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FACTOR-SPLITTING ABELIAN GROUPS OF ARBITRARY RANK

Ladislav BICAN, Praha

Abstract: A structural description of factor split-
ting torsion-free abelian groups of arbitrary rank is pre-
sented. This criterion enables us to show that a torsion-
free abelian group G, every element of which is p-divisib-
le for all but a flnlte number of primes p, is factor-split-
ting if and only if G/pG is finite for each prime p. Two
examples are included. The first one shows the existence of
a non-factor-splitting group whose every pure subgroup of
finite rank is factor-splitting and the other shows that the

class of factor-splitting torsmnfree abelian groups is not
closed under finite sums.

Key words: Factor-splitting group, almost divisible
group, basis, p- independent set, increasing p-height order-
ing of a basis.

AMS: Primary 20K15
Secondary 20K25, 20K99

Throughout this paper by a. group it is always meant an
additively written abelian group. A torsionfree group G is
called factor-splitting if ary of its factor-group G/H is
splitting (see [9]). We shall use the following notations:
If M is a subset of a group G then (M) denotes the subgroup
of G generated by M. If g is an element of infinite order of
a mixed group G then hg(g), (’UG(g)) denotes the p-height
(the characteristic) of g in the group G. If « % 0 is an in-
teger, « = P o’ , («/yp) = 1, then we write hp(cc) = k. We

also put hp(O) =00 for all primes p. The symbol Jr will de-
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note the set of all primes., If :rr'; gr and M is a subset of
a torsi onfree group G then <H)§,, is the gr’-pure closure of
M in G, i.e. the largest subgroup of G such that <|a>:r’,1<m>
is :rr'-primary.

Every maximal linearly independent set of elements of
a torsionfree group G is called a basis of G, A set M =

=4a, |A e A} of elements of a mixed group G with the tor-

sion part T is said to be a basis of G if the subset Iy
= -(ah + T|AeA} is a basis of the torsionfree group G =

= G/T. A linearly independent subset M ={aa\.7t €N of a
mixed group G consisting of elements of infinite order is
said to be p-independent if for every finite subset {al,aa,...
...,anS € M the relation px =£.§4 hiai implies p M,,‘-/, is=

= 1,2,000,n,

A sequence LAY SRR of elements of a mixed group G is
said to be a p-sequence of g, if PB4y = 84> i=0,1,0e0 &

Let U be any torsionfree subgroup of a mixed group G and let
8€G\ U be an element of infinite order. If hg/u(g +U) =00
then every sequence g = 8038700 of elements of G such that
p(gj,q +U) < g + U, i=0,1,..., is called a generalized
p-sequence of G with respect to U.

Let M = {ay | < w} (@ is an ordinal number) be a
well-ordered basis of a mixed group G. We define the genera-
lized p-height Hg(au ) of the element a, as the p-height of
8, +ﬂ§°‘ < au) in G/p§&< ay> . The well-ordering on M is
said to be an increasing p-height ordering if Hg(ax )éﬁg(aﬂ)
whenever o & 3 < (w .

The following assertion has been proved in (5],
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Lemma 1: Let M =fa, |1 e A} be a basis of a mixed
group G with the torsion part T, Then G splits if and only
if there are non-zero integers m,, A e A , such that

1) %@ = %@+ 1 for each element
a e‘z?:/\'( n, a,”,

(2) for every prime p there is an increasing p-height
ordering {m_ ax]cc <@} on M =4m, a, |4+ €A} such that

HG(n a_)=n

p{my B < 00 if and only if < <% and for every

o < 2 there exists an element x_ € G such that

o0

pnec (xy +p§ac < n, ap>) =m, a, +p§‘x 24 ny °p> and every

element na, 8y YV£Y < &« , has a generalized p-sequence

with respect to U =<x le < v,

The systematical study of factor-splitting groups was
begun by Prochézka [9],[10] and it was continued in my pa-
pers £2],(4]. The results obtained here generalize those of
the mentioned papers and they have two interesting consequ-
ences, The class of factor-splitting almost divisible tor-
sionfree groups is characterized and it is shown that an in-
" finite direct sum of torsionfree groups can be factor-split-
ting only under very special hypotheses. At the end of the
paper an example showing that the class of factor eplitting

groups is not closed under finite direct sums is presented,

Definition 1: Let p be a prime. We say that an indepen-

dent subset -{gl,gz,...,gn} of a torsionfree group G satis-
n
fies (FSp) if the following holds: if p¥x =, 3, w;g; for
. K & .
some xe€ G then the equation p'y =%.§.‘.4 (ig; with h,(@3)21,
i=1,2,...,n, and (3; = o, whenever hp(eci)21, is solvab~
le in G.
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Definition 2: ILet p be a prime and M be a basis of a
torsionfree group G, NEM. We say that an element b €{M™ N’
satisfies (FSp) with respect to N if from the solvability
of the equations p°x = pb + u, ue<K), in G follows the sol-

vability of the equatiom p“x = p(b + v), ve<N?, in G.

Lemma 2: ZEvery pure subgroup of a factor-splitting
torsionfree group G is factor-splitting.

Proof: Let H be a subgroup of a pure subgroup S of G.
Since G/H splits, G/H = (H)’C: /H ® V/H, the factor-group
S/H = <H>7f /H @ (SAV)/H splits, too.

Lemma 3: Let H, K be subgroups of a torsionfree group
G such that HEK & (H)ﬁ . If G/H splits then G/K splits,too.
Proof: By hypothesis, G/H = (H)‘S /H®V/H, If x = v +
+k,x€ (H)WG , veV, keK, is an arbitrary element of
@Y ¥ ACVUKY then v = x - ke Vn(HYS =HEK and x = v +
+ keK. Hence CHY,®A C(VuK) = K and G/K = <HYT /K@ VUKY
/K splits.

Corollary 1: A torsionfree group G is factor-splitting
if and only if G/F splits for every free subgroup F of G.
Proof: The preceding Lemma proves the sufficiency, the

necessity being obvious.

Lemme 4: Iet M = §a;,a,,...Jbe a p-independent basis

of a torsionfree group H. If K = (p2i—1ai - pzlai+1 l i=1,
H - _ C - H
2"">11’\41ﬂ and L ={a; pai+1( i 1,2,...2““_&; then

H _
(K>ﬂ = L,
Proof: If x e(K)ﬂ!I is an arbitrary element then

k o 2i-1 2i _ . . _
p mx —“,"%1 ri(p a8y P ai+1) for some non-negative inte
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ger k and some non-zero integer m, (m,p) = 1. The p-inde-

pendence of M now yields pk\ pry, pkl (pZi—lri - p21°2ri_1),

i=2,3,..0,n, pk[ pann’ which obviously implies that
2i- i-

pklp i 1ri 2i-1,
k _ m

ently p mx _1'.?:4 p

,1=1,2,...,n, Sop = pkri' and consequ-

2i-1

i
. < .

= ri(ai - pai+1) =p £=§1 ri(a; - pai+1).

Then mx =£=24 r.l'(ai - paj,q), H being torsionfree, and xe L.

We have proved that (K)aTHSL and hence <K>ng = L, the inc-

lusion L <K >7§ being obvious.

Lemma 5: Let the hypotheses of Lemma 4 be satisfied.
Then H/K is a non-splitting mixed group with the torsion
part L/K.

Proof: It is easy to see that H/K is of rank one and
that the element a; + K is of infinite order. Since a; + L=

X i n n
=£§4 p' " (a; - paj,q) + plag,, + L=pla . + L, the ele-
ment a; + L is of infinite p-height in H/L & H/K/L/K. With
respect to [1, Theorem 2] it suffices now to show that no
non-zero multiple of a, + K has the infinite p-height in H/K.

So, let the equation p2k(x + K) = ma, + K be solvable in H/K.

2k _ = 2i-1,  _ 2i
Then p" " x = nea, +£§4 ri(p ay P ai+1) for some

non-zero integer o with (&,p) = 1. The p-independence of

M yields p>X|(m + pry), p2k\(p21-1z‘i - p21'2ri_l), i=1,
2,..0,0, paklpznrn and we can obviously assume that nZ k. Now
21‘l(pzk'lrk - p2k'2rk_l) yields p|r,_, so that

Zk\(ka';ark_l - p2k'4rk_2) yields pzlrk_a etc,

the relation p

the relation p
. . . . . . k-Z‘ k-l\

Continuing in this process we finally obtain p To,P ry

and pk‘ng(, . Since (p,x ) = 1 we have pk[m and we are through.

Lemma 6: Let p be a prime and G be a mixed group. If

81,83,...,8, are elements of G with
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G/S(a) -1

= £
hp .+£.<a ) ng ,n1 2_.....:11‘ < 0 and
if x. are such elements of G that p 'x: = a. +4§.'j .1(~i)a-
i p i i 2"‘.4 J J

then the set {xl,xz,...,xk‘! is p-independent in G.

Proof: Let px =4,gqﬂ’ixi be solvable in G ana let r
be the greatest integer between 1 and k for which (&r,p) =

= 1, Then the equation py = .Z A;x; is obviously solvable
n

in G and if we multiply this equality by p k we obtain

+1 n, -n.
k

p ¥ ‘_214 P

=t .

= "2y by the hypothesis. Consequently

i % Pxhy G, )
Aj b x =42y P Ajlay + Fy Ay 7ay)
= A a,

rPr * g
L2
G4 ELa > E

hy an +. &, {a;>)zn_ + 1 - a contradiction proving

Lemma 6.

lemma 7: Let p be a prime and G be a mixed group such
that the GF(p)-vector space G/pG has finite dimension k. If
{agc\ec < éo? is an increasingly p-height ordered basis of
G then H3(ay,;) = @ .

Proof: Let HG(aQ‘ ) =my X < @ . If nény,&...
ceo &k nké Nyy< o then Lemma 6 yields the existence of a p-
independent subset §x;,X;,+.+,X, 1% of G. Then the set fx; +
+ PG, X5 + PGy..e,Xy g + pG3 is clearly linearly independent
over GF(p), which contradicts the hypothesis.

Theorem 1: A torsionfree group G is factor-splitting
if end only if

(i) G/pG is finite for each prime p and

(ii) if M is an arbitrary basis of G, NEM, M\N =

=4{a,|A € A} then there are non-zero integers n,,A s A,
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such that every element from (m, a, ‘.ﬂ. e A ) satisfies (FSp)
with respect to N for all primes p.

Proof: Necessity: (i) Let p be a prime such that
G/pG is infinite. If x; + pG, X, + pG,... are linearly inde-
pendent elements of the vector space G/.pG over GF(p) then
the elements X13Xp,res are obviously p-independent in G and
the pure subgroup H = (xl,xz,,...)wg of G is factor-splitting
by Lemma. 2, Lemma 5 now leads to a contradiction.

(ii) If we denote L = (N)m,c.; then the splitting of
G/{N) and Lemma 1 yield the existence of non-zero integers
mh,.?\. e A , such that @G/<N>(b +{N) = ’EG/L(b + L) for
each element b € (lz‘,v an [JL €A% . Let the equation pkx =
=pb+u, uelN>, belmy ay |AeA}, be solvadble in G.
Then pu’ = u for some u'€ L and hg/<N>(b +{ND) = n& Ly 4
+ L)2k - 1. Thus there is v € {N) such that the equation
pk_ly = b + v is solvable in G and the necessity is proved.
Sufficiency: With respect to Corollary 1 it esuffices
to show that G/F splits for every free subgroup F of G.

Let N be an arbitrary linearly independent subset of G
and let M be a basis of G containing N such that M\N =
= -iaa |A € A} . By hypothesis there are non-zero integers
my ,A €A , such that every element from (m, a, | A eA>
satisfies (FSp) with respect to N for all orimes p, Let L =
= (N)ﬂ? and let the equation pk(x + L) =b+L, be (na’ a, |
|]A e AY be solvatle in G/L. Then, for some uelL, the e-
quation pkx = b + u is solvable in G. Now since p'mu € {N)
for some non-negative integer r and some non-zero integer m,
T

(m,n) = 1, the equation pk+ mx = p'mb + p'mu is solvatdle in
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G. Using the condition (FSp) with respect to N r times we

see that the equation pky = mb + v is solvable in G for some

v €<N) . Thus hg/<x>(b + <m>)zhg/L(b + D2 h¥ M+ (wy)
and the condition (1) of Lemma 1 is satisfied.

Now we proceed to the condition (2) of Lemma 1. Let
.ibﬂ \ {b < » % be an increasing p-height ordering on the ba-
sis N of L. Since the kernel of the mapping @:L—» G/pG de-
fined by @ (x) = x + pG is equal to LnpG = pL, P induces
a monomorphism & :L/pL —» G/pG and L/pL is finite. By Lemma
7 there is an integer £ such that H;‘(bt+l) =0 and
H;‘(bi) =mg, i =1,2,...,2 , are finite, m4m, £...4m, .
The elements z;€ L defined by the formula.
(3) pmizi = by +;2;11 vgi)uj, i=1,2,00., ,

are p-independent in L by Lemma 6 and

mn, £ £  my-m. ¢-1 .
£ - 24771 g, (1)y
(4) p ‘,_%:1 Bz ~‘.§1 P’ B (b; +é.24 »; by e {N).

Moreover, by the definition of the increasing p-height order-
ing, every element b(} y A < ﬂ < P, has infinite p-height
with respect to <b1’b2""’b,2> so that for each positive in-

teger r there is an element 2 € L such that

b

.

(5) r % ¢
= by + . .

P zﬁr A =1 (A

Further, for the sake of simplicity we can assume that
n, =1, 4 e A . The factor-group a/¢
= G/

i

N, -

p(G/CNY)
N>/(pGuN)/N ¥ G/(pGuN) is finite as a homomorphic ima-
ge of G/pG. Let 4ax +(EY | x < (u'i be an increasing p-height
ordering on the basis {aa' +{NY|A € A} of G/{N), By Lem~
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, . {N> =
na 7 there is an integer k such that Hg/ (o 4q *<N)) =2
and Hg'«n)(ai +{NY) = ng, i =1,2,...,k, are finite, n, £
£nyb... £ny . The elements x; + (Y e G/KN)Y defined by

ng T, W ;
(6) p (x5 +(N?) = a; "'-3'4?4 ﬂ-j a; +(N), i=1,2,...,k

are p-independent in G/(N) by Lemma 6.

let b be an arbitrary element fvrom the set {a“ lx <
< <<w}. We are going to show that b + {N) has a genera-
lized p-sequence with respect to {x; + (ND, x; +<{N),...
ceeyX + (N> /{N)or, equivalently, that b has a genera-
lized p-sequence with respect to (£xy,%p,0 009 JOND .

By the definition of the increasing p-height ordering
the element b + {(N) has the infinite p-height with respect
to L%i{( a; +<N>>, Hence for each n = 1,2,... there is an
element yr; € G such that

n+n‘e ,

R
(7 p Yp = b+, S .(n)ai +u, u € N>,

1t=1 1

Since u = &, Pps By (finite sum), it follows from (5) that

B<»
(7) can be rewritten in the form
n+m, S £
(8) e . (n) (n)
P TR B e YT ©1 i

Using (3) ana (6) we can write (8) in the form

n+y R 2
(9) £, -
where é g (n) L (n)
1T 65 e =, F @b e N,
n+mn ®R
N 2
e (Pypay = ¥n) = 132 (Téml)‘ ’3’§n))xi *

Gén))zj and Lemma 6 gives yén)'l)- rargn) =
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W e (n) ;
6; 7, i=1,2,...,k, owing to the fact that

=p
£
(n+1) (n) (n+1) _
.2=.4 (65 - 6;77)z;eCK) . Consequently, &;
(), e g(n) _ . Y’ -
- 6’in)— P q9~in again by Lemma 6. Se p(p “y ) =

n n, % K | n
= p‘eyn +p 14’?4 d"i(n)xi +i«§1 qﬁi‘_n)p ‘ezi and (4) shows

n, n, .
that the elements b, p T1s P Tpyeeo form a generalized

p-sequence of b with respect to ({xl,xz,...,xk} u N>,

Lemma 1 now finishes the proof of Theorem 1.

Remark: It should be noted that the necessity of the
condition (i) was observed by Prochédzka [10].
Now we shall prove a more simple sufficient condition

for the flactor-splitting.

Corollary 2: Let G be a torsionfree group. If

(a) G(pG is finite for each prime p and

(b) for every basis M = -{ca’l./l € A ? of G there are
non-zero integers n,, A e A, such that every finite sub-
set of M = {nh ey |A € A} satisfies (FSp) for all primes
p, then G is factor splitting.

Proof: Let N = iv | ¢ € 1% be an arbitrary subset of
m

~ ~ ~ k
M and M\K = {a ek}.Ifpx= a +
™ = |®Ek] PX =P Z Lag, B,
+é—= 4 ﬁ"a'»b"z" is solvable in G then the condition (FSp), for
7 shows that

the subset {a, ,a, ,...,a, ,b ,b ,...,b
e, 1%, %, 't < “m

Theorem 1 can be applied.

Corollary 3: Let G be a torsionfree group. If
(a) for every prime p the GF(p)-vector space G/pG has

a finite dimension rp and
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(b) for every basis M ={e ,t e T} of G there are
non-zero integers m, , T € T, such that for each prime p
every subset of{m,z Co | 2~ € T} containing’ at most rp ele-
‘ments satisfies (FSp),
then G is factor-splitting.

Proof: For the sake of simplicity we can assume that

=1, ®Te T. We shall use the notation of the proof of
Theorem 1. Let N be an arbitrary subset of M and let the
equation p°x = p = Pady? = Gp bp (finite sum) be sol-
vable in G, It follows easily from (7) and (5) that the e~
quation p°y = p, 32‘. ®;58; +,§ & ;b; is solvable in G whe-
re Sgb‘aw+(N> 491a;+<N) Irweshowthatk+

* &1y then the equamon p°z p( Z @ ;85 +«LS‘ 49’ b;) is

solvable in G by the hypothesis and Theorem 1 can be applied.

It remains to show that k +£ £ o Let the equation pz =

Mo

= = Ax; Z z. be solvable in G. Then the equation
124 1 (“’1 i

et 4

P (z +{N») =p g A. 1%3 *+ {NY) is solvable in G/{N) ow-

(e}

ing to (4) so that p | A;, i=1,2,...,k, by Lemma 6. So, a-
gain by Lemma 6, p | M35 1=1,2,..., £ , and the elements
X1yXppeeesXyy Z,%pye00,%g &are p-independent in G. Hence
the elements xy + pG, x, + pG,...,X, + DG, z) + pG, 2z, +

+ pG,...,z‘2 + pG of G/pG are linearly independent over GF(p)
and k +£ & r, by the hypothesis.

Definition 3: A torsionfree group G is said to be al-
most divisible if the p-height of any non-zero element of G

is finite for finitely many primes only.

Theorem 2: An almost divisible torsionfree group G is

- 663 -



ractor-splitting if and only if G/pG i¢$ finite for all pri-
mes p.

Proof: The condition is necessary by Theorem 1.

Conversely, let M be an arbitrary basis of G, NE M,
M\N={aAH\. e .If{bﬁl(.’s<v} is an increasing
p-height ordering on the basis N of L =<B)WG then in the
same manner as in the proof of Theorem 1 one can prove the
existence of an integer £ and of elements Z91Zpre0212p
such that the formuls (3),(4) and (5) are valid.

Now we put m, = 1 if hg(aﬂ ) =e0 and n, = pn’e if
hg(a% J<oo . We are going to show that every element b €
elm, a, |A & AY satisfies the condition (FSp) with res-

pect to N. Let the equation

(10)  p°x = pb + u, b€<naaal-7t5-/\>, ue{Ny,

. = G
be solvable in G. Then b = p * =, «;a; + a where hp(a) =
= and a; e{a, IAe A3, hg(ai) <o ,i=1,2,...,r.
From the solvability of the equation (10) follows the solva-
m+1 £
bility of the equatiom psy = p‘e’ {,%4 % ;84 +4/§4 525 Ow-

ing to (5) and (3). However, the p-independence of zj,Zp;...

. . m*l ., .

ceey2p in G yields @, =p Wiy i=1,2,000,2, and
. -1 m, X m, X ’ .

the equation p° 'y = p l»i‘?"i o8, + p 2‘;.?_.4 @'iz; is sol-

vable in G. There is an element a’e G such that ps-la'

= a, a
being of infinite p-height in G, and consequently, pa'l(y +
m, x
o 'R _ :
+a’) =pT S ecia; +a+ v =b+vwhere vedlN)by (4).

Since G is almost divisible we can do this procedure
for each prime p and finally we obtain the non-zero integers

m, , A € A , such that every element from{T, a, |A € A) -.-
tisfies (FSp) with resmect to N for each prime p. Now it su’-
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fices to apply Theorem 1.

Corollary 4: If an infinite direct sum G _4«%1 Gy of
torsionfree grouns Gi’ ieI, is factor-splitting then each
group Gi’ ie I, is factor-splitting and, for each prime p,
the group Gi is p-divisible for all but a finite number of
indices i€ I.

Proof: It follows immediately from Lemma 2 and Theo-

rem 1.

At the end of this paper we shall present two examples.
The first one proves the existence of a non-factor-splitting
group every rank finite pure subgroup of which is factor-
splitting.

Example 1: Let {p,,pp,...} be an infinite set of pri-
mes, H =»L‘§‘0 4 xi> +—L§1< y;> be a free group and K =

={p;x, + x; + p?y- i =1,2,... be its subgroup. If
i%e i ivi 15

~m M 2
1o ©i%i * Ty BiYi) == As(piXg + x; + pyy;) then

m

Bty =iy A4Ps, ne; = Ay, mp; = Aypg, i o=
Hence (3, = ecip?, i=1,2,...,n, and o, =i‘g%1°°ipi from
which it easily follows the purity of X in H .
Thus the group G = H/K is torsionfree and {x, + K, x + K,...}
is a basis of G.

Let us consider the subgroups U =(~ixl,x2,,..3 U K> and
Vo =ixy, %, Fudx, + pyy; 13 =1,2,...3) of H. It is an
easy exercise to show that V = (U>,:I and that G/U is a mixed
group of rank one. Moreover, hg;v(xo +V)zl for all i =1,

2,... . Let the equation pJ-(x +U) »mx, +U be solvable in
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. m mn m
B/U. Then pj( ) oogx; +3 2y (i29) = mx, 4,2 Ayx +

mn
2
* Sy by (pyx, * x5 + pjy;) and so

2
(11) Pj, 2y (‘U-lpi’

- 2 =
(12) pj pi = ‘urlpl, is= 1,2,...,n.

By (12), p; | ug for all i = 1,2,...,n, i%j, and hence
pj]n by (11). Consequently, no non-zero multiple o x, +U
has the same type in H/U as X, + V in H/V. By [1, Theorem 2]
the factor-group H/U & H/K/U/K does not split and hence G is
not factor-splitting.

Let us show that the subgroup X =<{xo,x1,...,xn, Y1132
«ee)¥p3 v KD is pure in H. Indeed, from the equality

m 4K zru'{v m n
n( 2o %%y + 2y Byys) = T Ayxg + Ty Gy +

”"2';‘/ 2 . . 2
+£’4 ”i(pixo +ox; + piyi) it easily follows that {Bi =oCiPiy
i gh e
i=n+1,...,n + k, so that4‘°ccixi +_‘.’.4 ﬁ'iyi =

mAfy " m,

Yoy =, B kgpy)x, + Ty w0yx; 2 By +

maR 2
ey S (Pi%o + Xy * PyYy ).

Obviously, every pure subgroup of G of finite rank is
contained in some subgroup X/K and with respect to Lemma 2 it
suffices to prove that X/K is factor-splitting. However,'

{x, + K, xy +K,...,x, + K} is a basis of X/K and for

m m
= o'a'ixi +—L§1 *iYi + K and m = pipg...pi = nipg we have
n

m m
0(Zp Ayx 4Ty @y * R 5 E

m
1 o BAiX; + T my @y (ps%, ¢

) 1
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2 o, n
+ :]: + piyi) - (£§4mi @iP1)%e =, M wixy + K = (mA, -
_'g'»t By ‘wipi)xo +¢g4 (m}"i - Dy MUy x; + K. Thus X/K is a

primitive group ef finite rank and so it is facter-splitting
by [10, Theerem 2].
The second example will show that the class of factor-

splitting groups is net closed under direct sums.

Bxample 2: 1. I.etiplpz,...}be an infinite set of pri-
mes such that py> i% for each i = 1,2,... . Farther, let H; =

©

=(a) ® « b7®4%“4<xi7be a free group and K; = <a + ib +
+ pixll i=1,2,...)be its aubgroup. Let ua show that Kl is
pure in H;. For p(Aa +ub +’£E4 »;x;) =-Z4ec (a + ib +

+ ‘pixi) we have

n
(13) PA = 2
= 52 i =
(14) Py =Py, 1 =1,2,...,n,

Ir p# {plnpzo"'} then by (14) p [“iy i=1,2,...,n,

and Aa + wb +.€ »;x; e K. If Pj =P for some j = 1,2,...

1
then p[eo for each i = 1 2,...,n, i%j, by (14), hence p

by (13) and again Aa + «b +:S » x;€K;.

2. We proceed to show that the torsionfree group Gl =
= HI/K1 is homogeneous of the type Z (i.e. every non-zero e-
lement of Gl has the same type as the infinite cyclic group)
and consequently it is factor-splitting by (2, Theorem 2].

Let the equation p(x + K;) = Aa + @b + K, be solvab]z
in Gy. Then p(pa + €b +,2 % @3ix;) = Aa + ‘ub*'z Ay (a +

+ ib + pgxi) in H and
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* m

~n
(16) p6 =‘“+»1§1 ik,
a7 P@; = PiAg, 1= 1,2,.00,m,

Irpé {pl,pz,...} then p 1./1.1, i=1,2,...,n, by (17) and
sop|A, P [(u, by (15) and (16). If p = Pj for some j = 1,
2,..., then by (17) we have A, = 0 (mod pj) for each i = 1,
2,e00,n, i¥ j. Then (15) and (16) give A + .ﬁ.ja O(mod pj)
and W + j.lji 0(mod pj) so that Aj - @ =0 (mod pj).
However, if A % O and j>max( | (“’/‘1\, 2l&1 ) then 0 <
< [ag - {u,! £l +l@l <21 j<j2<pj. If A= 0 then
M= 0 (mod pj). In both cases the element Aa + Mb + K
can be divisible either by primes p for which p{d, p l‘w
or by primes Pj with O< j£max (I‘“’/ll , 2IAY) for A #0
and with pji(u. for 4 = 0.

M8

3. Let Hy =<eY @ (d> @
K, ={c + (pi -1i)a + p?yi\ i

4< yi) be a free group and

1,2,... p be its subgroup. Si-

o
n

]

milarly as above one can prove that Gz = HZ/KZ is a homoge-
neous torsionfree group of the type Z and, consequently, it
is factor-splitting. o,

4. Consider the group G = H/K¥ G, @ G, where H = Hl®
® H,, K X, ® K, and let S ={u + K, v+K, w+ K)m(,} where
u=a+c, v=>b=-d, w=d. Obviously, fu + K, v + K, w + K}
is a basis ofSandu+iv+piw+K=a+ib+pi2xi+c+

. 2 .
+ (py = 1)d + ply, - P?L(Xi +y;) v K= ‘Pg(xi +y;) + K for

all i = 1,2,... . Now let the equation p;(x + K) = Qu +
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+ @V + w + K be solvable in G/K. Then p;(xca + 3b + yc+

+o”d+2 (Eyx) + By;) = Ala+c) + @wld - a) +d+
R 2

+%§4 ('19:]'(& + Jb + ijj) + “)J-(C + (pj - Jda+ ijj))

from which

(18) pioc=.l+,%4 '19:].,

(19) p;3= («,4-?_24,119‘

(20) piq’=&,+é_$4 s,

(21) p;d = —@t 1 +é%4 (Pj - 3 @y,
(22) P; @ = p§ B, 5= 1,2,00,m,
(23) p;6; = pﬁw‘], 5=1,2,..0,n0

By (22) and (23) we have 49"]-20 (mod p;) and @;=0
(mod p;) for each j = 1,2,...,n, j=i. Then (18),(20) and

(19),(21) yield
(24) A+ 19’i50 (mod pi), A+ @; =0 (mod pi),
(25) @+ 119* O(mod py), —tl-iwg = O(mod py).

Thus @~ A i= O(mod p;), -~ 1 A i = 0(mod py)
and hence 1 = O (mod pi)-s.com,radlctlon. Thus the basis
fu + K, v + K,w + K% of S does not satisfy the condition
(FSp) for infinitely many primes and S is not factor-split-
ting by L[4, Theorem 3]. Consequently, d is not factor-
splitting by Lemma 2.

We conclude these investigations by presenting a suf-

ficient condition under which a direct aum of two factor-
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splitting groups is factor-splitting.
For ¥’ < ar let R:rr" denote the group of rationals with

denominators mime to every p & 7.

m
Lemma 8: Let o '%L—J'i Jri and let G be a torsionfree
group. If G@ Ry, , i = 1,2,...,m, is factor-splitting, then
1

G is factor-splitting.
Proof: Let M be an arbitrary basis of G, Niu, MA\N =
=4a, | A € A} . Since the group G@ B"’-L is factor-splitting,

it follows from Theorem 1 that there are non-zero integers
ns(\‘l), A € A , such that every element from (n(l) ]JL e
satisfies (FSp) with respect to N for all primes p e, . If

n}c‘) A €A , are non-zero integers such that every element

(1)

from (n a, \-7\. eA) satisfies (FSp) with respect to N for

all primes p €oU a5 then the above argument yields the ex-
istence of non-zere integers n‘il"'l) A €A such that every

(i+1)

element fron(n lft s./\.) satlsfles (FSp) with res-

pect to N for all primes p 69&)1 @ From this the asser-
tion easily follows.

Theorem 3: Let G, G, be factor-splitting torsionfree
groups such that both G, and G, are mot p-divisible for a
finite number of primes p only. Then the direct sum G =
= Gl@ @, is factor-splitting.

Proof: Let :rrl be the set of all primes p for which
the group Gl is p-divisible and 1{2‘ be the set of all primes
p for which G2 is p-divisible. By hypothesis, the set 3r3 =
=\ (77U 7,) is finite and = o, U I U T3, Now the
group G;® Rdr.‘ is divisible amd so GQ® R’t, = (6@ Rmt )@
® (G2® R,,.1 ) is factor-splitting by [10, Lemma 2], The

- 670 -



same argument showa that G® R”Z is factor-splitting. Final-

ly, C® R, 1is almest divisible and so it is factor-split-
3

ting by Theorem 2 since G/pG = G,/pG; @ G,/pG, is finite for

each prime p. lLemma 8 now finishes the proof.
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