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Commentationes Mathematicae Universitatis Carolinase
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COMPARABILITY AND CONDITIONAL MAXIMALITY OF MEASURES SUP-
PORTED BY FINITE SETS OF REAL NUMBERS
Pavel CIHAK, Praha

The notion of ordering of measures, generally intro-
duced by G. Choquet, is in the present paper investigated
in a relation to stochastic matrices of the type (m , m).
The purpose of this paper is to obtain effective necessa-
ry and sufficient conditions for the comparability of mea-
sures. These results are applied to finding of conditional-
ly maximal measures. Illustration of the present theory is

given through some numerical examples.
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1, Notations. Let R, be the euclidean space of di-
mension m, m = 1,2,... . We shall denote by .. scalar

product of the elements £ end 4 and by c¢o{4} convex
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hull of the set {4, 8;,...,8; 7 for any &= (g ) € R,
and 4= (1, )" € R, .The set of all convex functions on
the space R 4 Will be denoted by ¢.

Define

%= peR,; p= (fs-k)::q’ B ® o:éz:&,‘ 13 and

Rr={BeB ;3,>0 for k=1,2,...,m}
Let Q"(?«'«,)‘ o D¢ @ matrix of the type (m,m) . We de-
note by Q* = (qgk) ., the adaoint matrix of the type
(m,m). If ¢, > 0 and Zg”_ =4 zor 3=1,2,...,m
and &k =1,2,..,, m then the matrix G is called
stochastic.
If moreover £ € R, and « € 73» then we denote by & =

=Q4 and 3 = @*a such elements a.eRm, pe P that

m
G = h‘g»‘v qak y Be= ng P)

o{: will denote a translated Dirac measure on R 1 for

teR, .

1

2. Ordering of a set of measures and stocha
!gtgicée.
(2.1) Let 77 be the set of all probability-measures,
supported by finite sets of real numbers, i.e.
P=iw=Z Mg, i B=Bpe B =W R, m12...0,
where l‘f“”ﬁ%&‘wﬁ for each function f om R,
(2.2) Let < be a relation such that
A2w iff A e P ama A®)< @ (£) for allfe L.
Then this relation is transitive and reflexive, i.e.
<  is @ quasi-ordering on the set 7° .

The following theorem (2.3) follows from the theorem 2
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in [2] or from a theorem in [6],chap.13, but the present
proof is more simple.

(2.3) Theorem. Let A, @ be two elements of the set J°
of the form

m m Py
A=1§'“Zéd‘:’, M:néﬂk d;_*’ ) a::(dé)# é?+ ﬁégb"--

3

Then A < @ if and only if there is a stochastic mat-
rix G of the type (m,m ) such that
QfF -=a and Q%< = f3 .
Proof. ¥ Let @ =(Q;q ) be a stochastic matrix
of the type (m m), Qr=a,@*c= (3. Then

m

A= Zoc 4(@)9%0%4'(&2;%‘& D)< zcc“‘z Un * )=

=2 ( Z;Qéko: YFC )= Z[:lk#w' )= @) for all £ e & i.e.

2° Let A <% . Then iw i , C co{&} If the op-
posite statement holds, take a convex function + such
that £ =0 on the set co{&3%, £ positive on R1—'~CO'{lrf.
Then et (£) = O<A () which ia a contradiction. Hence
each set S?'= {’f"=c1"z.,?:=4 i /ﬂwersa..? 3=1,2,.
is nonempty and convex.
Detine %L (0,0,..., 15,0, 0€R,, =0 (P x 5% .
Hence

#§+S <R, ,. ,convex hull wCS)#:ﬂ

It (x, )€ co'CS) then by [1] there sre £~ @; ek S
such that Zd ﬁ » i-e. Q'MA ’k% %.«&-4 ’

‘;4 q,“j;‘: a«,‘,éégjb x; = 3, for £=1,2,...,,m and

s»=1,2,..., m . Hence ::; matrix Q:(gék) is sto-



chastic, @& =a end @*x = }3 .

If (x,3)¢ co(S) then by Caratheodory’s theorem (5]

and Hahn-Banach’s theorem [ 5] there is a hyperplane that
Vs m m

strictly separates those sets. Smc%.g'o‘a"'ig; B=1+Z =2

for all n=01y )., € U s? , there is a linear functional
F oon R, .. such that

F(x,3) > 0 and F£ 0 on the set S ,i.e.
there is an element x € R, and an element a4 € R, such
that

« X-B-qg >0 and xé—zp,-/y/éo for all € Sé,
F3=1,2,0.,m . '
Detine df(a;) = inf{p-y ;pe®?3. Then x; € dr(a)).
Let 7 be the greatest convex function on the set colb3
such that (& )4y, for &k <=4,2,...,n.1f je i1,2,... m}
then d)(a;) < 7 (a ), since the point (a;,af (a; )
is an element of the line oegment joining points (1)’4L ry%)
and (1);% s “n,) such that ,(’r < ay 4,8" . Hence there e-
xista £ =(0,0,...0, f18, ,0 ”lee 30500y O)GS", so
that q(a,;)é,f% %+4%2%1— /y.(,('r )+, g (g, )=y @y).
The convex function nJ, has a convex extension in (. Using
the condition A<, ve obtain folloning inequalities

* - X £ Zoc SR ACHALS E.o:?ry,m )’—*_’Z/é,‘fy,"(b’)‘ By

i.e. a‘contradiction.

Now we shall prove that the quasi-ordering on &
is mos sover an ordering. This reesult is obtained by theo-
rem (2.3) without the classical Stone-Weierstrass’s theo-
rem and it can be generalised for any linear space R .
(2.4) A convex function g € ¢ is called gtrictly convex
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iff the following condition holds:

if ,2;;”15e R,, 1);*!)5_, te<o0,1> ,
gt +(1-t18; ) = tg,(l);,)+('1-t)g(€) then t=0 or t=1.
(2.5) Lemma. Let B Dbe a finite subset of the set R, .
Let n be a nonnegative function on the set B  such
that Z {n (&); &re B}=1.Let g be a strictly con-
vex function in ¢ and let

G(Z in ;e BY)= Z{n(B)g (&); b B3 .
Then there is an element £; € B such that

£l )= eand n(f)=0 for all beB, &+.0;.

Broof. If &, € B, 12(#;)€(0,7) then there is an e-
lement 0, € B, & + .6, , that also f2(8;) € (0,1) - Put
1)+ n(l;)= €. We obtain the following inequalities:
G(Zip Y, LeB3)<eg (e Cp(b;)b;,+4»(bi)1§_) +
+U-£)g (1-eY"Z{pu ) br; fre B, b4+ br4 £;3) £
UG +n(by)g b))+
+(1- €19 ((1-e) " Z{n(o)lr; re B, by 4+ b+ U5 3) £
cZ{n(BrgW); reBi= g (S{hb)l; LreB}) .
Hence

9,65’14» )8, + e plly ) dy)) = 5'#1(!;, 9.8, )+ 5'};.(0;_)9(0;).

Since the function 9 is strictly convex, it follows
that (&)= 0 or ()= 0, which is a contradiction.
Hence f2({r)=0 or n(&)=1 for all &€ B . Since
Z{p(&);L¢cBj=1, there is an element £; ¢ B such
that pn(f;)1=1, p(r) =0 forall ke B, b+ &,
(2.6) Remark, If « is a measure, « € /° then there is
one and only one expression of (< such that
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. &
/3'_' ({3&);;46 q;:,, l);’>1)2'>.,,> m)(u'—k% Bk’e)]e ‘
(2.7) Iheorem. Ifre P, we 725w, @< A then
a, = (tL .
Proof. Let g be a function of ¢ , which is strict-
ly convex. Then using the expression

m m
A =?§'OC? Og?‘ ) ("’=u§4ﬁkd;r&;

+ >
&e?;:, pquu a,4>al>...>a,m7,@q>,bé>... Y

"

and choosing by theorem (2.3) a stochastic matrix Q-—(g?-k)
of the type(m,m) such that Q&=a and Q*x = B3, we
obtain
m m mn
A= 2,49 @y) = 2% ¢ (Z, 2n Y =
mn

212 a2 Rt P52, P F W)=« (g ) ¢ A (g)

m m .
Since o > 0 andk%q'éh i(%)—g%qdk%)a 0,it follows
from the equalityg,g oL (&% Qikq(ﬁ;%q(k% ga.kfi)) =0

that

g'égjk’(!ﬁ)= ggjkg'%) for g— =1,2,..., m
Lemma (2.5) implies the existence of numbers & (5 ) e
€f{1,2,..., w3 such that

Lk~ Aie = 0 for allke=+KR(G), 3=1,2,..,m.
From the fact thet & and @ = Q4 are both strictly de-
creasing finite sequences follows that ‘

k(1) < k(2)<...<R(m)end m £ m, Ifm < m then
there is an integer k € {1,2,..., m§ such that Pke =
= k™ L™ 0. Then 0 < /5*=égg?-* Ky = 0 which

is a contradiction. Hence m=m k(=1 k(2)=2,..,k(m)=m,
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@, is the unit matrix

a=40r <=3, A=«
(2.8) Corollary. The quasi-ordering = is moreover an
ordering on the set P .

Conditions for compargbili of measure

(3.1) Lemma. Suppose «0“‘, 'ﬂ'lu 4y, are reg} numbers for
R=1,2,00,m, 20,224, 20, Z,nh- 1

and uy >N, for all /k . Let /o be such integer of the
set {1,2,..., m} that Zu,ké4- Zu,e (put2=0 ).

Then

m A »n=1

544%150 ; +(4—Zuk)»¢" .

Proof. Put %z;‘é’%— , % =0 if My = 0.cClearly,
o

y 2 m »=-1
Yo = Mg 20, 2% =1, > nall€ (153 14,

A, . . _
0 - T2 (B - L) for de £ A1 .

We obtain the folloving inequalities

»=A A1 a1
St 4 E b A 1 = i i )

1
-z (2 g+ - TR N 2.5 g (5B g+ 1229 5 -
at a1
N S R Y T AR

(3.2) Theorem. Suppose A, « € P, 22 = ,
A= Zoc d" (A-.;/S*oﬁw o« = (€ 9_,5 2t
BBt B Bk s >

m

Then the following conditions (for comparability) are ful-

filled:
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mv m

and it ne{1,2,...om-13, n(x)ed1,2,...,m 3,

A)-1
§-1 m“’ < z s then
i- r A(n)-
(3.4) 45"(1'“’7"&&“ {3*1»’14'(5;,0(:1- /‘?k) k) °

Proof. Theorem (2.3) implies there exists a stochae-
tic matrix Q=(Sl;‘u) of the type (m,m) such that Qb =a
and @% = 3 . Using the lemme (3.1) we obtain the follo-
wing inequalities: '

wv

mv mm M ”y
ézdé% =z N‘Z it 23 PTS *; b= P % 5

=1 3 1 =
v azq *

3 m »le)-1 »lr)-1
924¢ ;= S E q‘?“% FIZ] 7 ﬁb‘&éks»f ‘ef‘*‘g"f«” 1% ﬂ*)‘@;(‘)'

(3.5) Theorem. Suppose A, «w € 77;

?

7L=§§_ocid" f“’,&_‘%ﬁkdi&; we P Be PT

¢31
@, = 2, =.. =&, , Let the conditions for comparabi-
lity (3-3) and (304) hold.

Then A < ©« -

Broof. PutK={fe {; {x ;) = z/s,bcw )3 .
CIear]y, K is a convex \vodge. From (3.3) follows tha:
the wedge K contains all affine functions of the set (.
We shall prove that K contains also all convex functions
Gy for x € R  where g, (§)=§-x for >, g5 (F)=0
for g < X, - 500



If neiq,2,...m-15 xeRy, Q@ >SX 2 a,,, then using

(3.3) and (3 4) we obtain the following inequalities
al)1

Z%(w) Zoc ; (@g=X)= Z"‘ —vaxé =Z Bt
01«74 »
+(§=Z4°(' ﬂk.) D) X.Z“'* t /3,&,(%""‘)4'(5_.2,“?‘ -

/:(m)-l
2 o) (B X) % Z A,,(&w)‘ /z,tq,(%) for&f(,,éx

or Z P @) <, Z@J&;X“( Z/.a zac ) (x-B50)
éh; Py, (g ~ %) éhz' Lo Fx B ) for x < &,

pr) °

If x > a, then ,_Zqzx(a,,-)=0_t_- g/-"kg’xa’k) .

If q,, > X then Zac %‘(a, ) = Z_oc fa,? x)=

~Z.o£a -X= Zﬂhﬂ“ -X= Zﬁl&[ﬂr x)‘Zﬁkg.[b)

Now, let ¥ be any element of the set ( .

The set of all a; and &, je{4,2,...,m}, kei,2,..,m 7,
can be ordered. Suppose d,, < d2< cor <dg, are all its ele-
ments. Define a function h:h(d;)=£@ ) for i=1,2,0..,q
and /» as an affine function between the numbers &, %, ,
This function f» is convex, moreover f» is a linear non-
negative combination of an affine function and the func-
tions

9., +=1,2,...,4 - Hence he K andfe K, i.e.
1
K = (\,‘ A -3 (p(, .

?

(3.6) Corollary. Suppose A, « € P, A= g d"a’
@l ahy s R LT, pe 27, a,n
b= ... 2 8.

Then the following statements are equivalent:
- 501 -
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1A=« - 2° the conditions (3.3) end (3.4)
are fulfilled.

4. Applications to conditioneal meximality of measures.

In this section it will be shown how the theorems
(3.2) and (3.5) about the comparability of measures can be
epplied to finding of measures 6 which are "condition-
ally maximal". In particular:

nv
(4.1) Theorem. Suppose w € P, (@ =, f3 g
+ +
oz dy =, =0, = Beko € P, =l ), & O

1 2 & 9=1

?

Then there exists one and only one measure 6 € P,

fulfilling the following conditions:

m
° = . > > >
r g 7;g;’at.;,o{._;_, g =c=.. =c¢, ,
X 63 w ,
it 2e® 2= Zad;a,aea,-...aa,m and

A< w then A 3 6 .
Proof. Define the following elements of the set J, :

'v'=/: (a€,,0,,%, ,0,0,...,0) where £ =1,2,...,m7m

’

and A Z _o; , and the following elements of the set
2

X 4 o001
w=;;(/31,{32,...) 3 g2 A"‘_hé Pe,0,0,0.,0) where

Alc)-1
)0:472,--.’ m -1 and b(%)5{4121"’zm;).¢§:;ﬁké

i)
éAﬂ‘hgqﬂ’k ? and ™= (ﬂhﬁz""’ﬂfn):ﬂ'

Then the conditions of comparability (3.3) and (3.4) can
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be written in a simple form
(3-3) Vm- Q@ = 'W'm- b’ ?

(3.4) ¥.a 2 w” b for n=1,2,...,m-1 .

The element c=(cy );'__:e R,. , destinating the measure 6 in
(4.1), can be chosen as a solution of the following system

of m. independent linear equations

“e=aw®. U for n=1,2,...,m , i.e.

T Z wis 4
=1 ’v;" e?" =l(,-4w"‘ %
Define a matrix V= (o7 ), . of the type (m,m) and a

Vv

; r
matrix W= (wr,/ )""v of the type (m,m).
Then there exists the inverse matrix V=" and a matrix
-4
Eap = (€ja)y 4=V W of the type (m,m).
* x* * * I 2 r
Clearly, Ed’ﬂfrac, E_“mvzw’ E“’/s 2V w for

2 ={17 2,000 ,m

Now, we shall find all elements <€;, of the matrix

Ey,p - Put €¥=40,0,,1,,0,...,00e %, , A,=0, »°<0,

2
w®=0, ntm)=m . Then
), r x-1 n o _ * %)
%= é-”(Amv* -A, V), v E«c,fs € .

(eﬁh?k:
It follows that
~ 1 . K x-1
(@, g =g = o, (AW - Apqw™ ) =

1 Al -1
:;M(ﬁq’tl"ooa7ﬂﬁ(m)-’ 7 A,"—hiq ﬂb’ 0,;.;, 0) -

_1 A -0-1 _
:0;({51,... y Botkenyeq> A _1—&;’ B Oyeeey 0) for £=1,2,...,m.

Hence ¢, , = 0 for k< HCE-1) .
Y If p(k-1)=n(x) then

1 .
e&»‘(t) = Eq’ (Ay‘A‘_‘,)’ 4, e'k =0 for ,k« >/§(L) .
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2 It 5 (n-1)< (1) then
Hle-1)-1

e""“-qfé(/&aw-ﬂ"‘\m-»f =, P (Z ﬂh >0,

ehh:i Amw&," 0 for k>pk-1), ‘A-D for Rk > A1),

¥ ’-‘(fb—'f) > A(e) is impossible; i.e. all elements
¢;4 of the matrix Ecc’ s are nonnegative,

€p =0 for < k-1, xr >1 and

€ 4 0 for 4L > & (1), < m ,Moreover, sin-
co;r"’”:ot, E-:,; "= w™= B and
,,,% k= EX 2 €% =1(Aw e-A, w*! e)za;(/%,- =
for i = 1,2,...,m7 €e=(01,1...,1eR, ,
we obtain the following statement:
The matrix E“f;ﬂ is stochastic, E.,c,,aj" =c ,
EX,px=f3.
It follows from the theorem (2.3) that 6 < ( .

On the other hand ifa z2a,>...2q,, .13:2';30{;? ,

A< (4 then, by theorem (3.2) and definition of ¢ ,

Fra=w =" c and v*q 2 w”. br=v*-c for
t=1,2,.,.,m .

Hence, the conditions for comparability of measures A
and 6 hold. It follows from the theorem (3.5) that
A< G,

- It remains to show that ¢, = ¢, >.. = ¢,

s .
Clearly, »(1) £ 4(2) £,,.., £ »(m) . Using the proper-
ties of -ea*' ,wo obtain the follovmg inoqualiuee.

o A s S~ B
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"nw Vicd
'g{m"e{mém)'e*ﬂ,hzag(nﬁn,b%'zy x+4, b‘bivg cx-m = »(!,,’, ¢

Hence by >¢ 24 ~=>¢ > ¥ for £ =1,2,...,;m~1.

m

If 6 is a measure having also the properties 1°, 2°
and 2° in (4.1), then 63 6°° 6’2 6 . Hence by the theo-
rem (2,7) 6" = & .

The proof contents moreover the following statement:
(4.2) Corollary. Letace %, and 3 € B be given. Then
there exists one and only one stochastic matrix E‘,‘,f5 of
the type (m m) such that

r E:, pE=p -

m
12 b2l 2. 28, =2 (%, ,
o
¢ = E‘,pi’f, 61""'%“’,’. d:’-_ then

6" is a greatest element of the set
m
(4.3) {2 e P; .7L=é;;océcgj a2a,2..2aq,,2<% wl.

This matrix E¢ has the folloving property:

(4.4) If p() {4, 2...,/;13 ﬁhﬁ Zacj < Z)/.'.,
tor n=,2,..,m-1, sim)=m b 20 >. 24, c'=E b,

thenf 3¢ >l >0 28 >.>¢ 34, >c  >.>24 ¢k,

(4.5) Note.1f a=(L L .. Llyedr p=ci L.

m )€ ®F  then the matrix Ex,s coincides with
the doubly-stochastic unit matrix E of the type (m, m)

introduced in [3] as an exposed element.
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2_, Numerical examples.
(5.1) Suppose ﬂa-(%t,*f—t,%t), x=(z,1-2x) where

te (0,1), ze(0,%>, &r=(1,0,-1), e =é,/%di~

We want to calculate real numbers e, and c, such
that the measure 6'=zd, + (1-2)d, is a greatest ele-
1 2
ment of the set (4.3)

)

1t z<ft thenst=4w(1,0,0), 1,0,0]

2 A «6™ t-22 1-t
»(2)=3,wk Gt 1-1,5t), T Tk
=01~ 7=z -

2 ieftex<ttre-t) tenftex, ft<1-z,

A)=2, 0'= ( 1- £ 0) 1 J1-£, 0 J

b(2)=3,w=(-2—t,4-t,§t), o, 4‘2’5"’-2;),2—(572
c=(2-§,-/,—i%——-_m).

¥1eftea-tr<z  themf-z2 Lt

pN=3, w=(E 1 z,4-—+f') [‘t;ifz't,i;zz‘f;g
=3, w=(t, 1-t, 3t), ™ 0, 0, 1 ]

C=(2~47—4).

In particular,

ifz=% then ocz-(%,%),

_[t, 1-¢t, 0 : /

if moreover (u,=g-(d:+d:+d;) then
1
z(d%+d%).
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(5.2) In order to illustrate the property (4.4) of the
conditionally maximel measure 6 take the followingex-
ample:
a4 .. De? p=d i e, #-c30,-3) .
Then A (N=1, £(2)=2, »(3)=2, K(4)=3, »(5)=3,
E%ab=c=(%LQ-L—$-
Clearly

kagaﬁ;zaza,ﬁ;aca>,ﬁ;>clralr3acsa,% .
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