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A NOTE ON OPERATOR CONVERGENCE FOR SEMIGROUPS
Ryotaro SATO, Sakado

Abstract: Let T" ={Ty;t >03% be a strongly continu-
ous semigroup of lanear contractlons on a Hllbert space H
and let £fe H . It is proved that if weak- Lom, T.f = fq

for some f,, € R then Btrong— tum J' a«,,,,('b)'rtfd.t = £,
for any sequence {a,% of nonnegatlve Lebesgue integrable
functions on (0, @) such that f a,,(t)dt = 1 for each
m and lum« faplly =0 .

Key-words? Strongly continuous semigroup, weak and
strong convergence.

ANS, Primary: 47D05, 4TA35 Ref. 2. 7.976.7

Let H be a Hilbert space and let T =4T, ,t > 0%
be a semigroup of linear contractions on H ,i.e., each T,
is & bounded linear operator from H to H with IT ! < 1
and Ty T, = Ty,, for all t,» > 0 . In this note we shall
assume that T° is strongly continuous. This means that
th_'m NTy€ ~Tp£ll =0 for all feH andall o> 0.
It follows that for any complex-valued Lebesgue integrable
function a(t) on (0,c0) , the vector-valued function
t— ()T g on (0, ) 1is also Lebesgue integrab-
le. The purpose of this note is to prove the following re-
sult,which is a continuous version of the Blum~Hanson theo-

rem [1] (see also T21).
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Theorem. Let £ e H and mk-t% T f = £4 for
some £, € H . Then for any sequence {a, % of nonnegative
Lebesgue integrable functions on (0, o) such that

po :
f; a,(tldt =41 for :ach m and Am laply =0, we
have m-m% fa A, () Ty fdt = £, -

Proof. Since T, f, = £, for all t >0 , we may and
will assume without loss of generality that £,, = 0 . Since
ITell € 1 for all t >0, Atm IT, £l exists. Thus for

t oo

a given € >0 , there exists a positive number M 'such
that

2 2 2
I<T§£,£)|< € and l’I‘tfl - U‘It*bf‘ﬂ < €

for all ¢t >M and all » > 0 . It then follows that

TS Ty, of - T,EN = 0TXT,, £ 12+ 1T £07- 20T, 207

2 2 2
< Il'I;fl -IIT,“bfl < €

for all t >M =and alk >0 , and hence

KT, , £, T, & KT, £, T £~ <T£,€>+ KT, £, £)1
& KT)T,, £-T,£,£> + €
&NTIT,, ,£-T,£llsh+ ¢
£ €CIEN+ 1)

for all t > M and all A> 0 , Therefore
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® 2 © o
IJ;wMCt)th dtl's ([ ap(t) Tyt at, [ an )T £ dt>
a0
s_gpj; CapCtIT £, a, (A)T, £>dt da
(-]
gf:fo anCt)a, (8)ICT, £, T, £51dt db
2 -4
s £l u%n,,cszo a, (t)dt
© -
+ s(l£K+4)fo Un (t)dt [ an(h)ds

2
=N oy, CZM) 4 e el +4)

where the fourth inequality follows from Fubini’s theorem.
Since w% lay, ll,=10 by Hypothesis, this completes
the proof.
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