Commentationes Mathematicae Universitatis Carolinae

David Preiss
On the first derivative of real functions (Preliminary communication)

Commentationes Mathematicae Universitatis Carolinae, Vol. 11 (1970), No. 4, 817--822

Persistent URL: http://dml.cz/dmlcz/105315

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1970

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/105315
http://project.dml.cz

Commentationes Mathematicae Universitatis Carolinae

11, 4 (1970)

ON THE FIRST DERIVATIVE OF REAL FUNCTIONS
D. PREISS, Praha

(Preliminary communication)

Z. Zahorski in [1] defined the well-known classes M,
- Ms of sets of real numbers. (We denote R the set of
all real numbers and (a, &) = (&,a) for a, ¥ € R ,
@ > &, For E c R we denote |E! the outer measure
of E .)
The following theorems are proved in [1].

Theorem A: Let f be a continuous function defined on
(a, ). Let f possess the derivative (respectively the
finite derivative; respectively the bo_unded derivative) f’
on (a, &). Then for each & € R the sets { x e (a,4),
£(x) > c ? and {x € (a,&), f(x) < x} are ele-
ments of M:. (respectively _M3 5 respectively M,, )e

Theorem B: Let E e le . Then there exists a nonde-
creasing function ¥ which possesmsthe bounded derivati-
ve on R guch that E = {x e R, ' (x) > 0} .

Zahorski formulated the following problem.

Is the analogy of theorem B valid fur claasea M2 and
M, ¢

J.S. Lipinski [2] proved that the answer is negative.

At first, we shall solve the following problem.
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Let S§,G, E be subsets of R . The probiem 18 to
construct such a function f defined on R  that f posases-

ses the derivative #’ on R, E« {xeR, f°(x) > 0%,

G =4{xeR,+#¥(x)=+oc01} and § is the set of all

x ¢ R such that f is not continuous at x and
£°¢x) > 0.

Theorem 1 gives some necessary conditions on the sets
$,G,E and Theorem 2 says that these conditions are also

sufficient.

Theorem 1: Let § be a function defined on (a, &)
which possesses the derivative ¥’ on (a,4£). Let x € R ,
E={xe (a,8),f(x)>x}, G={xe(a,&),f(x)=+00}.

Let 3 be the set of all x e E at which f is disconti-
nuous. Then the following conditions are valid:
(i) 8 is a countable set, G is a G, set of mea-
sure zero, E isa Fg setand S c G c E .
(ii) For each x € G - S and & % O either
(X, x+H)AEBI >0 or(x,x+h)nS+ .
(iii) For each x € E~-G and ¢ > 0 there exists

€ > 0 with the following property:
For every ., %, € R such that 0< ,L:— <ec,lh+hl<e
’l
either | (x+h,x+ M +h)NEI> 0 or («+h,x+h+}:ﬁ)n

nS*f.

(iv) For every perfect set Pc R - G there exists
such a portion B, of P (i.es R = 1INP & 0 where
I is an open interval) that there exist#,>0,F, closed ,
EAE,=UE such that for each x € E  and ¢ > 0 there ex-

ists € > 0 with the following praoperty .(P):
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For each f, &, € R with 0<%<c,lh+hql<5,
x+i el , ><+h+,h,1e P; and for each open set H ¢« R -
-~ (P, v E) such that for every open interval 1 ¢ R~-P
the set I A~ H is conno;:ted the inequality
(l]:nEn(x+h,x+h+h4)l+|(x+h,a<+h+h,,)—(guH)I)»uhal
holds.

The proof of the conditions (i) - (iii) is similar to
the proof of Zahorski’s theorems A,B. The proof of the con-
dition (iv) is based on the fact that if £’ is finite on

P then there exists a portion g of P such that for

each o4, zeP , 3 <2 we can write the differen-
ce f(x) — £(4) as the sum of  J £ and
Brly,x>

% (£ ()~ f'(a,w)) where (a,,“ 2,) is the sequence
of all bounded intervals contiguous to B, » <, = > .

Theorem 2: Let S, G, E be sets of real numbers
which fulfill the conditions (i) - (iv). Then there exists
a function ¥ which possesses the derivative £’ on R
such that

£ is continuous at x e R if and only if x € S,

at each x ¢ 5 the function f ia discontinuous:from the

right as wellas from' the left

G={xeR,fx)=+0} ,

E={xeR,fFx)>03% ,

R-E={xeR,fFx)=0% ,

f =g+v , where g is an absolutely continuous
nondecreasing function and v (x) -%2“% *4 % ns a,>0
( £»,3 is an enumeration of all alements of S ).
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We omit the proof of this theorem in this paper; the
detailed proofs of all theorems contained in this paper will
be published later on.

On *he base of Theorem 2 we can easily prove the charac-
terisations of the sets { #’(x) > o« 3 . We define the
following classes of subsets of R .

E e M* if E c R is a Tgy set and for each per-
fect set P ¢ R there exists a portion F, of P such
that a) either F, ¢ E orEnf= UF | F closed and

b) there exist ™ 0 such that for every x € ¥

and ¢ > 0 there exists e > 0 with the property (P).

MY =M 0 M*

* *

My = M.a nM .

Theorem 3:1.Let £ be a function defined on (a, & )
which possesses the derivative on (a, #) . Then for each
< € R
{xela,®), Fx)>aleM*, {xe(a,), #'(x)< oy eM*,

2. Let E € M* , Then there exists a nondecreasing
function f defined on R  which possesses the derivati-
veon R such that E = {xeR, 4’(x) > 0}

* =
3. Let ‘.E,“ Ele M*, E1 " Ea. = g . Then there

exists a function ¢ which possesses the derivative on R
such that

E,={xeR, £(x) > 0%, E, ={xeR,fF(x) <03 .
Theorem 4: l.Let ¥ +e a cantinuous function defined

on (a,A) which possesses the derivative £’ on (a,%).
Then for each « € R

- 820 -



i{x €(a,t), )>xieM}, {xela,¥), fx)<x}e M

2. Llet E e M; . Then there exists a nondecreasing
absolutely continuous function f defined on R which
possesses the derivative on R such that £E = {x € R ,
f7(x) >013.

3. Let E,,E,eMf E AE, =4 . Then there e-
xists an absolutely continuous function f which posses-
ses the derivative on R such that

E/={xeR,#x)>03, E,=4{xeR, fx)=0}%.

Theorem 5: 1l.Let £ be a function defined on. (a, &)
which possesses the dinite derivative on (d, £4) . Then for
each « € R

{xe(a,8) £(x) >} eM) {xela, ), #(x)<cte M.

2, Let E € M;‘ . Then there exists a function £ de-
fined on R which possesses the finite derivative on R
such that f is an absolutely continuous nondecreasing
function and E = { x e R, f’(x) > 03 .

3. Let E_, Ea. sM;" , E, nEQ- # . Then there e-
xista an absolutely continuous function f which posses~

ses the finite derivative on R  such that

E,“(.x eR,¥X)>0%, Ezﬂ(xek,f’(x)AOS .
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