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ON THE CHARACTERIZATION OF BANACH SPACES WITH THE STRONG
KIRTZBRAUN-VALENTINE PROPERTY
Jirt VAN{EEK, Praha

Let X = (X,p) and Y =(Y,6 ) be metric spaces, If
g 1is a trensformation of X into Y , then ¥ 1s said to
be Lipschitzian with the constant A , provided

G lg(x), ¢(y) #Ap(x, y)
for all x, y € X . A Lipschitzian transformation ¢ with
the constant A =1 4is called & contraction,.

The problem of extending of a Lipschitiian transforma-
tion A to Y (where A is & subspace of a space X ) to
a transformation of X to Y was studied by various authors.
The existence of such an extension for Y = Ey is proved by
Banach in [2]. As & consequence of the result of Aronszajn
and Panichpakdi [1] we get the existence of an extenéion for
& hyperconvex space Y (i.e. spaces which have the following
property: If & = { N (x4, ry): 1 € If is a system of

6-metric cells in Y such that for each 1 e¢ I, j e I
there is 64(1:1, xd) & ry + Ty, then NG + 9).

Mc Shane [5], Kirtzbreun [4] and Valentine [6], [7] show-
ed that this extension problem is associated, with the follow-
ing intersection property.

A pair of metric spaces (X, ® ) and (Y, & ) is said
to have a Valentine intersection property provided that:

¥ § = {0 (x,7):4€1}
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is a system of @ ~cells in X and
G = { N y,r):11cIt}
a system of § =-cells in Y such that for each i ¢ I, JeI
there is
@ (x4, xd) z 6 (y;, yd) ’
then
NF+0 =>0G+0.

In this peper we shall discuss contractions only, since
the general Lipschitzian extension problem can be reduced to
an adequate contraction problem (see [7]p.93) if Y is a
normed linear space.

There is proved in the paper of Valentine [ 7], that the
situation is the following one:

For any metric spaces X and Y the following two sta—
tements are equivalent:

(1) (X, Y) has the Valentine intersection property;

(2) for every AC X and every contraction £ of A
into Y there exists an extension P O f such that F 1is
& contraction mapping X into Y .

There is also proved in [7] that for each of the follow-
ing cases the Valentine intersection property is satisfied

(a) X 4s an arbitrary metric space, Y = Ey

(b) X=Y=g ;

(¢) X=Y=H, H being a Hilbert space;

(@) XxX=Y=5" SP bveing an n-dimensional Euclidean
sphere.

In the cases (b) and (c¢) it may be proved that the extension
F of a contraction £ of Ac X into Y may be found in
such 8 way that

conv £(A) = conv F(X);
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vhere the symbol conv B denotes a closed convex hull of
the set B .

In connection with the results above we formulate the
following definitions:

A metric space X 1is said to bave a Valentine inter-
section property if the pair (X, X) has the Valentine in-
tersection property.

A metric linear space X is said to have a stromg Va-
lentine intersection property provided that:

it F={N(x,7r):1€ 1} and G ={0 (y4,0y4),
ie1} .
are systems of cells in X such that

@ (x4, xJ) 2 © (34, yJ) for each i, Jje I,
then
NF=p=5 (NG)n v L1y, + 6.

It is easy to prove the following:

Let X be a Banach space. Then the following statements
are equivalent: 1

(1) X has a strong Valentine intersection property;

(2) for each A c X and each contraction £ of A into
X there exists an extension F o £ of f such that F 1is
& contraction of X into itself and <conv f£(A) = Sonv F(X) .

The problem of characterization of all Banach spaces
with the Valentine intersection property is still unsolved.
The main result of this paper is the complete chaéacterization
of all Banach spaces with the strong Valentine intersection
property. The situation is described by the following theorem:

Theorem: Let X be a]real Banach space. The following sta-
tements are equivalent:
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(1) X has a strong Valentine intersection property;
(2) for each A ¢ X and each contraction £ of A
into X there exists sam extension ¥ o £ such that F is a

contraction of X into X and conv f£(A) = conv F(X);

(3) for each A c X and each contraction £ of A& in-
to X there exists an extension F O f such that F is a
contraction of X into X and ap £(A) = sp F(X), where sp B
denotes the closed linear hull of the set Bc X ;

(4) either X 4is an inner product space (i.e. Fuelide~
an or Hilbert space) or X is & two-dimensional space l‘:
whose unit sphere is a paralleogram.

Proof: Obvously (1)<¢=> (2) == (3)., The stetement
(4) =5 (1) is proved in [7] for the case that X is am in-
ner product space. As an easy consequence of [1] we get imme-
distely the validity of (1) in the space 1‘; .

Hence it remains to prove
jhe implication (3) => (4). Let X -be a space with the pro-
perty (3) and 3 a two-dimensional subspaee of X . It is
clear that % hms the property (3), too. Let S be & unit
cell in Z and let = be the unit sphere which is boundary
of S . We distinguish the following two cases:

A, Tet S Dbe strictly convex (i.e. X, ye = ,0<X<
<1, A x+(l=2)yeZ =>x=y), In this case we
shall prove that S is an ellipse.

Let x; and x, be different points of Z aend let
y; and y, be points lying in different half-planes with the
stright line ‘xIT'x"z as the common boundary and which have
the property

Nz =70 =lx, =51 ,llxl-yzlltlxa-;zll.
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1
Let x, = z (x, + x,) and let y, be the common point of

I, % emd J, 9
Let us sssume y, + X, . In this case exactly one of the
cells

nelxn-x s, H+Ix-xls
contain a point y, . Let, e.g.,

Yo +lxy-x,ls.

Therefore

Ny =x I =1 x=-x1,
(3) *0 3y =¥l SIn(3, *ll3y =Tl S)n(xy +lx) = x,[[S)P
and (since S 1e strictly convex) we get
(3, +ﬂyl = 3,1 8)Nn (3, +1y, =yl S)n (x, +1x, - xoll s) = 9,
which fa€t is a contradiction with the Valentine intersection
property of 2Z .

Therefore there is y, = x, and we get that, if Xy Xy
are arbitrary points, then the centers of all cells containing
Xy, X, @are lying in the stright line. By means of elementary
geometric considerations it may bhe proved that ellipse is the
only one possible convex cell with this prdperty.

Be Let S De not strictly convex. At first, let us mind
that fhe corollary of the Valentine interseetion property of
Z 1is the following property of Z :

(A) If there exists a cell with a radius r in Z such
thet it contains the points x, 1 =1, ..., n and if

Il x5 -15l= Il xy - xyll for each i, J =1,..., 10,
then there exists a cell with the radius r containing all
points x; , 1 =1, «oe, n .

At first we shall prove that S is a 2n-gon with si-
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-des of equal lentgh (in the sense of the norm in 2 ).

Let x;, X, be endpoints of some maximal (straight line)
segment of = , The cell x; + kX, = x; I S has a center
in the boundary of the cell = x + 2 S + Therefore the boun=
daries of these cells have two common points, one of these
points being Xy o Let us denote x3 the second one,

The points X, Xy = X; &re contained in S . The pro=-
perty (A) of T implies the existence of a cell of radius
1l , containing all points Xyy Xgy = X3 o Because S 1s the
unique cell of radius 1 , which contains both x; and -x, ,
there 1s x;€ S ; since I xy - ( - %)l = 2 , there 1s
x3 € & . Obviously | %— (x3 + xl)l = 1 and therefore
the whole segment X;, x; lies in = , i.e. 'x?—x3 is a
part of some segment of = with a length at least ll x, - xlﬂ .

As a consequence we get the fact that S§ is a 2n-gon
with sides of equal (Minkowski) length.

Now, we shall prove n =2, i.e., S is a parallelogram.
Let n>2 and let X X3y X5 be three consecutive vertices
of S . It is easy to show that

' Ixy ~x <z -xll .

Let us consider thé points

fx= x|
Brim ) s T, oy ey -

2) x,- xlll
°|———L-—x°-x ! ( x,)

Since Iy, - x, Il < %Ixz-xll » the point
:‘-!‘(xl-bxz)—(yz-xz)
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lies in the interior of the segment = x;, = X, and therefore
Ily2+§(xl+xz)ﬂ=llx2-zll=2= ”x3-(-x2)lf.

Further we are able to prove that the segments

—
yl’ - % (xl + X2) and !1, - x2

have the same length. The points X3 = %, X3 Aare contai-
ned in the cell of radius 1 , but the points Y10 Yoo

-'ZL (x; + x2) are not contained in any cell of radius 1 ;
which faet is a contradiction with the property (A) of the
space 2 .

Meanwhile the following statement was proved:

Ir z is a two-dimensional subspace of X and if X
has the strong Valentine intersection property, then the unit
cell in Z is either an ellipse, or a parallelogram.

Let 3 ©be a unit sphere in a normed linear spage
with the strong Valentine property X . Let us denote by A
the set of all intersections of = with the two-dimensional
subspaces of X . Let (@ be the metric in X ; for S« A ,
s’e A put

h(s, S°) = max (::g e (x, s°), ;\;eps, p (x7 8)). The
function h 4s a metric on & (so called Hausdorff metrie).
The mspping ¢ of Z == into A , which to every
(1, J) € = »= = consignates the intersection = with
the plene sp (i, j) is obviously continuous as the mapping
into the metric space ( A , h) . Aes the subsets

{1, §) eZ=Z : G (1, j) is an ellipee } and
{4, Ne==x=: ¢ (4, J) is a parallelogrem }
are ev‘idently open in = >« X , one of these sets must be
empty,

a4
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Then for all spaces satisfying the condition (3) only
one of the following situations can occur.

(X)) The intersection & with every plane containing the

origin is ellipse.

-(f3) The intersection 2 with every plane containing the

origin 1s a parallelogram.

The situation (4 ) can occur only if X is a two-dimen-

sional space X = £°° .

If the () occurs, very two-dimensional subspace of

X 1is BEuclidean and therefore in a consequence of [3] p.ll5

(JNl) X 4is an inner product space.
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