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AN EXISTENCE THEOREM VIA AN INTUITIVE IDEA AND FIXED POINT
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Abstract: An abstract existence theorem is formulat-
ed via a simple intuitive idea, and then various fixed
point theorems are deduceé to 1llustrate the concept of
abstraction in mathematics,
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1. Introduction and main results. A system of inte-
rest in sciences usually can be considered as a mapping S
from the space X of input into the space Y of output. One
of the main concerns in the study of a system is te know
whether a particular desired output can be obtained in the
system., The study usually starts with doing some experi-
ments or observations about the system. A certain mean is
used to measure the "distances" from the output obtained
in the experiments or observations to the marticular out-
put one desires to have. Doing enough experiments or obser-
vations, one may ccnclude that the system shculd behave or
can be controlled to behave in a certain menrer. Suppose

that the system S concerned behaves in the following manner:
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Por each input x and the corresponding output S(x), there
always exists in a certain way (cf. the condition (1) be-
lew) a new input A x such that the corresponding output

S( Ax) is somehow "closer" to a desired particular output
than the given output S(x) is (cf. the condition (2) below).
Then intuitively one would conclude that the desired parti-
cular output should be obtainable by a ecertain approxima-
tion process. This intuitive idea leads us to the formula-

tion of the following fundamehtal result.

Theorem 1. Let (x,so) be a (non-empty) metric space,
Y a non-empty set, S a mapping from X into Y, and let e be
a funetion from S(X) inte the non-negative real numbers
[0,+20). Suppose that for each x ¢ X there exists an element
A x€X sueh that the following inequalities hold:

(1) So(x,Ax) £ o« (S(x))e(sS(x)),

(@) e(S(Ax)) ¢ 3 (e(S(x))e(S(x)),
where o« is a bounded real-valued function defined on S(X)
and (3 is a monotone increasing function from [0,+00) into
{0,1). Then starting from any x;€6 X, a Cauchy sequence 455
in X can be constructed such that

(3) 1lim e(S(x,)) = 0.
Suppose furthermore that the space (X,gd ) ©s complete and
the mapping e(S(+ )) is continuous on X. Then for each x,€ X
there exists ué€ X such that

(4) gb(xl,u)é Me(S(xy))/ L1~ @ (e(S(x)N 7,
and

(5) e(sS(u)) =0,

where M is a bound for the function oc
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Here, the function e can be thought as a certain eva-
luation for the output of the system S so that "e(S(u)) = O"
means that S(u) is a desired particular output.

As an application of theorem 1, we give the following
theorem 2, of which the proof will show a way how to apply
theorem 1 by suitably defining an evaluation function. An-
other direct application of theorem 1 will be given at the
end of the last section, where some fixed point theorems as

simple consequences of theorem 2 are also given.

Theorem 2. Let (X,p) be a (non-empty) complete met-
rie space, (B,d) a (non-empty) metric space, and let P(E)
denote the collection of all non-empily bounded closed sub-
sets of E, D the Hausdorff metric generated by the metric d

and d* the distance function defined by
a* (b,A) = inf (d(b,a):aeAd),

where b€ E and Ae P(E). Let f be a continuous mapping from
(X,go) into (P(E),D) and g a continuous mapping from (X,(o )
into (E,d). Suppose that for each x€ X there exists AxeX
such that the following inequalities hold:

(6) go(x,Ax) & o (f(x),g(x))a* (g(x),f(x)),

(7) a* (g(Ax),f(Ax)) & B(a* (g(x),f(x))a*¥g(x),f(x)),

where o is a bounded function from g(X)wf(X) into £ 0,+a0)
and (3 is a monotone increasing function from £o,+o0) into
£0,1). Then for each x, €& X there exists an element ueX such
that

(8)  (@(x),u)éMa¥(g (x;),f(xp))/01 ~@(a¥(g(x)),£(x;))]
and

(9) gle £(u),
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where M is a bound for the function & ,
We end this section by remarking that theorem 2 is an
anslogue of some interesting results by Fan in [4], where

.conditions involving certain convex structures were consi-

dered.

2. Prcof of theorem 1. Let x;€X be fixed. Then, in-

ductively, one constructs a sequence {xn}gx such that

(10)  @(x;,Xy,;) &a(S(xy))e(S(x))

and

(11)  e(S(x,,1))& B (e(S(x,)))e(S(x,))
forn = 1,2,3,.40 &

For convenience, write e, = e(S(x,)) and f‘l’n = f3(ey)
for n = 1,2,3,... . Then it follows from (11) that e, is a
monotone decreasing sequence of non-negative numbers and hen-
ce e, converges to a non-negative number, say ey Then e k& e,
forn =1,2,3,... . Furthermore, since [I is monotone incre-

asing, it follows from (10) and (11) that one has

(12) gv(xn,xm_l)éldpl'lel
and

(13) eo"‘en+1 ‘ﬁnen ‘/31 n*
It is clear that (12) implies that {xn} is a Cauchy sequen-~
ce and (13) implies that e & ﬂleo so that e, = O and hence

(3) holds.
In case that (x,;n) is complete, the Cauchy sequence

{xnl converges to an element, say u, in X. Then it follows
from (12) that
Sb(xl,n) £ ®(x, ,x2)+§b(x2,x3)+...+$0(xn,xn+1)+gv(xn+1,u)

- 78 -



21+ @+ Bl I he; + @Ox,, W)
£Me /(1 - (&1)+§b(xn+l,u)

for all n = 1,2,3,... . Hence (4) holds since lim @(x,,,
u) = 0. The equality (5) follows from the equality (3) and

the assumption that e(S( ¢ )) is continuous.

3. Proof of theorem z. To prove theorem 2, we first

prove the following elementary lemma concerning the metric
d, the Hausdorff metric D and the distance function d* as gi-
ven in the theorem.

Lemma. Let u,veE and A,BeP(E). Then
(i) d% (u,B)£d(u,v) + da* (v,B),

(ii) a* (u,A)& d* (u,B) + D(A,B),
(iii) a¥ (u,A) - a* (v,B)& d(u,v) + D(A,B).

Proof of the lemma. (I). To prove (i), choose b €B such
that a* (v,B) = lim d(v,b,). Then d* (u,B)& d(u,b ) £dlu,v) +
+ d(v,b,) for all n, so that (i) hold.

(II). To vrove (ii), choose b € B such that d* (u,B) =
= lim d(u,bn). Then for a given € > O, there exist a €A
such that

d(a,,b ) &D(A,B) + €&

for n = 1,2,3,... . Then
d*(u,A) €d(u,a ) £d(u,b ) + dlay,b,)

éd(u,bn) + D(4,B) + &

for all n = 1,2,3,... . Hence
d*(u,A) £ d¥(u,B) + D(A,B) + €.

Then (ii) hclds since ¢ is arbitrary.
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(III). The inequality (iii) follows immediately from
(i) and (ii).

Now, we come to the proof of theorem 2, To apply theo-
rem 1, let Y = ExP(E) and define S and e as follows:

S(x) = (g(x),f(x)),e(S(x)) = a¥(g(x),f(x))

for a1l x¢ X. Note that by (iii) in the lemma one has, for

all x, yé X,
e(S(x))-e(S(y)) €d(g(x),g(y))+D(f(x),f(y)).
The above inequality remains true when x and y are interchan-
ged. Hence for ell x,y € X one has \
le(s(x)-e(s(y)) & alg(x),g(y))+D(£(x),f(y)),
and from which one concludes that the function e(S(e )) is
continuous on X. Therefore, by theorem 1 for each x;& X the-
re exists u€ X such that (8) holds and also
a*(g(u),f(u)) = e(S(u)) = 0,

from which one sees that (9) holds since f(u) is closed.

4, Fixed point theorems. In theorem 2, if the space X

happens to be a subspace of E, taking g to be the identity

mapping on X,we have the following fixed point theorem.

Theorem 3J. Let (E,d) be a metric space, X a non-empty
comple te amd closed subspace of E, £ a continuous mapping
from (X,d) into (P(E),D). Suppose that for each xe& X, there
exista A xe X such that

(14) d(x,Ax) & oc(x,f(x))a*(x,f(x)),

(15) a*(Ax,f(Ax)) £ 3 (a%¥(x,(x)))a¥(x,£(x)),

where w,(} are as given in theorem 2., Then for each x, & X,
there exists an element u & X such that
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(16 alxy,u) & Ma*(xy,2(x))) /41~ @ (a*(x;,2(x;)))3
and

ue f(u)
or
u = f(u) provided that f is single-valued.
Theorem 3 seems to be interesting since the mapping ¢

is' not required to be a contraction or an inner mapping

(i.e. a mapping with images lying in its domain or the po=~
wer set of its domain). Fixed point theorems for mappings
which are not necessarily inner date back to [9], and re-
cently many new results related to the concept of inward-
ness have appeared (see [1],[2]1,[51,061,07],[8]). Note that
theorem 3 does not involve any of the known inwardness con-
ditions, and is clearly a generalization of the existence
portion of the well-known Banach contraction principle. For
inner mapnings, we list the following result, which is a va-

riant of Sehgal’s result [10],

Theorem 4., Let (X,d) be a non-empty complete metrie
space, f a continuous mapping from X into X. Suppese that
for each xe X, there exists a positive integer n = n(x) such
that

a(x,f(x)) & wix,f(x))a(x,f(x))
and

a(£(x), £ 1(x)) £ Blalx,£(x)))a(x,£(x)),
where o and (3 are as given in theorem 3. Then for each
x,€ X, there exists ueX such that the inequality (16) holds
and u = f(u).

Proof. Take Ax = f7(x) and apply theorem 3.
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Viewing theorem 3 in a slight different angle, we have

the following common fixed point theorem.

Theorem 5. Let (E,3) be a metric space, X a non-empty
complete and closed subspace of E, f a continuous mapping
from X into E and A a mapping (not necessarily continuous)
from X into X. Supnose that the following inequalities hold
for all xg X:

(17) d(x, Ax) £ «(d(x,f(x)))d(x,f(x)),

(18) a(f(Ax), Ax) & plalx,f(x))d(x,£(x)).

Then both f and A have the same non-empty set of fixed points.

Proof. By theorem 3, f has fixed points in X. Let u be
a fixed point of f, Then (17) implies that d(u, Au) = 0 s
that u is a fixed point of A ., Let v be a fixed point of A .
Then by (18) one has

a(f(v),v) £ (alv,£(v)))a(v,f(v)),
which implies that 4(f(v),v) = O, and hence v is a fixed point

of £, completing the proof.

For common fixed points of a family of commuting inner
mappings, we give the following result.

Theorem 6. Let (X,d) be a non-empty complete metric spa-
ce, and ¥ a family of commuting mappings from X into X. Sup-
pose that there exists a mapping £ € ¥ satisfying all the
conditions listed in theorem 4 and suppose furthermore that

the mapping f is contractive (i.e. d(f(x),f(y))=d(x,y) for

all x,y € X with x$y). Then the family & has a unique common
fixed point.
We remark that the notion of contractive mappings rela-

ted to fixed point theory has been initially studied by Edel-
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stein in [3], where many other interesting notions have been
introduced.

Proof of Theorem 6. By theorem 4, the mapping f has a
fixed point and hence f has a unique fixed point since f is
contractive. Let u be the unique fixed point of f and let
g € ¥ . Then if u were not a fixed point of g, one would ha=-

ve

d(g(u),u) = d(g(f(u)),f(u))
d(f(g(u)),f(u)) <d(g(u),u),
which is impossible. Hence u is the unique common fixed point

of the family &,

Various types of results concerned common fixed points
ecan be obtained by directly applying the fundamental result,
theorem 1. As an example, we give the following results con-
cerning a family of finitely many mappings which are not ne-’
cessarily inner or single-valued. Here P(E),D, and 4% are

the same as those given in theorem 2.

Theorem 7. Let (E,d) be a metric space, X a non-empty
complete closed subspace of E, fi a continuous mapping from
(X,d) into (P(E),D) for i = 1,2,3,...,n, and let @ be a func-
tion defined on X by ei ther

@ (x) Sdf(x,fi(x))

or
g(x) = max d*(x,fi(x)),
where both ¥ and max are taking for i = 1,2,3,... n.
Suppose that for each x€X, there exists A x& X such that the
following hold:
(19) da(x,Ax) & «(x)@ (x),

- 723 =



(20) @(Ax) £ f(e(x))g(x),

where o¢ is a bounded real-valued function defined on X and
f# is a monotone inereasing function from £0,+a) into

{0,1). Then there exists an element u€ X such that
ugf;(u) for all i = 1,2,3,...,n.

Proof. Similar to the proof of theorem 2, one shows
that @¥(s+ ,f.(+ )) is continuous on X and hence so is the
function ¢ . Define

Y = Xx(P(E)1",

S(x) = (x,fl(x),fz(x),...,fn(x)),

e(S(x)) = @(x)

for all x& X and apply theorem 1 to obtain an ue X such: that
@ (u) = 0. Then
d¥(u,f; (u)) = 0 so that uef;(u) for i = 1,2,3,...,n.

We end this note by remarking that the recent book by
Smart [11] gave a very good introduction to various fixed

point theorems and to their applications in analysis.
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