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SOME APPLICATICNS OF THE COINCIDENCE DEGREE FOR SET =~
CONTRACTIONS TO FUNCTIONAL DIFFERENTIAL EQUATIONS OF
NEUTRAL TYPE

Georg HETZER, Aachen 1’

Abstract: We consider the existence of periodic so-
lutions of the neutral functional differentisl equation

x(t) = f(t,xt,§t). Basic for the proof of our assertions

are two coincidenge theorems for an operator equation in
Banach spaces, which can be deduced by a coincidence deg-
ree theory for set-contractions, given in L61].

Key-words: Coincidence degree, set-contractions, pe-
riodic solutions of neutral functional differential equa-
tions, alternative problem.
AMS Primary: 47H15 Ref. Z.: 7.978.5
Secondary: 47A50, 34K99

Introduction. Many problems, concerning nonlinear or-
dinary partial or functional differential equations, can
be reduced to the study of the operator equation Lx = Nx ,
where L is a noninvertible linear map, and N is nonli=-
near. In respect to partial differential equations, we men-
tion the Landesman-Lazer approach, used e.g. in [71,(17],
[3) or [4]. Instead of using Schauder’s fixed point theorem

1) I may thank Professor J. Mawhin' for referring me to
(5].
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in order to ensure the existence of a solution of Lx =
= Nx , J. Mawhip derives a so-called coincidence degree
for completely continuous N from the Leray-Schauder de-
gree and establishes a degree continuation theorem for
it, which can be applied for solving the above operator
equation. For this approach and some of its applications
we refer to [8),19],(10) or [5). Finally, in [6) we ex-
tend the coincidence degree to the situation, where N
is a set-contraction.

A significant case for the use of set-contractions

is the neutral functional differential equation:
(x) x(t) = £(t,x.,%,) .

We refer e.g. to:[14),[15). Working with completely con-
tinuous nonlinearity, Hale and Mawhin (L5]) must restrict

themselves to the special case: f(t,xt,it) =

d
el £y(t,xy) + £,(¢t,x;) , where f; is linear in x, ,

when they study the existence of periodic solutions of ().

The purpose of this paper is to show that Mawhin’s
approach can be applied to the general situation, using
the coincidence degree for set-contractions.

In Section 1 we mention the needed abstract results
of [6] in é somewhat modified form. Then in 2 we reduce

the existence of periodic solutions of (%) to:

1. Search an "a priori bound" for f .
2. - Determine the Brouwer degree for a special map.

Finally in Section 3 we consider the quasibounded case.
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l. Here we collect the later needed abstract resukts.

First we recall some definitions:

Definition 1. Let Y be a metric space and P(Y)
the power set of Y . The get-meggure‘of noncompgctness

A: P(Y)—> Rt U {0} is defined by:

inf{ele>0, M (D,,,...,]z,,)\t/P(Y)"(4amdi“ () &

7 (M)

£e A U D:2 M)t .
14 €m 1

Definition 2. Assume that Il, !2 are metric spa-
ces, k ¢« R¥ and f: 1,— Y, .

(a) f is called completely continuoug: (=m)

/\ B bounded ==> f(B) compact.
B2y,

(b) £ is called k get-contrgction: <=—=>

3/2\71 ¥ (£(B)) £ k o (B) .

If X, Y are Banach spaces (over R ), D a linear sub-
space of X , and L: D—> Y 1linear, then Ker(L) deno-
tes the kernel of L .and R(L) the range of L . We say
that ‘ L is a Fredholm operator, if ecr(L): =

= dim(Ker(L)) < o0 , (B (L): = dim (Y/R(L)) < 00 , L is

closed an¢ R(L) is closed. We set: ind(L): = o (L) -

- B (L) . In-[6] we have shown that each Predhoim opera-

tor L satisfies: 1(L): = sup{r|r eR”, 8/2\17 ¥ (B)<

<o=ryg(Bl&£ ¥ (L(B))JI>0.
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Now we can introduce the following assumptions:

(a) X, Y Banach spaces, D a linear subspace of X ,

Q€ X open and bounded, D~ 2 F ¢ ,
(b) L: D—> Y a Fredholm operator with ind (L) =0 ,

(¢) k< 1(L) , N2 L —> Y a k set-contraction.

Since ind (L) = O , there exist continuous projectors
P: X—= X and Q: Y—> Y with: R(P) = Ker (L) and
Ker (Q) = R(L) and a linear isomorphism J: R(Q) —>

—» Ker (L) .

Further let deg mean the generalized Brouwer degree for
finite dimensional vector spaces. Then, using the coinci-
dence degree for set-contractions, we state a theorem in

[6) which contains as a special case the following degree

continuation result:

Theorem 1. Let (a) - (c) be fulfilled, P, Q and J

like above, and assume furthermore:

L
(D .wé\(o,n xe/;r\ pa X ¥ ANz,
(2) N\ Je Qe N(x)% 0 ,

x € KenclL)adn
(3) deg (Jo Qe N s .
.g "t lKer(L)nn JKer (L) A 2 ,0) 0

Then there exists an x D with: Lx = NX
As usual, we set deg (Je Qo N]Ker(L)nﬁ_’ Ker (L)AXL,0) =

=1, if Ker (L) = 40} . Before stating the second, later
needed abstract result, we recall the definition of a quasi-

bounded operator:
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Definition 3. Let X , Y be Banach smces, F: X— Y
continuous. F is called guasibounded: <(===>

1P (x

™ |x e X ,llx Ilzgo}kao. n
x

IMFIl ¢+ = inf (sup{
0(@(@
is said quasinorm.
From Theorem 1 we obtain like Mawhin in [9]) for the case,

where N is completely continuous:

Theorem 2. Let (a) - (c) be fulfilled, P , Q , J 1like
above, L = X and KP the pseudo-inverse of L , associa-

. o -1 .
ted to P (i.e. Kp: =1L|p (1 _ p) (x))” ") . Furthermore
we assume, that there are o Z O ard 3> 0 with:

(i) Kpe (I - Q) o N quasibounded,

(ii) x/éx QoNx=0=>l Pxll < x II(I~-Pxl+f,

(iii) (1 + &) HIKP e (I-Q e Nlll <1,
(iv) deg (J o Qo N)\Ker (L) A B(R E

B(R)n Ker (L), 0) % O ,
where B(Br={x|xeX,lilxlz B3 .

Then R(L - N) 2 R(L) .

2., We introduce the following notations:

Let neN , MER and ||l a norm of R™ , then
C(M, R™) is the space of bounded continuous functions from

M in m’“, I “ao the supremum norm. For a>0 , t € R and
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x € C(R,R™) we define x, € C( [ -4a,0], R™) by:
xy(%): = x(t + ) for v e€[-4a,0]. If xe C(R,R™)
is differentiable, we write x for the derivate of x and
%, for the function, given by X, (7): = x(t + =) with
zel[- a,0]. Finally let cl(R ; R™) denote the subspace
of continuously differentiable functions of C(R,R™) and
B.: ={2]|2eR™ |2l ¢ r} for r € R* . We consider
the neutral functional differential equation: X(t) =

= £(t, x4, X,) , where x € (R, R™ .

Theorem 3. Assumptions: n €« N |, a>0,
£f: R = C([-2,0),R*)xC([-2a,0],R™— R™1 -
periodic in the first argument, uniformly continuous on boun-
ded sets.
Let 0£ k<1 with:
(n té}_wwé\sc(t_MJ,w.)|f(t, u, vp) - £(t, u, v,)| £
£klvy - vyl .

Further there exists an r > 0 with:

(11) /\ (x l-periodic A V %(t) =
% € C1 (R, R™) e O,

= Af£(t, x;, X)) ==> max {Hxl,, Wxllgy} 4

(III) deg (\ng , oBr, 0)% 0 , where g: B, — R" is
r

41
defined by: g(u): = fo £(t, u, 0) dt for u e B, 2) B

2) We identify u € R™ and the function: t+— u for
tseR .
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Assertion: There is a continuously diffcrtntiabic,
1 - periodic function x with: =(t) = f£(t, X4y it) for
te«R .

Proof. We realize the hypotheses of Theorem 1. We
set: ‘

:=4{x|xect (R ,R™) v Oy Xt D = x(1)} ana

Y: ={ylyec (R,R™), t/-\n y(t + 1) = y(¢t)} . De-

tine 0 Il :Xx—R* by lUxl:=max {Mxl,, Ix0,?

and L: X —» Y by Lx: = X . Then we have: Ker(L) =
={x|xe X, x constant } , hence dim(Ker(L)) = n . Fur-

thermore we obtain: z €& R(L) (== 54 z(t) at = 0 , thus
(-]

dim' (¥Y/R(L)) = n .

Additionally, L is continuous in respect to I | on X
and Il iz on Y and therefore a Fredholm operator with
ind(L) =0 . ©P: X—>» X , defined by Px: = x(0) , and
Q: Y—» Y , given by (Qy)(t): = f: y(lz) dvr , are
projectors with: R(P) = Ker(L) and Ker(Q) = R(L) . Since
the pseudo-inverse KP of L associated to P , given by
(pr) (t) = _f: y(r) dr for ye R(L) , has a norm lo-

wer than 1 , we obtain: 1(L) =1 .

Now set Q) : ={x|xeX,lxW| < r} and (Nx)(t):
= f(t, Xy :’:t) for x € £ . The 1 - periodicity of ¢
in the first argument and of x ensures that Nxe Y .

We show: N is uniformly continuous.

Let € > O . The uniform continuity of £ on bounded

sets involves the existence of a d > O with: For all
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Uy, Uy, vy, Vo € Cpt {ujluec((-a,0],RY ,

fully € 3, lu - l, € o and l\vl-vzllwéd"

42
imply: |f£(t, uy, v;) - £(t, u,, v2)|6 © .Letnow x, ye
e with Il x-y g d,then we have:

t{\k x, = g, b & TA N, - hy g & IA xt,iﬁ,ry@,&*c Cr

hence: -\-,/e\lk l£(t, x¢, %) - £(t, ¥, 70| # € , thus:
“Nx-Ny u”é €
If ze X, we define: F,: & —> Y by:

(Fx)(t): = £(t, x,, it) for x e 0 .

One obtains completely analogous to the uniform continuity

of N:{F,|ze€ X} is uniformly equicontinuous on & .

Now we can prove: N is a k set-contraction. Let e
respectively 75, b_e the set-measure of noncompactness on
0L respectively Y according to Il Il respectively

] llm , and let diam respectively diam be the sym-

co
bol for the diameter, taken by Il |  respectively Il I, -

We show that for A € Q ¥, (N(A))& k o (A). Set m : =

= o (A). Let € > 0, then there exist B,..., B E A

diam (Bj) «m + €/2 and O B

with: .
1egem J

/\ = A,
143 €m

since sup{ll X |, | x € A} & r , Ascoli’s theorem implies
that A is compact in respect to I g - Then W is
compact for each 2z € X . Therefore the uniform equiconti-
nuity of the set {Fz\z e X} implies: For each j e {1,...

«ee, m} there exist SY,..., SJ .)€ B; , such that for

J
n(j
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each z e X is fulfilled: /N  diam, (F,(5)) 4 ¢/2

143 emz
J =B, .
and L Mme SE T B
Now we show: /\ AN diem . (N(SI)) 2 km +¢ .
1e52¢m 16iem3 © i nte

Let je{l,.., m} , i€ €1l,ees,n(j)t and x, ye Sg':

INx - Ny, =lNx - Fyxll00 + | Fyx - Ny LI

I Nx - Fyx I N | £(t, x4, :'ct) - £ty x4, §y) |

¢ k Wx-yl, (see (1))
£« k (m + e/2) (x, yeBJ-)
€ kn +e/2

I Fyx - Ny I, =1 Fox - Fyy l, € € /2, since x,ye Sg.'
Finally we obtain: [l Nx - Ny “oo & km +e for x,5€ Sg .

The last step of the proof is the realization of (1) -
(3) of Theorem 1.

(1) is & direct consequence of Condition (II).
(2) and (3): If x e Ker(L) A &L, then x is con-

stant and | x \lw £ r, hence:

1
((Qe Mx) (%) = fo £(t, x(0), 0) dt = g(x(0)) . Thus
(III) implies (2) and (3) for every isomorphism J .

Then Theorem 1 ensures the existence of an x e

with x(t) = £(t, x,, :'(t) , which completes the proof.

It may be useful to discuss the conditions (I) « (III):
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Remgrks. (1) Obviouaiy an extension of the scalar

equation
%(t) =k x(t) +C (0& k<1, Ca40)to k=1 is impossible.

Therefore a condition like (I) is necessary for the situation,
treated in the above theorem.

(2) Condition (II) can be removed in special cases by
any a priori bound estimation (e.g. L5)). One observes that
(II) is only used, to ensure (1) of Theorem 1.

(3) (III) contains some assumptions, well known in the
theory of ordinary differential equations, if one uses e.g.
the Borsuk property of the Brouwer degree or the Poincaré-

Bohl theorem. Such conditions are:

RAY u/c\k'“‘ a./c\lk“‘ (lu} =r == £f(t, u, 0) %

A £(t, -u, 0))
or in the special case, where || means the Euclidean norm

and < , ? the scalar product of the R™:

b/e\R u{}k”" (lul =1 ==y (u, £f(t, u, 0).> >0) .

(4) Finally let us remark that the introduction of gui-
ding functions probably leads to sharper results (e.g. [10]
for the special case, where f is independent of it) . But

that is not a theme of this paper.’

We end this section with a theorem which is related to

the results in [1] and [141.

Theorem 4. Let n € N , f: Rx R%x R%x R*—» RV

be continuous,
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1 - periodic in the first argument, ¥, ¢: R — R

be continuous,

1l - periodic and 0& k <1 with:

(1" £(t ) -
te R Ak,ﬂ{)i\,ﬂfsek“"(,u’ Vv, '1

- £t u, v, w) | & klw -wl -
Assume further that there exists an r > 0 with:

(II°) For each A e (0,1) , the equation =$(t) =
= Af(t, x(t), x(a* (), (o (t)) has no
l-periodic, continuously differentiable solution 2z with:

max {lzH , U020} =r.

(II1°) deglg|p » B,y O) # 0 , where glu): =
r

1
= fo £(t, u, u, 0) at for ue B, .

Then there exists a continuously differentiable, 1 - periodic

x e C(R,R™) with:

»/.\n x(t) = £(t, x(t), x(8 (¢)), (@ (1)) .

The proof is analogous to that of Theorem 3 and there-
fore is omitted here. The remarks in respect to (I) - (III)

of Theorem 3 can be transferred to (I’}) - (III’) here.

3. In this section we consider the quasibounded case,
using Theorem 2. Two approaches are possible. The first one
depends on the substitution of the map L: x p—> x by an

one-to-one Fredholm operator with index O (see [ 5] for the
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case, where N is completely continuous). Theorem 5 is
treating this fact. The second approach is to work with the
above L , but then the assumptions (ii) - (iv) of Theorem
2 exclude a convenient abstract formulation. Therefore we

only give an example for it.

Under & linearity assumption for g we consider the
following equation:
(x) x(t) - glt, x4, %) = £(t, Xy :°ct) .

We state:

Theorem 5. Assumptions: neN , a>0,
f, 8 Rxc([-a,0),RYx C([-4a,0], R?*)— R™
l-periodic in the first argument, uniformly continuous on

bounded sets,

/\R gt, ., .) linear 3’ ,¥e[0,1) with:
t'e

V2NV AN lg(t, u, v;) - glt, u, v)le
teR mwvyv,eC(l-a,03,RY

€k vy -vyll5 »

Further assume that for each l-periodic y e C(IR,R™) the-
re exists at most one l-periodic solution z € cl¢ R,R™)

of =®(t) = 8lt, xy, x,) + y(t) (t @ R ), and that there is
a c> 0, independent of y , such that: ¢ | z u”s Nyl

Let k €[ 0,c) with:

3) The case, considered in [5], satisfies this linearity
condition.
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A AN\ I£(t, u, vq) = £(t, u, v, &
t'eR  w,avpeClha,00®™ ' 0 L » Uy Vp

< X l\vl-vzlla

and:

1 °
. - )
o‘;n(:t’w(sup L= (ts.uea'u l£(t, x4y 2D | x €

ecl(B.,R”") , x 1 - periodic and [xllz@3)<c .

Then: There exists a continuously differentiable

1 - periodic solution of (k).
Proof. We set X: ={x|x € CI(R,R"), x l-periodic},

: ={y| yeC(R,R™), y 1 - periodic}, L;:X—> Y, given
by Lyx: = * and Ly:X—> Y , defined by: (Lyx)(t) =

= g(t, Xy it)~ . Ll and L2 are continuous linear opera-

tors and ind(Ll) = 0 (see proof to Theorem 3). Further, ana-

logous to the proof in Theorem 3, one can show: L2 is a
k" set-contraction and then, using Theorem 2 in [6], one re-
ceives: L: = L, - L is & Fredholm-operator with ind(L) =
= 0 . By assumption L is injective. Thus the hypotheses
(ii) and (iv) of Theorem 2 are satisfied for every N . We
'set N: X —> Y by: (Nx)(t) = £(t, x,, X,) . Using assump-
tion, we have: ¢ lL’ly le W yl, for ye Y . This imp-
lies: || L'll]k‘ -j-* 4) , hence 1(L)2 c . So we get k <

< 1(L) and in regardto the proof of Theorem 3 thet N is

a k set-contraction. Since L is injective, Conditions

4) IL_lllb, means the operator norm in respect to I Il on
X and |l l\q° on Y.
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(i) and (iii) of Theorem 2 are reduced to ||| rle Nl <.

Now (Ll oNit & Iz hiy INNN &1/ NN <1,
using the last assumption of this theorem. So we have rea-

lized all hypotheses of Theorem 2 and obtain therefore:

\/  Lx = Nx , because O R(L) .
xeX

The existence of a 1 - periodic solution for the fol-
lowing scalar equation is a simple application of Theorem 5:
x(t) - x(t) = £(x, X4y it) , where £ is bounded, uniformly
continuous on bounded sets and k - Lipschitzian in the third

argument with k < ;4 .

" We end the announced example for the second approach.

let a>0, g: C([-2a,0], R )—>R be a bounded
Banach-contraction with constant k< 1, p: R—> R be con-
tinuous and odd, and 1& C(R,R ) be 1- periodic. Fur-
ther assume that p(u) —» 0@ for u—» 00 and

lpw)l 7/ lul=—>» 0 for lul— 00 .

We search 1 - periodic, continuously differentiable
solutions of:

(% ) () = 1(t) + p(x(t)) + glk,) .

Doing this, we realize the hypotheses of Theorem 2. De-
fine X, ¥, L, P, Q and Kp as in the proof of Theorem 3.
Further set (Nx)(t): = 1(t) + p(x(t)) + g(:':t) . N is a
k set-contraction from (X, ¥ W) to (Y, N W, ), be-
cause x —» 1 + p o x is completely continuous and

x —» g(X) is a Banach-contraction with constant k .
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Now we show that (i) - (iv) of Theorem 2 are satisfied.

Let M be a bound for | gl , then we obtain:
(1 -Q) e Nxll, & 2(01ll, +M+ hpoxl, ).

Thus |p(u)l /lul—> 0 for |ul— o implies:

NKp o (I~ Q) e NIl =0 . Hence (i) and for every o €

e R* (iii) are satisfied. )
Since p(u)—>c0 for u —»> o0 , we can choose & (B3>

> 0, such that p(@)z= M+ |l1ll, +1 for @ = @ . Now ta-

ke o« = 1 . Suppose that there is an xe X with Qe Nx =

=0 and IPx Il 2 Il x- Pxl + 3 . Then we obtain:

|x(@ |z N 21, + R . If x(0)> 0 we have: x(t)z x(0) -

- Ix l,ZpR for all teR ,and therefore:

1 q 1 o

fo p(x(t)) at =M+ 10, +1>| fo 1e)at + [ gld) at|,
which is a contradiction to Qo Nx =0 . If x(0)< O, we
obtain x(t) & x(0) + | x5 = - Jxon]| + 1 xl,<-f .
Hence:

T px(t)) o+ 01y Ve - |11

x(t)) at£ -(M + |l 1 + < - 1(t) dat +
L w L
1
+ ]; g(%,) at| ,

also a contradiction to Qo N(x) = O . Thus (ii) is satis-

fied.
If xe Ker(L) , then x is a constant function. Thus:

1 1
Neeo N, = | [ 100 at+ [7pGx(t) at + g

lpxon| - H1ll,, -]|&©)]
>0 rfor Ixl =p .

v -
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Therefore deg (J a Q o NlKer(L)nB(fs)’ %({3), 0) is defi-

ned and different from O , using Borsuk s theorem.

Now Theorem 2 implies the existence of an 1 - periodic

continuously differentiable solution for (% %) .

We remark that the here considered example can be trea-

ted by a special case of Theorem 2, which is analogous to

Theorem 6.1 in [91.

Results for quasibounded operators, corresponding to

the situation in Theorem 4, can be obtained in the same man-

ner. We omit them.
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