x,y) > € , it fol-
lows that
he(x) - £(y) l<lc + N1ll,2 [d(x,y)]1* , where C = 28/,

so £ is Holder of oclass o« for large distances,

Conversely, assume that f is Holder of class «< for large
distances, Choose o > O such that w,(J’) <1 and choose K such
that 1£(x) - 2(y)} < K{d(x,y)]1* whenever d(x,y)e € . Let D
be a maximal J -discrete subset of N (i.e. d(x,y) = J~ for each
distinct pair of points x and y in D and if p¢ D, there exists
x in D such that d(x,p) < J° ). One easily verifies that f|D:D—>
~—>B is a Holder mapping of class oc with l|2|D] < K. Hence
by assumption, this mapping can br -<tended to a Holder mapping
1:M—> B such that 1l £ K.

Now given x in M, choose p irn D such that d(x,p) <d” .Then

1£(x) = 1(x)l < N£(x) - £(p)} + 11(p) - L(x)| (since £(p)=
= 1(p))

€@, () +h1ll, [a(p,x)1*
<1 + K5%,

go (*x) is satisfied.

Theorem 1: Let B denote either the Banach space 1_,(I) or
co(I) with the usual supremum norm | || . The following statem-

ents are equivalent for a uniformly continuous mepping £35S —> B
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defined on a subset S of the normed linear space M,

(1) £ can be extended to a uniformly continuous mapping
F:M—> B,

(ii) £ is Lipschitz for large distances.

(ii1) Por each & > O, there exists a Lipschitz mapping
1:S —> B such that /I2(x) - 1(x)!l < €& for every x in S.

Proof. We first assume that B = 1 ,(I).

(i) — (ii) follows from [CK] or [Li], where it is noted
that every member of U(M,B) is Lipschitz for large distances.

(ii) — (i11). Let & > O. Prom [AP), the pair (M,B) has
the contraction-extension property; hence by assumption (ii)
and Lemma 2, there exists a Lipachitz mapping 11:S—+ B such
that

sup {11,(x) - £(x)l:xe8% <+ -

By Lemma 1, there exists a Lipschitz mapping 121 S—> B such
that

11,(x) - (£(x) - 1;(x))l <& for every x in 8,
80 1 = 1 + 1, is the Lipschitz mapping required in (iii),

(iii) —> (1), The contraction-extension property guaran-
tees that every Lipschitz mapping 1:S—> B can be extended to
a Lipschitz mapping L:M—> B. Since f can be uniformly appro-
ximated by members of Lip(S,B), it follows from either [IR],
or [Pt] that £ can be extended to a member of U(M,B).

The equivalence of statements (1)-(iii) for B = ou(I) fol-
lows from their equivelence for 1 _,(I) and the fact establish-
ed in [Ii] that o (I) is a Lipschitz retract of 1,(I).

It is noted in [CK] and [1i) that condition (ii) in The-

orem 1 is satisfied for every member of U(S,B) whenever S is a
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convex subset of a normed linear space. Therefore, we have

established the following result.

Corollary 1: Let B denote either the Banach space 1.,(I)
or oo(I). If S is a convex subset of a normed linear space,
every member of U(S,B) can be uniformly spproximated by mem~
bers of Lip(S,B).

Remark: The 1 (I) version of Corollary 1 was probably
known to Gehér, but it was not explicitly stated in [GI.

Section Two. Following the pattern used in section one,

we will first prove an approximation theorem for bounded map-
pings and then use a general lemma to establish an approxima-
tion theorem for unbounded mappings.
Given p > 1, define
1/2 1<p<2
*<(p) =
1/p 2<p,
For pzt, LP will denote any ell-p space based on a sigme~fi-

nite measure space.

Lemma 3: Let £:M-—>LP (p>1) be a bounded uniformly
continuous mapping defined on a metric space (M,d). Por each
€ > 0, there exists a Holder mapping 1:M —>LP of class
<« (p) such tﬁat

le(x) - 1(x)llp <& for evéry x in M,

Proof. Let & = oc(p). Without loss of generality, we
may assume that fIM] is ~~n+ainad 1n +ha unit ball of IP -
- tiMle L v v!\peﬂ.
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Furthermore, we may assume that LP is isometrically embedded
as a linear subspace of B = 1,(I) for some set I.

Define Y ={z€ Bsinf {llz -~ whswe IP} < 4%, By ([Li), The-
orem 9(a)), there exists a retraction

r:Y —> LP

such that @ (t)<Ct* for 0<t<£4 and a fixed constant C.

Given 0 < & < 1, by Lemma 1 there exists a Lipschitz map-
ping 1:M —> B such that

11(x) - (=)l < Le/(C + 1)J1/°° for every x in M.

Since © < 1, 1t follows that 1[M) is a subset of Y, so the
mapping

h =rel:M—>LP
is well defined. We claim that h is a Holder mapping of oclass

oL

Given x and y in M, let v = 1(x) and w = 1(y). Since
v - wl\oo< Vv - 2(x)l, + V£(x) - 2y, +hey) - WILD
< € + 2 + [
<4,
the estimate @ ($)<Ct™ is valid for t = v - wll, ; hence
(k) lz(v) = r(wi «C v - wis .
In addition, lv - wil, = )1(x) - 1(y) < lll1d(x',y), so
(xx) Nv-wli < l1l,a(x,y).
Combining (% ) and (x %), we obtain
In(x) - Byl < CLiya(x, 1),
so h is a Holder mapping of class o -

Finelly, we claim that llh(x) - f('.x)l1> < & for every x
in M.

By definition, fh(x) = f(x)ﬂp =l r(1(x)). - r(f(x))lp é
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£ o (11(x) - £ ) £ chulx) - £(IT

since \1(x) - £(x)i, < 1; therefore
In(x) - f(X)Ipéc Ce /(C + 1) < © , which completes
the proof.

Lemma 4: Assume that the pair (M,B) has the contracti-
on-extension property with respect to /A , for some 0 <ot £
<1, where (M,d) is metric space and (B, | () is a Banach spa-
ce. Then for every 0 < f3 <oc,

./Lp(u,n) s Aeo(u,B).

Proof., Assume that f is a member of J\.p(M,B) with
ifhy = K, Given & > 0, define J'= (e/2K)' and 1et D be &
meximal J'-discrete subset of M.

We claim that £|D is a member of J\.QG(D,B). Choose x and
y in D with x+y. Then d(x,y) > d" , s0 a = d(x,y)/d" = 1 im-
plies that a™Z af 3 hence I 2(x) - £(y) i « Kd(x,y)? =
= E[4(x,5)/5° 1% 5P = Kab. 5P 2 Ka¥F P = (KRIP™)a(x,y)°.

Now extend f£ID to a member 1 of A _ (M,B) such that
N, < KSP % |, Given x 1in M, chcose p in D such that a(x,p)<
< & , Then

Ie(x) - 1= he(x) - £(p)Il + H1(p) = L(x)N

£« EKa(x,p)® + 110, a(x,p)*
2z KsP + ksP= €,

which estsblisfxes that £ is a member of j\.w(M,B).
We can now establish the following analogue of Theorem 1,

Theorem 2: Assume that the pair (M,LP) has the contrac-

tion-extension property with respect to A < for some
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0 <c¢ £ 1, Then the following statements are equivalent for a
uniformly continuous mapping f:M —> Li’, p>1.
(1) £ is a Holder mapping of class o¢ for large distances.
(11) Given & > 0, there exists a Holder mapping
1:M—> LP of olass ¢ such that
h£(x) - l(x)ﬁp < €& for every x in M.

Proof. The proof of (ii)—> (i) is essentially the same
as the proof of Lemma 2, The proof of (i) —> (ii) will be divi-
ded into two cases.
Case 1: 0 <<C £c<(p).
By Lemma 2, there exists a Holder mapping
1,:M—> 1P
of class o¢ such that sup {hf£(x) - 11(x)lpxxcn’§ < + 0.
Define g = £ - 1,. By Lemma 3, there exisis a (bounded)
Holder mapping
1M — LP
of class «<(p) such that lig(x) - 1,1 p<*® for every x in M.
Since 1, is bounded and < < «<(p), it is easy to verify that
1, 1s also a Holder mapping of class o< .
Hence 1 = 1, + 1, is the required approximation of f.
Case 23 o« (p) < £ 1,
We proceed as in Case 1 to choose a Holder mapping Zl.1 of
eclass o¢ and a Holder mapping 1, of class oc(p) such that
l£(x) - 1,(x) - L, 2
for every x in M, Since « > o (p), we may use Lemma 4 to choo-
se a Holder mapping h of class o¢ such that
Ih(x) - 1, \lp < ©/2
for every x in M,
Then 1 = h + 1 is the required approximation of f.
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Seétion Three. When both the domain and the range of the
mapping are subsets of Hilbert spaces, we can use the results
in section two to derive not only the Grunbaum-Zarantonello ex-
tension theorem found in [GZ], but also & general approximati-

on tﬁeorom.

Theorem 3: Let H and K be Hilbert spaces and let S be &
subset of H., The following statements are equivalent for a u-
niformly continuous mapping £:8 — K,

(1) £ can be extended to a uniformly continuous mapping
F:H— K.

(ii) £ ise Lipschitz for large distances.

(iii) £ can be uniformly approximated by members of
Lip(S,K).

Proof, (i) —> (ii) is a consequence of the previously
mentioned fact that (ii) is velid for every uniformly continu-
ous mapping defined on a convex subset of a normed linear spa-
ce,

(i1) — (41i). Valentine’s theorem in V states that
the pair (S,K) has the contraction-extension property; hence
by Theorem 2, (ii) implies (iii).

(1i1) —> (1) follows from Valentine s theorem and the
technique presented in [LR]2 or [Pt] (as noted in the proof of
(111) — (1) of Theorem 1).

Since condition (ii) in Theorem 3 is always satisfied for
convex subsets of normed linear spaces, we can also state the

following result.
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Corollary 2: Every uniformly continuous mapping defined
on a convex subset of a Hilbert space with range in a Hilbert
space can be uniformly approximated by Lipschitz mappings.

Remarks., 1. The original Grunbaum-Zarantonello theorem
in [GZ] states the equivalence of conditions (i) and (ii) in
Theorem 3, but with condition (ii) expressed in the following
terms: there exists a sub~additive modulus of continuity @
such that

() £ @ ($) for every t>0.
In fact, one can establish a result which connects the two for-
mulations, The following statements are equivalent for a uni-
formly continuous mapping f:M —> N beiween metric spaces:

(1) £ is Lipschitz for large distances.

(11) @, (%) = 0(t) as t —> + 0.

(1ii) There exists e subadditive modulus of continuity
@ such that

@y (t) « ©(t) for every t>0.
(The equivalence of conditions (i) - (iii) is established in
[6l,)

2, The authors do not know whether conditions (ii) and
(ii1i) in Theorem 3 are equivaleﬁt for other pairs of ell-p spa~
ces. The following example shows that condition (i) is general-
1y not equivalent to either condition (ii) or (1ii).

Example: Assume that B is either a separable infinite-
dimensional reflexive Banach space or has the form L1. Aspume
that B is isometrically embedded as a subspace of 1 (I). Then
the identity mepping B—> B cannot be extended to a uniformly
continuous mapping 1, (I) —> B,
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By ([LT), 2.a.7), Yo separable infinite-dimensional Ba-
nach space is injective, so there does not exist a continuous
linear projection 1, (I)—> B. Hence by [Lil] there does not
exist a uniformly continuous projection 1, (I)— B.

3. The convexity assumption on S in Corollary 3 is unne-
cessarily restrictive. Following [ m],, we say that a subset
S of a metric space M is U-embedded if every member of U(S) ean
be extended to a member of U(M). Even when M is a normed line-
ar space, the U-embedding property is diffiocult to classify,
but it is apparently geometric in nature. Every convex set (or
more generally every quasi-convex subset in the sense of [CK])
is U~embedded. For orientation, we only mention here that a
hyperbola or elliptic paraboloid is U-embedded in respective-
1y, R2 or RB, while & parabola or hyperbolic paraboloid is not
U-embedded in respectively, R2 or R3 .

In [IR] 39 the authors proved that a subset S of a normed
linear space is U-embedded if and only if every uniformly con-
tinuous mapping on S with renge in any metric space is Lipsch-
itz for large distances. Therefore, we have also established
the following result.

Corollary 3: Let H and K be Hilbert spaces and let S be
a subset of H, Every uniformly continuous mapping £:S —> K can
be extended to a uniformly continuous mapping F:H—> K if and
only if S is a U-embedded subset of H, '

Finally, it should be noted that many of the preceding re-
sults can be generalized to results for families of mappings.
For example, the following results can be established:
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It (fi) is a point-bounded equi-uniformly continuous fa~
mily of meppings defined on a U-embedded subset S of the Hil-
bert space H with range in the Hilbert space (K, | | ), then

(1) for each € > 0, there exists a family of Lipschitz
mappings

(1;):8—> K
such that

(a) sup<h1yl 1} < + 00,

() g,(x) - L(x) < ©
for every i and eech x in S, and

(1i) +there exists a point-bounded equi-uniformly conti-
nuous family of mappings (Fi):H-—> K such that for every i,

Fi is an extension of ti.

Furthermore, if the U-embedded subset S is also uniformly
connected (i.e. S is not the union of two sets A and B such

thet the distance between A and B is positive), then the res-
ults (i) and (ii) stated above are valid without the point-
bounded restriction on the family (Ii).

The above generalizations can be established by using the
techniques found in the present paper and the results found in

[m]3'
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