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Comment ationes Mathematicae Universitatis Carolinae

13,2 (1972)

REMARK ON LOCAL EXISTENCE OF {e} =STRUCTURE WITH PRESCRIBED
STRUCTURAL FUNCTIONS ON A MANIFOLD OF DIMENSION TwO

Jarolfm BURES, Praha

This paper is partially connected with my previous paper
[1] the definitions and notations of which are freely used he
re. Manifolds, mappings, functions etc. are always differen-
tiable of class C% .

Let M Dbe a differentiable manifold of dimenaion 2 ,

¢!, c?,df, df, dj, d? aifferentiable functiona on X . The
results of [1] lead to the following question:

Does there exist an fe{ =structure on M for which c‘,

¢? are structural functions of first order and d;’ , d.f ,
d; , d: atructural funections of second order ?
Or, equivalently:

Does there exist vector fields <, 7, on M such

that + = (1:;',45.4 is a full parallelism on M and such
that:

Lw,, 5] = 'y + 2oy
(1) . 2
Lvg ) Loy, 1] = djoy + oy
Loy olog, 91l = dyoy + 3oy
AMS, Primary: 53C10 Ref. %. 3.933.22
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It is easy to see that such an {e} -structure need

not exist for any choice of ¢ i=4,2; dJ, <,4=1,2.
(e.g. if c.', c?

=¢3.¢:=0>.

are constant, then necessarily d,: = d,;=

We solve the problem locally in a neighborhoed of the
point 0 in so called general case - i.e. we assume that
the differentials dc?(0), dc?(0)  generate the cotan-
gent space at 0 ., Then the funetiona c,‘, ¢?  can be taken

as a coordinate system (x,,x,) 1in a neighborhood U of

0 e R? and we can reformulate the equations (1) into the

form:
I 2
(2) Cuy,v] = xlv + %y,
1 2
Lw,,Luy,ll=div +dlv, ,
1 2
Loy, [og, 1) =iy v dy %

where d;’ 4 = 4,2 are functions of the variables .x', x?

on U .

Theorem. There exists an e} -structure with the struc-
tural functions (1) d}, d},d?, d? if and only if the

following two conditions are satisfied:

(1) d.; ,

tions:

i,i4=1,2 satisfy the differential equa-

1 3d,43 2 od!, 1 ad; 2 ad! _ A2 ad—’g__
S ol rr T e W % S VT

ad? 2 8dy 4.2 Od} 1001 . 42
-(xz)z_zx_g._(xi) —6,711--,xx -ax—g-d»x (d] +d3) =0,
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2
2 Ox1 2 Jux2 1 Ox1 1 ox2 *+ (x1) Ergd
942 dd2
1 1
+ x1x? ——-3-3“, x? ——1-5“2 +

2
+(.x"‘)‘-'§-a‘—%-“‘{2 - x2(d]+dd) = 0,

(14) det <ca" 1)+ .xz(d.4 d‘) (x")2d? +(x*)%d] £ 0 on U .

Proof. We shall try to find functions a.f;, L,;’.z 1,2

of the variables .x", x? 8o that the vector fields

v ’éaf —;, {=14,2 satiafy (2). Substituting in (2)

we get immediately the conditions (i) and (ii).
If (1) and (ii) are satisfied, then the vector fields
v, v, can be found in the form:

4 3 )
(3} v = (d]-x"x?) it (a2-(x2)? =

1 -] =]
v, = Cd,2+(.x"?2>§:‘-4 +(¢3+x x2) rrr R

Corollary. The necessary and sufficient conditions for

the existence of an {e} =structure on U with constant

structural coefficients d.;é' in (2) are

1 2
(111) df = -d, |,

(iv) U does not intersect the curve :

(.x")’d.i ~ («z)zd;— 2&4.’(241 + (d.:)z-y- d.: d; =0 .
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