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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
21,4 (1980)

DOES SF K 2 PS K IMPLY AXIOM OF CHOICE? .
H. ANDREKA and I. NEMETI

Abstract: Problem 28 in Gratzer 2 asks what the semi-

group generated by the operators I, H, 8§, P etc. (on classes
of algebras) is like without the Axiom of Choice (AC). The pre-

sent paper contains partial answers to this question, e.g. SIP,

HSP are closure operators without AC, but the AC is provable
from & one of the following assumpiicns: IP is a closure ope-
rator, P is a closure operator, SF - P§, Some questions are far-
mulated at the end of the paper, e.g. whether IPIP is a closure
operalor without AC or not.

Key words: Universal algebra, Axiom of choice, operatora
ey ’ " ’
or classes of algebras, reduced products, direct products, va-
rieties, quasivarieiies.

Classification: Primary 08A99
Secondary 08C15, 08C99

Notations. Let K be any class of similar algebras. P K
denotes the class of all algebras isomorphic to direct products
of elements of K (see [3]). Similarly, P* K denotes the class
of all algebras isomorphic to reduced products of elements of K.
P8 K denotes the class of all algebras which are direct products
of elements of K (see [2]1 p, 152). § K is the class of all sub-
algebras of elements of K, and I K is the class of all algebras
isomorphic to elements of K.

Here we assume that the universe of an algebra is nonempty.

Therefore without AC, direct products of algebras need not exist.
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Therefore P8 K is defined so that whenever a product of ele~
ments of K exists (i.e. is nonempty), this product is an ele-
ment of P8 K. Similarly for P, P’. The precise definitiocn goes
as follows:
gx ¥ ; :
P K = { A: there is a system {B;:i€I) of algebras such that
(¥ieI)B;eK and 4 = P; 1 B, and the universe A of A is non-
emptyjf.
df

Then P K= IP8 K,

The investigations in this paper can be carried over to

the case when we consider algebras with empty universes, too,

Definition (Pigozzi [5]) . Let Ql,.QZ bev two sequences
of the letters H, S, P, P*, P&, I. Then Q% Q, is defined to
hold iff for every class K of similar algebras we have Q1 Ke
€Q, K.

Q, = Q, is defined as (Q;4Q, and Q;€Q,).
E.g. SPZPS iff for every class K of similar algebras SP K2
2PS K. '

The above definition is explained in more detail e.g. in
the following parts of Grétzer [2]: § 23 on p. 154, Ex. 80 on
p. 158, Problems 24, 28 on p. 161.

( Remark: The note in {3) following Def. 0.3.1 gives rea-
sons for using the operator P instead of P2, Theorem 1 and The-
orem 2 below may be an additional reason.

Theorem 2 states that "PS< SP" holds without the Axiom of
Choice. As a contrast, Theorem 1 says that the assumption
p85< P8 implies the Axiom of hoice. ZF stands for Zermelo
'Fraenkel Set Theory and AC denotes the Axiom of Choice.

Theorem 1. Assume 2F, The statement "SP8>P8S" is equi-
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valent to AC, I,e. 2ZFUL{"6P8> pB§"} |— AC and
ZFULAC § +— "seB> pBsn,

Proof of Theorem 1l: In the proof we shall apply the al-
gebraic operators Pg, S to sets (without operations). This is
done as follows.

We choose the similarity type t of our algebras to be emp-
ty and then the algebras of type t are sets without operatioms.
More precisely, by Def, 0.1.5 of {3] a similarity type is a
function t:0p —> «w where Op is an grbitrary set. Then we choo-
se Op = O and hence t = 0. Clearly O is a similarity type by
the quoted definition. By Def. ©.1.1 of [3] the algebras of si-
milarity type O are pairs {A4,0> where A is an arbitrary nonemp-
ty set. Thenwe identify the pair <A,0> with the set A. We can
de this because for any B€A we have {B,0)S<A,0) and for any
{&;:ie I) we have <PieIAi,0’> =P 1 (4,07 where P, ;A; is the
Cartesian product of the sets A;, see [3] p. 29.

Throughout the proof, by a system (Xi:ie I> we mean a set
-\.(i,xi) :tieI} of pairs. I.e. a system is a function and this
function is always a get and never a proper class,

First we prove ZFU{"SPE> PE3"} — AC. Assume "sPZ> PEs",
We show that then AC holds.

Let F = <Xi:ie I> be a family of nonempty sets. We have to show
the existence of a "choice-function" for F, i.e. we have to.
show the existence of a function f:I —>» Uidxi with the pro-
perty that (VieI)f(i)e X,.

let K‘g {xU{{F,i>%:ieI and xe X;%. Then K is a set of simi-
lar algebras, namely every element of K is an algebra of type
0. For every i€ I we have i{F,i>} € 8§ K since by X;% O there

is en xe X; and then {({F.i>l & x U{i(F.idi e K, Let
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Ad-'ﬁ'l’id {<(F,i>} . T™en AcPBS K since A%0 by A = {{(F,i) :

:tieI>}. Then Ae SPE K by our assumption spé> pBg, AcsP8 k
means that there are a set J and a system (Bj:;je.ﬁ of ele-
ments of K such that A¢ PjeJB,j' By A =4{{{F,i>:1 €17} we then
have ((F,i>:icI)e PjeJBj which means that J=I and (F,i)eBi
" for every iel,

et £ & < BiN{(F,i)}:ieI). Then f is a set since {B;:
:tieI)is a set. £ is also a function with domain I. Let ieI.
By the Axiom of Foundation (which is included in 2ZF) we have
(Vxexj) {F,i>¢x U {<(F,§>} for distinect i,j€ I. Therefore
{F,i)cB €K implies B, = x U{<F,i>} for some x €X;. Then
Bi'V-i(F,i)} € X; since (Vxe X;)(F,i>¢x by the Axiom of Foun-
dation. Hence f is a choice function for F, i.e. £:I—> Uiaxi

such that (VieI)f(i)eX;.

We have proved that wp8g <5pE" implies AC. The other direction,

ZFU{AC) +— "sPE> P8S" is proved in Grétzer [2] as Thm. 23.1.
QED (Theorem 1) \

Theorem 2. Assume ZF without AC, Then (i) and (ii) below
hold.

(i) sezps

(1) se*zp's,

Proof of Theorem 2: Notations: We shall use the notation
of the monograph [3]. E.g. if X is a set then Sb X is the set
of‘all subsets of X, Similarly P; 1A;, P; 144, IK, J1f, one~
one function can be found in the "Index of symbols” (and in the
"Index of Names and Subjects") at the end of [3]. We shall also
use from [3] the following notation: Let <A;:iel> be a sye;ten
of algebras in K, i.e. <4;:i€I7c K, en o ¥ :ie1) ana
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n¥p 1
== Yi¢c1di. In short: If Ac K then A = (4;:i€I7 and PA =

*Pie1 4. Let A eIk, Then a¥ ¢ A;:ie I is the system of the
universes of the algebras in A, and I’A":-L—f}",L exAj+ For more de-
tailed explanation see the. monograph L31,

End of Notations

Proof of (ii): Let K be a class of similar algebras. let
Ce P'S K. We have to show Ce =’ K, Ce P'S K means that there
are a set I, a function 4 eI(S K) and a filter D on I such that
ggP__Q/D. Let. I, A and D with the above properties be fixed. We
define a class L and a relation R€IxL as follows:

L={{i,B>eIxK: 4;B} and

R= {<i,<i,g>> : <i,BYelLi.
Using the terminology of Levy [4], R is a relation with domain
I,i.e. (VieI)(Jjel)<i,j?>€R. Then by II.7.11 of [4], there
is a 8ét JEL such that (VieI)(3jed) (i,j?e R, (II.7.11 of
[4] is true without AC aince it is proved there to hold without
AC,)

Denote the second projection on J by &, i.e,

e¥(p: 1,8y,
Clearly, the function G is a get (of pairs) since J is a set.
Therefore § is a system (Qj:a'eJ> and geJK. N?te that
(vieI)@R)-<i,B>eJ and (V<(i,B>€J) 43284 p; » Next we de-
fine a filter E on J.

E¥ivesp J: (3XxeD) 4<i,BdeJ: e XicsYd,

The above definition of E is an explicit definition of a
subset of the powerset SB J of J.

E is a filter on J because D is a filter on I and
1<1,BeJ: 1eX¥N{(i,BdeJ: 1628 ={<i,BYe€J: ic XNZ},
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for every X, Z,
We shall show that PA/D & |c PG/E.
First we construct a homomorphism giPA —> P@. Let fe PA be ar-
vitrary. We define g(f) ps g(£)& ¢ £(1): <1,B)€J). Cleerly
g(f) e PG since g(f£)({i,B>) = £(i)e AiEG“’B) for every
{i,BYeJ. Hence g is a function from PA to PG. We show that g
is a homomorphism:
let m be an n-ary function symbol in the similarity type of the
algebras in the class K. Let M be an algebra similar to the e-
lements of K. Then m(!) is the interpretation of the operation
symbol m in the algebra g. I.e. m(!) is the operat:}on of M as~
sociated to the operation symbol m. let f,,...,f <PA,
r(m(pé‘(fl,...,fn)) = 5«“(éi)(f1(i)""’fnu))‘is ) =
= ‘~L(§i)(f1(i)""'fn(i))= {i,Bred> = <m(g_)(g(f1)j,...,g(fn)j):
tjed> = n(l,g)(g(fl),...,g(rn)).
We have seen that g-is a homomorphism g:PA — PQ.

Using this g now we construct & one-one homomarphism
R:PA/D >—» PG/E, We define h as h ¥ { { £/D,g(£)/E)ife PAY.
Ciearly h< (PA/D)x (PG/E) is a set of pairs. We show that h is
a function:

Suppose f/D = £,/D. We shall show that g(f)/E = g(f,)/E.
/% = £,/D means that (3X<D) X4, Let Y {¢i,Bre:
- .i<Xi. Then YeE and Y1g(£) cg(f,). This means g(£)/E =

=

¢ T,Y/£. We have seen that h is a function h:PA/D — PG/E.
Next we show that h is a homomorphism. We shall use the
tfac that g is a homomorphism g:PA —> PG. Let m be an n-ary

furction aynboi in the similarity type of the algebras in K.
Itet fl,ncc,fn‘ PA.
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h(m(pp/p) (£1/D; 02+, 2/D)) = hlm(py (£, ,)/D) =

= 3(m(P§_.)(f1""’fn»/E = m(Pg)(g(fl),...,g(fn))/x =

= m(pg/p) (B(£1)/E, ..., B(£)/E) = m(pg g, ((£1/D), ..., h(Ly/D)).
We show thdat the homomorphism h is one-one:

Suppose h(f/D) = h(fl/D) for some f,f,€ PA. This means

g(£)/E = g(fi)/E,li.e. Y1 glf)e g(fl) for some Ye E.' By YeE

there is Xé'D such that {{(i,B’eJ:iec X}cY. Let i€ X. Then by

the definition of J, (3B) <i,B’€J. Then {i,B>eY by i€ X and

therefore f(i) = g(£)({i,B?) = g(£1)1,B>) = £,(i).

We have seen X/ £< £,. Then £/D = £,/D by X& D, Clearly
this h is then an isomorphism of Pé/D into a subalgebra of
PG/E (without AC of course). By these we have seen that
PA/D Z{c PQ/E. By CZPA/D and G <K then G LISP™ K.

lemma O, Assume ZF, without AC, Then each of the follow-
ing statements is true (without AC).

IL=L,8S=8, IS =9I, IP* =P" [P =P,

Proof of Lemma O: The proofs of the above statements

are straightforward, even without AC., IS = SI is proved as
0.2.15 of [3], and in the proof there it is emphasized that
AC was not used.

QUED (Lemma 0)

By Lemma O above we have that 11se” = 1P = SIPF = §PF.
Therefore Gc SPT K by geusv" K.

Proof of (i): Let K be a class of similar algebras and
let CePS K. Then C=PA for some system A e1(8 k). Cleary iX}
is a filter on I and {{f3:fcPA) is an isomorphism between PA
and PA/AI.

In the proof of (ii), to I, 4, and D = {I} we construe-
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ted a set J, a system g_eJK and a filter E on J such that
PA/11} 2 |c PG/E. By the construction of E, if D ={I} then
E = {J}, and therefore PG/E¥PG. We have C¥PASPA/I} 2 |¢
€ PG/{J3¥ PG and O c’K. Therefore C ¢ LLESP K. By Lemma O then
CESP K, -

QUED (Theorem 2)

Related results can be found in [1] and [51.
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